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SHORT-TIME ASYMPTOTICS OF THE HEAT KERNEL OF
THE LAPLACIAN OF A BOUNDED DOMAIN WITH ROBIN
BOUNDARY CONDITIONS

E.M.E. ZAYED

COMMUNICATED BY GILES AUCHMUTY

ABSTRACT. The basic problem in this paper is that of determining some ge-
ometrical properties of a general bounded domain in two or three dimensions
with a smooth boundary where smooth functions are entering the boundary
conditions which are not strictly positive, from complete knowledge of the
eigenvalues for the negative Laplacian, using the asymptotic expansions of
the trace of the heat kernel for short-time t. Further results are obtained.

1. INTRODUCTION

The underlying inverse problems are to deduce the precise shape of membranes
from complete knowledge of the eigenvalues

(1.1) O<)\1S/\QS)\gg....S/\jg....—>ooasj—-)oo,

for the negative Laplacian —A, = — Y 3_;(3%)? in R" , n=2 or n=3

Let Q be a given arbitrary simply connected bounded domain in R™, {n = 2 or
3) with a smooth boundary 9. Suppose that the eigenvalues (1.1) are given for
the Helmholtz equation ( A, + A ) u = 0 in 2 together with the following Robin
boundary condition:

(B1): (ain +7)u = 0 on 052, where '6% denotes differentiation along the inward
pointing normal to 99 and the impedance « is assumed to be a smooth function
which is not strictly positive. The object of this paper is to determine some
geometrical quantities of the domain €, where the boundary condition (B1) is
considered, from the asymptotic expansion of the trace of the heat kernel

(1.2) 6(t) = iezp(—t)\j) ast—0
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Note that the boundary condition (B1) has been investigated by Sleeman and
Zayed [7] when 2 C R? and by Zayed [9] when Q2 C R3 , in the case v is a positive
constant. Let us now mention some previously known results. If Q@ C RZ%, then
the Neumann problem (i.e.,y = 0) has been investigated by many authors (see,
Gottlieb [1], Pleijel [5], Hsu [2], McKean and Singer [4] and Zayed [11]) and have
shown that

|Q| o] 7

(1.3) On(t) = 801/ +a, + 256(7r)1/2 o K%(2)dz + O(t)

ast — 0. where | 2 | is the area of 2, | 8 | is the total length of the boundary 9
and K(z) is the curvature O at the point z. The constant term a, has geometric
significance, e.g., if the region {2 is smooth and convex, then a, = 1/6 and if Q2 is
permitted to have a finite number "h” of smooth convex holes,then a, = (1-h)/6.

Furthermore, if @ € R® , then the Neumann problem has been discussed by
many authors (see, Gottlieb [1], Pleijel[6], Hsu [2], McKean and Singer [4] and
Zayed [13]) and have shown that

+

14 | S| 1 i
t) =
I (4mt)3/2 Y Tont T 12n02072 z)dz + —128 / [H?(z) — N(2)]dz
(14) +0(t1/2) ast— 0

where V is the volume of },| S | is the surface area of the boundary J€, while
1. 1 1

0= mm * B
and )
N(z) = Ri(2)Ra(2)

are respectively the mean curvature and the Gaussian curvature of the boundary
surface 8% at the point z, in which Ry and Ry are the principal radii of curvature.

2. STATEMENT OF RESULTS

Theorem 2.1. Suppose that the boundary 0Q of the region Q C R? is given lo-
cally by the equations " = y™(z) (n = 1,2) in which z is the arc length of the
counterclockwise-oriented boundary 0Q and y™(z) € C®°(9R). Then the asymp-
totic expansion of 0(t) with the Robin boundary condition (B1) has the form

Q | 1. 3 7t
o) = L2+ s 202 [ st e [ 1x0e)-
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(2.1) ? (1)K (2) — 243(2)))dz + O(t)

ast— 0.

Theorem 2.2. Suppose that the boundary 8Q of the region Q@ C R3 is given
locally by infinitely differentiable functions

" =y"(z) ,(n=1,2,3)

of the parameters z*,z%. If these parameters are chosen so that 2t = constant , i

= 1, 2 are lines of curvature, the first and second fundamental forms of 9§ can
be written in the form

I6L(z,A2) Zg”

and
Iy(z, A2) = Zd” 2){ Az

In terms of the coefficients gi;, dii(i = 1,2) the principal radii of curvature are

Ri(z) = g11(2)/d11(2), Ra(2) = gaz(2)/d22()

Then the asymptotic ezpansion of 8(t) with the Robin boundary condition (B1)
has the form

__V |5 | 1
bt) = (4mt)3/2 T lont T 12052072 /a Q[H (2) = 3v(2)]d=

(2.2)

viam o (HE) =53~ ING) = @) + o) dz + 0

ast— 0.

