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WAVELET ANALYSIS ON THE CANTOR DYADIC GROUP

W. CHRISTOPHER LANG
Communicated by Giles Auchmuty

ABsTrRACT. Compactly supported orthogonal wavelets are built on the Can-
tor dyadic group (the dyadic or 2-series local field). Necessary and sufficient
conditions are given on a trigonometric polynomial scaling filter for a mul-
tiresolution analysis to result. A Lipschitz regularity condition is defined
and an unconditional LP-convergence result is given for regular wavelet ex-
pansions (p > 1). Wavelets are given whose scaling filter is a trigonometric
polynomial with 2" many terms; regular wavelets with filters with 8 terms
are detailed. These wavelets are identified with certain Walsh series on the
real line. A Mallat tree algorithm is given for the wavelets.

1. INTRODUCTION

To better understand the construction of orthogonal wavelets and to better un-
derstand analysis on groups, we study compactly supported orthogonal wavelets
on the locally compact Cantor dyadic group; this group, also known as the 2-series
local field, is rather different in structure than other groups for which wavelet con-
structions have been carried out.

Our purpose here is to extend and strengthen the results in Lang [10]. In that
paper, compactly supported orthogonal wavelets were constructed on the locally
compact Cantor dyadic group. These wavelets were identified with certain Walsh
series on the real line, and form bases for L? on the line. These bases included
the familiar Haar basis, and a basis arising from a scaling filter of length 4 (4
nonzero terms, each a Walsh function).

Here, necessary and sufficient conditions analogous to those of A. Cohen are
given on a scaling filter for a multiresolution analysis, and wavelets forming a
basis of L2, to arise. We also give a Lipschitz regularity condition and a Calderdn-
Zygmund theory which leads to an unconditional LP-convergence result (p > 1)
for our wavelet expansions.
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We describe length 2" wavelets (compactly supported orthogonal wavelets aris-
ing from scaling filters with 2" many terms). We detail length 8 wavelets, some
of which satisfy our Lipschitz-regularity condition. We also describe completely
the regularity of the length 4 wavelets of Lang [10].

We give a fast tree algorithm for expansions in these wavelets; these wavelets
may be identified with Walsh series on the real line, where analysis using the tree
algorithm is possible.

We note that our work complements the work of S. Dahlke [1], who constructs
wavelets on locally compact abelian groups (under certain natural assumptions),
resembling spline wavelets. Spline wavelets may be built by repeated convolutions
of a simple Haar-like scaling function (a “box” function). That construction on the
Cantor dyadic group would actually be trivial: the natural choice for the Haar-
like scaling function has itself as its convolution powers. Other constructions
of wavelets on locally compact groups include Grochenig and Madych [6], and
Lemarie [12]. Also see [8], Chapter 5, sections 8, 9 and 10.

1.1. Notation. For the convenience of the reader, we reiterate the description
in Lang [10] of the locally compact Cantor dyadic group.
Let

¢ = [I 2z

n=—aoo

= {(zj)jez : zj € {0,1} for all j and z; = 0 for all j > n, for some n € Z}.

Then G is an abelian group with coordinate-wise addition; G is locally compact
under the cartesian product topology.

We may think of z € G as a binary expansion £ = TpTp-1-'-Z1Z0.Z_1T-2" "
and we identify G as a measure space with the half real line [0,00) under the
mapping T — 2| = ..z z;27. This induces Haar measure on G.

Let A C G be the ‘lattice’ subgroup A = {x € G : z; = 0 for j < 0} and let
D ={z€G:z; =0for j >0} Thus A is countable and closed, D is compact,
and G/A = D. Under the map z — |z|, A is identified with the nonnegative
integers in the half real line, and D is identified with the interval [0, co).

We now define dilation on G by p : G — G where p(z), = z;_; for z € G.
(This corresponds to z — 2z on the real line, under the map r — |z|.) We let
o : G — G be the inverse mapping o(z); = z;41 for z € G. We let P bepo---op
(j times) if j > 0 and 6 o --- 0 ¢ (j times) if j < 0; p° is the identity mapping.
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The Pontryagin dual group G of G is topologically isomorphic to G. We may
write

7= {w = (wj)jez twj € {0,1} for all j and w; = 0 for all j > n for some n}

and define w(x) = [[;cz(~1)-1-7% for £ = (z;); in G. This gives w € G as a
group character on G. Note the minus sign in the exponent, in the subscript of

w, SO that the nroduct actuallv has onlv finitelv many terms different than 1.

vlal LG plOULCE alllglly 1ias QLY RLALely Illall sClllls QLAICICILY Vil

We define dilation on G just as on G: p(w )j = wj—1 for w = (w;); in G. We
find that the character p(w) evaluated at z = (z;); is equal to w evaluated at
p(z), i.e., wo p = p(w). This is analogous to the situation for characters on the
real line: €*(22)Y = ¢i%(2v) We define T' € G to be the set of A-periodic characters
on G: w(z + n) = w(z) for z € G, n € A. The lattice subgroup A in G turns out
to be exactly I'.

We will use the notation W,,(z) = w(z) for w € G and £ € G. f w € T then
|w]| is an {ordinary) integer, and W, is identified with an ordinary Walsh function
on the real line. Here we will use the Paley enumeration: if we let ri(z) =
sign(sin(272%x)) be the k-th Rademacher function, then the Walsh function W,
is the product of the functions ry such that the k-th bit in the binary expansion of
nis a 1. Thus W; is the function constantly equal to 1 on the interval 0 < z < 1/2
and constantly equal to —1on 1/2 <z < 1.

We will also use the notation W,(w) = w(z) for z € G and w € G to write
characters on G; by Pontryagin duality, all characters on G arise in this way.

The Fourier transform is as usual: for ¢ a function on G, let

Hw) = fG ()W () d.

See Hewitt and Ross [7]; F. Schipp, W. R. Wade, P. Simon [15]; M. Taibleson
[17); B. Golubov, A. Efimov, Skvortsov [5]; or R. E. Edwards, G. 1. Gaudry [4]
for development of the harmonic analysis of these groups. In [17], the locally
compact group G is an example of a local field, the 2 series field. Our notation
follows that of Edwards and Gaudry, and Hewitt and Ross.

1.2. Multiresolution analyses. We define a multiresolution analysis (or MRA)
to be a sequence of closed subspaces V; C L%(G) (j € Z) such that
1. V;C Vi forallje Z
2. feVyifandonlyif pf = fope Vi
3. feVyifand only if 7, f € Vj for all n € A (where 7, f(z) = f(z +y) is our
notation for translation); so f € V; if and only if p/7. f € V.
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4. UV; is dense in L?(K) and NV; = {0}
5. There is ¢ € Vj such that {r,¢ : n € A} is a Riesz basis of V.

2. SCALING FILTERS

Suppose for ¢ € L*(G) we define V; to be the L2-closure of the linear span of
{¢(p’(z) +n) : n € A}, for j € Z. To have an MRA we need V; C V;; for all
J € Z. In particular, we require V_; C Vj. This entails ¢(oz) =23, . and(z +

n) for some {a,}. Under the Fourier transform, we have @(pw) = mo(w)p(w)
where mo(w) = 3, cp anWn(w). We call mg a scaling filter. We seek conditions
on mg such that ¢(w) = me(ow)me(oc2w)mg(o3w)--- converges, and such that
{Tn¢ : n € A} is an orthonormal set whose norm-closed linear span is a space Vp
which generates an MRA. Here ¢ is the inverse Fourier transform of <Z>; we call ¢
a scaling function for the resulting MRA.