3. CONSTRUCTION OF RESULTS

Following the method of Kac [3] and Hsu [2], it is easily seen that 6(t) is given
by the formula

(3.1) 0(t)=/QG(t,:c,:c)dm
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where the heat kernel G(t,x,y) is defined on(0, 00)XQXQ which satisfies the
following: For fixed z € §,it satisfies the heat equation in t, y

(3'2) %G(t, :c,y) = AnyG(ta m,y), (n:2 or 3)
and the Robin boundary condition

0
(3.3) [—87 +v(y)G(t, z,y) =0, on o0

Yy

and the initial condition

where §(z — y) is the Dirac delta function located at the source point x = y. Note
that in (3.2) - (3.3) the subscript ”y” means that the derivatives are taken in
y-variables. Thus by the superposition principle of the heat equation, we write

(3.5) G(t,z,y) = Gn(t,z,y) + x(t, 2, y),

where Gy (t, z,y) is the Neumann heat kernel on € which satisfies the heat equa-
tion

(36) %GN(taxay) = AnyGN(t7$7y)7(n =2or 3)
and the Neumann boundary condition
(3.7 ;TyGN(t,x, y) = 0 on 80

and the initial condition
(3.8) lim G (t, z,y) = 6(z —y),

while x(t, z,y) satisfies the heat equation

0
(39) aX(t7x7 y) - AnyX(taz$y)7(n = 20T3)1
and the boundary condition
15}
(3.10) 5 Xtz y) = (WG 2y)

and the initial condition

(3.11) lim x(t,7,5) = 0
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Now, the solution of the problem (3.9)-(3.11) has the form

¢
(3.12) x(t, z,y) = —/ ds Gn(t — s,z,2)7(2)G(s, 2, y)dz
0 Bl

From (3.5) and (3.12) we have the following integral equation.

t

(3.13) G(t,z,y) = Gn{t,z,y) — / ds Gn(t — s,2,2)7(2)G(s, z,y)dz
0 a0

On applying the iteration method (see [10-12]) to the integral equation (3.13) we
obtain the series

o0

(3.14) Glt,z,9) = 3 (~1)" Pt 2,9)
m=0

where
(315) Fo(t,fl,',y) = GN(tvl‘,y)7

and
(3.16)

t
Fn(t,z,y) = / ds Gn(t—s,2,2)7(2)Fm—1(s,2,9)dz , m=1,2, ...
0 oQ

Consequently, we can get :
(3.17)

o(t) = { On(t) — o Fi(t, z, z)dz + [, Fa(t, z, z)dz + O(t), if QC R?,
On(t) — [ Fi(t,z, z)dz + [, Fa(t,z,2)dz + O(t/?), if Q C R3,
where Oy(t) = [, Gn(t,z,z)dz, which has the same asymptotic expansions
(1.3) if @ C R? and (1.4) if @ C R3
The problem now is to study the integrals of F;(t,z,z)(¢ = 1,2) over the
region  C R"(n = 20r3).

Lemma 3.1. If Q C R?, then in the case (B1) we deduce as t — 0 that

1 1.t
(3.18) /QFl(t,m,z)dz = o o v(z)dz + g(;)l/2 /BQ v(2)K (2)dz + O(t)

Further, if @ C R3, then in the case (B1) we deduce as t — 0 that

B 1 1 1/2
(3.19) LFl(t,x,z)dz = 322 /aQ y(2)dz + & v(2)H(2)dz + O{t"*)

aQ
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PROOF. The definition of Fi(t,z,z) and the Chapman-Kolmogorov equation of
the heat kernel imply that

(3.20) / Fit,z,z)de =t | Gn(t, 2 2)v(2)dz.
Q o0

Let us now introduce the following well known estimates (see [2]) of the Neumann
heat kernel:

2 -n
(3.21) Gn(t,z,2) = W[l + a()tY ]+ Ot "?) as t — 0,
where

1.1/2 : C 2
(3.22) alz) = T /°K(z), if QC R?

Irl2H(z), i QCRS

On inserting (3.21) and (3.22) into (3.20), we arrive at the proof of lemma
3.1 O

Lemma 3.2. If Q C R, then in the case (B1) we deduce as t — 0 that

1.t
(3.23) / Fy(t,z,z)dz = —(—)1/2/ v¥2(2)dz + O(t)
o 47 0
Further, if @ C R? | then in the case (B1) we deduce ast — 0 that
(3.24) / Fy(t,z,z)dz = 1 v2(2)dz + O(t}/?)
Q 87 Joq

PRrROOF. From the definition of Fy(t,z,z) and with the help of the expression of
Fi(t,z,z), we deduce that

(3.25)
/ Fy(t, z,z)dz = / (t - u)du / V(2)dz [ Crlt - w2 y)1(w)Cn (g, 2)dy
Q 0 [519] oN

we replace y(y) in (3.25) as follows

1) =12+ O(ly -z )
With the help of the following estimate for the Neumann heat kernel: There exist
positive constants t,,c; such that for all t < t,, (z,y) € QXQ,

(lz—yi)?