We may show, similar to S. Mallat [13], that the product mo(ow)mg(c?w)
mo(o3w) - - - converges to ¢ € L2(Q) if m(0) = 1 and |mg(w+0.1)]? + |mo(w)|? =
1. If the scaling filter mg is a trigonometric polynomial, we may give necessary
and sufficient conditions similar to those of A. Cohen on mg for the translates
of ¢ by A to be orthogonal. For £ C G we say £ is congruent to D modulo
A if |E| = 1 (Haar measure) and if for all y € E there exists n € A such that
y+né€D.

We then have our analogue of A. Cohen’s theorem (see Daubechies [2], 6.3):

Theorem 2.1. Suppose mg is a trigonometric polynomial with mo(w) = 1 and
|mo(w +0.1)|2 + jmo(w)|? = 1. Define p(w) = [1;2, mo(o?w). Then the following
are equivalent:
1. There ezists a compact set E congruent to D modulo A and containing a
neighborhood of 0 such that inf;~g inf,eg |mo(c?w)| > 0
2. The translates of ¢ by A are orthogonal.

The proof of this theorem is essentially the same as the proof of the original
version, as detailed in I. Daubechies [2], 6.3.
For mg and ¢ as in Theorem 2.1, we have the result:

Theorem 2.2. The translates of ¢ by A form an orthonormal basis for a space
Vo, the dilates of which form an MRA.

PROOF. The proof uses the following version of a lemma of Mallat [13]: Let

Az, y) = Zg(z—k)g(y—k) where g is a compactly supported bounded integrable
keA
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function on G, and let T be the integral operator with kernel 27 A(p’ (), ¢’ (y)).
If [, A ¢ Az, y)dy =1 for almost all z, then T} converges to the identity operator.

Note that ¢ as in Theorem 2.1 is compactly supported. This follows from
$(w) = mo(ow)mg(o®w) - - - being constant on cosets of pi D for some j (mg is a
trigonometric polynomial).

We also make note of the following version of Poisson summation: if ¢ € L?(G)
is compactly supported then 37, .y ¢(x — k) = 3> 4 $(n)W,(z) (i.e., the right-
hand side converges in L? to the A-periodic function on the left-hand side). (See
Kluvanek [9] or Theorem 8.3.2 of Chapter 5 of [8].)

This with Theorem 2.1 may be used to show that A(z,y) =Y. ¢(z —k)d(z—k)
satisfies [ A(z,y)dy = 1 for almost all z, so the Mallat lemma applies. O

3. THE WAVELET

Suppose we have an MRA (V;); of L%(G). We will construct wavelets from
this MRA. We will follow the approach of S. Mallat [13], or Y. Meyer [14] chapter
III section 2. (This is similar to Lang [10].)

We know V; C V;;1. Let W; be the orthogonal complement of V; in V4,
so V; & W; = Vj41. Let ¢ be the scaling function whose translates span V5.
We seek 1 whose translates span Wy, whose translates are orthogonal, and such
that the translates of ¢ are orthogonal to the translates of ¢. We should have
Plox) = 237 cpand(z +n) and P(oz) = 23] ., bnd(z +n). Upon taking
Fourier transforms, we have ¢(pw) = mo(w)d(w) and P(pw) = m; (w)d(w), where
mo(w) = 3 ep anWa(w) and my(w) = 3, 4 0o W (w). The orthogonality con-
ditions are met when

[ mo(w) mo(w) ]
mi{w+0.1) my(w+0.1)

is a unitary matrix. This can be arranged by letting m;(w) = Wy 1 (w)mo(w+0.1)
(note Wp.1(w + 0.1) = =Wy 1{(w)). So

P(z) = (—D)"a,d(p(z) +n+1.0).

nEA
This is (3.2) of Lang [10].

4. CALDERON-ZYGMUND THEORY

We wish to show that expansions in the wavelets on the Cantor dyadic group
converge unconditionally in LP(G) for p > 1. We will do so for wavelets arising
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from scaling filters as in Theorem 2.1, which satisfy the following Lipschitz-type
regularity condition:

Definition 1. We say ¢ is regular if |[¢)(z) — ¢¥(y)| < C|z — y| for some constant
C,forall z,y € G.

This condition differs from the regularity condition of Lang [10].

Our proof of the LP-convergence result (Theorem 4.4 below) uses the technique
of Y. Meyer (see Daubechies [2] chapter 9). This entails showing that the integral
operator corresponding to wavelet expansion is a Calderén-Zygmund singular in-
tegral operator, and hence of type weak(1,1); it then follows by the Marcinkowicz
interpolation theorem that the operator is bounded on LP(G) for p > 1. See M.
Taibleson [17] for more information and references concerning singular integral
operator theory on local fields.

Our definition of a Calderén-Zygmund singular integral operator is as follows:

Definition 2. Let T be a bounded integral operator on L?(G), whose kernel
M (z,y) satisfies for y € yo + p’ (D),

/ 1M (z,3) ~ M(z, )] de < © < 0.

G\(yo+pi*1 (D))

Then T is a Calderdn-Zygmund singular integral operator.

This definition is similar to that given in Dyn’kin [3] (3.24), p. 237. Also see
E. Stein [16], the discussion following equation (2’), p. 34. The proof that such
operators are of type weak(1,1) proceeds as usual via the Calderén-Zygmund
decomposition theorem (e.g., Edwards and Gaudry [4] Theorem 2.3.2), and the
following lemma:

Lemma 4.1. Let T be a Calderdn-Zygmund singular integral operator. Let b €
LY(G) be supported on yo+p’ (D) and let [b=0. Then fG\(y0+pj+1(D)) |Th(z)| dz
< C [ lb(y)| dy.

Lemma 4.1 is similar to equation (3.25) of section 5.1 of [3], p. 237. We have:

Theorem 4.2. Any Calderén-Zygmund singular integral operator T is of type
weak(1,1): There is a constant C > 0 such that meas{z € G : |Tf(z)] > A} <
———C”>{H1 for any A > 0.

We have the following theorem:

Theorem 4.3. Suppose ¥ has support in p™(D) for some m € Z, and suppose
Y satisfies the reqularity condition. Let M(z,y) = 3 iczren 0ixtik(z) ik (y)
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where Yik(x) = 27/24(p? (x) + k) and ;5 € {1,—1}. Let y € yo + p*(D). Let
I= fG\ Yot pt+1(DY) [M(z,y) — M(z,y0)|dz. Then I is bounded by a constant.

Proo¥. For each j let @, be the set of k € A such that ¢¥(p'z — k)[(p'y — k) —
Y(p’yo — k)] # 0. We find that Q; has cardinality at most 2™+1. So

- [ 290,0(p 5 — K)D('y — k) — Blplyo — k)| d
G\(o+pt+1(D)) ;kZ‘Q !
Now z & yo + p*1(D) and y € yo + p?(D). Consequently, by the triangle
inequality, if j > m — £ we know p’z — k and p’y — k cannot both belong to p*(D)
for any k, and p’z — k and p/yg — k cannot both belong to pf(D) for any k. So if
j > m — £ it follows that ¥(p’z — k)[4(p'y — k) — ¥(p’yo — k)] = 0.
So

[ ‘ N N 9dp A7 LA AT LY _ ol 5 AV
I= LU T — R\ Y — k) — U Yo — RyjL AT
~Jevaroio ‘)Tn‘_géaj :
We may estimate this as follows:
I < / S 3 duilein - KBy - k) - (el - K| de
i<m—LkeQ;
< X 5 (¥ [ - 0ide ) by - k)~ i - b
i<m—LkeQ;
< DL Y eIy - k) — (Pyo — k)]
j<m—LkeQ;
< > S cXiplhly-wl < Y C2mMlhly — ol
J<m—LkeQ; j<m—¢
< ottt gy —wol < C2E PRy
(N

Theorem 4.4. Let 1) be a wavelet associated as in section 3 with a scaling filter
as in theorem 2.1. Suppose ¥ obeys the regularity condition of definition 1. Then
convergence of wavelet expansions is unconditional in L for p > 1.