(3.26) Gn(t,z,y) < cit ™™ 2exp(— -
1

}, (n = 20r3),

we deduce that
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Joa 12 = y1Gn(t = uy,2)Gn(u,2,y)dy <
eafult = w)] 2 [y |y leap (- L) gy

u(t—u)

(3.27)

Since the integral in the right-hand side of (3.27) is bounded by c3t~"/2 | where
ce and c3 are positive constants, we deduce as t — 0 that

(3.28) [ Patwa)da = [ (e, 21z + O,
Q 8%
where
¢
(3.29) g(t, z) 2/0 (t —u)du ; Gn(t—u,y,2)Gn(u, z y)dy.
Q

The right-hand side of (3.29) can be computed by taking the first term in the
series expansion of the Neumann heat kernels Gy (t —u,y, z) = 2q(t — u, y, z) and
Gn(u,z,y) = 2q(u, z,y) where
(ly-z 1)2) |
4t

The explicit computation can be carried out with the help of a suitably chosen
local coordinate system and the localization principle (see [2]). We leave the
details of this computation to the interested reader and we content ourselves with
the statement that the leading term of g(t,z) is equal to the same integral in the
Euclidean space. Thus, we deduce that

4t (t-wdu lz—y]® |2—yP
9(62) = /0 [u(t — w72 /Rn_lm’ (_ At—-w)  du )dy

(3.31) +O(t4-m)/2),

(3.30) q(t,y,z) = mew (—

After some reduction , we obtain

(t,2) = 2 (£)1/2/t(t_u)1/2du+0(t(4”")/2)
g 1) = (47rt)'n,/2 T 0 u
(332) = 2—n7r(1_n)/2t(3_")/2 + O(t(4—n)/2)
Consequently we write

_ [ V2 +or), if Qc R
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On inserting (3.33) into ( 3.28) we arrive at the proof of lemma 3.2 a

Now, our results (2.1) - (2.2) follow immediately from the results of Lemmas 3.1
and 3.2 and the formulas (1.3), (1.4), ( 3.17) respectively.

4. FURTHER RESULTS

If the boundary 8Q of the region @ C R™ (n = 2 or 3) consists of a finite
number of parts 0€; (i= 1, ..., m) such that 9 = U2,89Q,; and if we consider
the Helmholtz equation (An—i-)\)u = 0in Q together with the impedance boundary
conditions (aim +v:)u = 0 on 8Q; (i=1,...,m) where the impedances v, (i =1, ...,
m) are assumed to be smooth functions defined on 9€Q; (i= 1, ..., m) which are

not strictly positive, then on using arguments similar to those used in Sec. 3, we
deduce if Q@ C R? , that

(4.1)
O(t) = J;?'t + ?;:_(7%% + é [1 - %Z:L fan,- ’Yz‘(z)dz}
+agg(£)2 0, Joq, [K?(2) — 2 (vi(2)K(2) — 272(2))] dz + O(t) as t = 0,

while, if O C R3, we deduce that

__V ey | Si .
b) = oz = Tomt 127r3/2t1/2 Z/BQ — 3mi(2)ldz

 128x Z/m ([H = 3%(2))* ~ [N(2) - g.?')’i(z)H(Z) + gvf(z)]) dz

(4.2) +O(t/?) as t = 0

In the formula (4.1), L; (i = 1,...,m) are the total lengths of the parts 89, (i
= 1, ..., m) respectively, while in the formula (4.2), | S; | (i = 1, ...,m) are the
surface areas of the parts 9Q;. (i = 1, ..., m) respectively.

Note that the first three terms of the formula (4.1) have been constructed
by Zayed [10] when 4; (i=1,2) are positive constants and by Zayed and Younis
[8] when +; (i=L1,...,m) are positive constants, while the formula (4.2) has been
constructed by Zayed [12] when «v; (i=1,2) are positive constants and by Zayed
[14] when «y; (1= 1,...,m) are positive constants.

We close this section with the remark that the case n = 1 is easy and well known
which has been discussed by many authors, and have shown that the length of
a uniform vibrating string and the unknown boundary conditions can be found
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from complete knowledge of its eigenvalues, while the case n > 3 is more difficult
and has been discussed in a little bite by few authors. Thus, the case n > 3 is

still an open problem for the interested readers which can be discussed in a future
work.
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