The proof of this follows from the previous theorem, together with theorem
2.2 (which implies that the operator with kernel M(z,y) is bounded on L*(G)
and hence is type weak(1,1)), and the Marcinkowicz interpolation theorem (e.g.,
Edwards and Gaudry [4] theorem A.2.1).
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5. EXAMPLES OF WAVELETS ON THE CANTOR DYADIC GROUP

Here we describe compactly supported orthogonal wavelets on the Cantor
dyadic group resulting from scaling filters which are trigonometric polynomials.
We first discuss the general situation.

5.1. Length 2" wavelets. Consider mg(w) = 3 ycp kj<2n @ Wk(w) where n >
0. This has 2" many terms. We wish to select {as} in such a way that the
conditions of theorem 2.1 are met. This can be done as follows.

Consider 0™(D) in G. This set corresponds to the real interval [0,2~™) under
the map w — |w|. This set is also a subgroup of G, with 2™ many cosets in
the group D. These cosets may be written as I, = 0" (k) + 0™(D) for k € A,
|k] < 2. Then I, is identified with the dyadic interval [k27™, (k + 1)277);
0 <k < 2" Now Wy for |k| < 2" is constant on the sets Iy , so the same is true
for mg. Let si be the value of mg on I ,. Note that {Wy : k€ Aj|kl < 2"} isa
complete set of 2™ many characters on the order 2" abelian group formed by the
cosets Iy, of 0™(D). This implies that given any choice of values {sy}, we may
solve the system of 2" many linear equations mg(c™(k)) = s, |k| < 2%, for the
2" many unknowns {ax}.

To meet the condition |mq(w)|? + |mo(w+0.1)|2 = 1, all we need to do is select
{si} in such a way that |sg|? + |sps|? = 1, where kK’ = k + 2"~ 1. (Here by 277!
we mean that member of G whose (n — 1)-th coordinate is 1, and whose other
coordinates are 0.) Addition here is in A, so the mapping k — k+2"~! is injective
on the set of k € A with |k| < 2". To meet the remaining conditions of theorem
2.1, we set sp = 1 and we require that |sg| > 0 for some selection of at least half
of the sets Iy .

We are then assured that mg leads to ¢ whose translates by A span orthogonally
a space Vy which generates an MRA, by theorem 2.2.

We now detail some examples, in which we will describe the regularity (defini-
tion 1) of the resulting wavelets.

5.2. Length 2 wavelets. Here n = 1 and mo(w) = aoWo(w) + a1 Wi{w). On
Iy, we let mg have value 1. Then mg must have value 0 on /1 ;. It follows that
mo(w) = $Wo(w) + $W1(w). As in Lang [10], this leads to the Haar wavelets.

5.3. Length 4 wavelets. We now have my = agWyo + a1 Wp1 + a2Wio + asWiy.
(Here we use binary notation to indicate the elements of A in the subscripts of
the Walsh functions W.) We meet the conditions of theorem 2.1 by setting my to
have value 1 on Iyg 2, value a on Ip 2, value 0 on I1g,2, and value b on I3 2, where
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la]? +1b]> = 1. As in Lang [10], this leads to ag = (1+a+b)/4, a1 = (1+a—b)/4,
azg =(1—-a—">)/4, and a3 = (1 — a + b)/4. This leads to

pw) = mo(o(w))mo(a®(w))mo(c®(w))- -
flw)+af(w+0.1)+abf(w+1.1)
+ab*f(w+11.1) + ab® f(w + 111.1) + - - .

I

As in [10], the inverse Fourier transform of this corresponds to the lacunary Walsh
function series (on the half real line)

¢(z) =
210.2)(2) [1 4+ aWi(z/2) + abWs(z/2) + ab>Wo(z/2) + abPWis(z/2) + - - .

For information about ¢ and for graphs of these functions, see [10].

We now consider regularity of these wavelets. Let z,y € p(D). Then |¢(z) —
P(y)| < 1 (Z;io |ab7|2j) |z — y| so ¢ is regular if |b] < 1/2. The same is true for
¥ (being a combination of four translates of dilates of ¢). This condition is also
necessary, as is seen by considering z = 0 and y = 27™ (i.e., the element in G

corresponding to that power of 2): |¢(0) — ¢(y)| = }% Yo abj‘ =~ C|b|™.

5.4. Length 8 wavelets. Here mg = agWygo + a1Woo1r + aaWpio + asWorr +
asWioo + asWio1 + agWhio + a7 Wi11. We meet the conditions of theorem 2.1 by
setting mo to have value 1 on Iggo,3, value a on Igp1,3, value b on Ipi0,3, value ¢ on
Ip11,3, value 0 on Iyg0,3, value d on I1p1,3, value e on I1103, and value f on I11 3;
where |a|? + |d|2 = 1, |b|2 + |e|2 = 1, and |c|? + |f]? = 1. Also, at most two of
a, b, c may be zero. It requires solving a linear system of eight equations in eight
unknowns to obtain the coefficients ay; we omit this here.

It is possible to develop an expansion for ¢(z) in terms of Walsh functions, as
for the length 4 wavelets. An expansion of the first 255 terms (87 of which are
nonzero) has been computed by the present author using C language code; no
simple patterns appear in the coefficients.

If we choose certain a,b,c (and hence d, e, f), we do obtain some simple ex-
pansions.

If a = b = ¢ =1, we recover the Haar wavelets. (The resulting mg is 1 on o(D)
and 0 on the rest of D.) If a=1 and b = ¢ (so d = 0 and e = f), we recover the
length 4 wavelets.
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Ifa=1,b=0and || < 1, thend =0, e =1, and |f| < 1. In this case, we
obtain ¢(z) = ;F(x/4)1}9,4)(z), where

oC
F=14Wi+cWs+ > c(F 3 Way_s+ 17 W)
i=3
This is regular if | f| < 1/2.
If laj <1,b=1and ¢ =0, then |[d| < 1, c=0 and f = 1. In this case we find
that ¢(z) = 3 F(x/4)1(0,4)(z), where

o
F=1+aWi+aWs+ Y ad (Wn, +Wam,),
i=3
where m; = 1+ 4+ 16 + --- + 47. This is regular if |d| < 1/4.
In figure 5.4.1, we give graphs of ¢ for certain a, b, c. These illustrate the variety
of waveforms possible. These graphs were produced using the machine-generated
expansion of ¢ described above.
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6. ALGORITHMS ON THE LINE

Here we describe a Mallat tree-type algorithm which may be used to analyze
functions using the wavelets of the previous section.
For f a function on G, let a = [o f(2)d(p () — k)2/? dz and d, =

Jo F@)(p (z) — k)2i/2dzx for j € Z and k € A. Then the reconstruction algo-
rithm is

C;+1 —9l/2 <Z CZLak—p(n) + Z dglbk—p(n))

neA neA
and the decomposition algorithm is
G =223 an et and & =223 by uelt
neA ncA
Here the coefficients {ax}, {bx} are those associated with the scaling filters mq
and m, respectively (see section 3). These algorithms are easy to develop in the
usual manner.

Since the Cantor dyadic group may be identified as a measure space with the
real half-line, this algorithm may be applied to analyze functions on the real line.
See figure 6.1 for typical “level-j resolutions” of the function f(z) = v/1 — z? over
[0, 1] using the length 4 wavelets, for certain values of the parameter a of section
5.3. The resolution with a = 1.0 is of course just the Haar approximation; on
each dyadic interval of length 1/8, the function is replaced by its average on that
interval.

See [11] for further discussion of the nature and structure of this algorithm.
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