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ABSTRACT. A piggyback duality and a translation process between this one
and a Priestley duality for each subvariety of involutive Stone algebras and
regular a-De Morgan algebras is presented. As a consequence we describe
free algebras and the prime spectrum of each subvariety.

1. INTRODUCTION

The two varieties in the title were introduced in a paper of R. Cignoli and M.S.
de Gallego [1] concerning De Morgan algebras with operators. These algebras
are connected with the theory of n-valued Lukasiewicz algebras, and in those
we study in this paper the operators are lattice endomorphisms or dual lattice
endomorphisms.

An algebra (4;V,A,0,1,~,V) [(4;V,A,0,1,~,0a)] of type (2,2,0,0,1,1) is an
involutive Stone algebra [regular a-De Morgan algebra] if the reduct (4; Vv, A, 0,1, ~)
is a De Morgan algebra and the operator V: A — A [a: A — A] satisfies the
following equations:

(S1) VO =0 [(Rl) ~azVar =1
(S2) zAVz ==z (R2) (~zVaz)Az =z
(S3) VieAy)=VzAVy (B3)azha~z=0
(S4) ~VzAVz =0 (Ra) alzVy)=azVay

(Rs) a(z/\y)zaa:/\ay].
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Let S be the variety of involutive Stone algebras and R be the variety of regular
oa-De Morgan algebras. It is shown in [1] that S is a subclass of the class of
double Stone lattices, so if A € S then A is a pseudocomplemented and a dual
pseudocomplemented lattice. In fact, ~ Vz = z* is the pseudocomplement of z
and V ~ z =z is the dual pseudocomplement of z. Developing a dual category
equivalence the authors determined the subdirectly irreducible algebras in S. The
lattice of subvarieties of S is the chain S; € S, C ... C Sg = S, where S is the
class of one element algebras and S;, for 2 < j < 6, is the equational subclass of
S generated by L, (see [1], Theorem 2.8). The diagrams of these L; for j > 3
are those of figure 1. Analogously, the subdirectly irreducible algebras of R were
determined in Theorem 3.10 of [1], and we denote them also by L, with 1 < j <5,
because it will be clear in each case if we are referring to an algebra of S or to
an algebra of R. Their diagrams, with the exception of those of L, and L;, are
presented in figure 2.

91=V1=Va 1=V1=Va=Vb 1=V1=Va=Vb=Vc
b=r~a c=r~a
e g —=~Q b:Nb
a=n~b
a=n~c
$0=Y0 0= V0 0= V0
Ly L, Ls
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Le
Figure 1

o 1=u0a(l) ¢ 1= =0al) 1=a(l) =alc)

Lbeu c=~a
¢a=r~a b=~b

ta=~b

a=rc¢
¢ 0=a(0) = ala) ¢ 0 =a(0) = a(a) 0= a(0) = ala) = a(d)
L, L, Ls
Figure 2

The lattice of the subvarieties of R is described in [1, page 390] as the finite
distributive lattice having as join-irreducible elements the classes R; ordered as
follows: Ry < Rs, Ry < Ry < Ry = R and Rj not comparable with R4. We
observe that Ry as well as S are doubled Boolean algebras since V and ¢« must
be the identity. For this reason we will not be concerned with them.

When 5 € {3,5,6} the subdirectly irreducible algebras in S; are isomorphic
to subalgebras of L; so HSP(L;) = ZSP(L;). When j = 4 it results, applying
Jénsson’s Lemma and using the fact that Ly € H(Ly), that S4 = ZSP(Lg, Ly). In
what follows we will not be concerned with S3 since this class of algebras coincides
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with the class of regular a-De Morgan algebras denoted by Rj (see [1], pages 381
and 390).

For the subvarieties of R it is clear that R; = ZSP(L;) for j € {3,4,5}, and
that R3 V Ry = ISP (L4, L,) follows once more by Jénsson’s Lemma.

2. PIGGYBACK DUALITIES FOR INVOLUTIVE STONE ALGEBRAS AND FOR
REGULAR o-DE MORGAN ALGEBRAS

About the theory of natural dualities it must be emphasized that a very useful
survey is presented in [6]. The book [3] is recommended.

We suppose the reader familiar with the fundamental facts of how to obtain
restricted Priestley dualities and natural dualities, how to translate between nat-
ural and restricted Priestley dualities, and how to apply them in the description
of free algebras.

In this section we present a piggyback duality (see [7] and [12]) for each variety
under consideration and we obtain a nice translation process between this duality
and a restricted Priestley duality. We apply the Generalized Piggyback Duality
Theorem (see [7], Theorem 2.5) in its brute force “multiple algebra, single carrier”
formulation. This theory as it applies to distributive-lattice-ordered algebras was
presented in [7]. We use the refinement of Theorem 2.5 of [7] as presented in [13].
We will not repeat the definitions here, and we will use the habitual symbology.

Theorem 2.1. (The Generalized Piggyback Duality Theorem, for distributive-
lattice-ordered algebras) Suppose that A = ISP(I), where I is a finite set of
finite algebras of a given fized type each having a D-reduct. For each P in Il let
Qp be a (possibly empty) subset of D(P,2).

Let 11= (II; 7, R4) be the topological relational structure on U {P| P € I} in
which

i) 7 is the discrete topology,

ii) Rqa=S4UTy where

a) Sy is the collection of mazimal A-subalgebras of sublattices of the form

(a, B)"1(<) = {(a,b) e PxQlala) < ﬁ(b)} ,

where o € Qlp, B € Qq (P,Q €1), and

b) T4 is the set of graphs of a set £4 C U{A(P, Q)| P,Q € I} of endo-
morphisms satisfying the following separation condition (S):
for all P € 11, given a,b € P with a # b, there exist @ € 1I, u €
A(P,Q)NE4 and a € Qg such that a(u(a)) # a(u(b)).
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Then R4 yields a duality on A.

When we say that R4 yields a duality on A we mean that the structure II
generates a class X = IS P(Il) of multi-sorted objects such that the natural

hom-functors D and E into II and I set up a dual equivalence, as described in

(7).

We will now prepare the way to apply Theorem 2.1 to our concrete cases.

First we must choose II and Qp for each P € II. We have several choices. We
could minimize the size of II; but then we would have |Q0p| > 1 in general. Asin
[14], we find that the description of the translation process is most transparent
when we allow multiple copies of an algebra P in II and then choose [Qp| =1 for
all P e 1II.

Let’s consider S4 = Z8P(Pyy, Py, Pyy) where Py = Py = Lg and Py, = L.
Let’s consider S5 = ZSP(Pys, Py5), where Pog = Pyy = Ly, and S = ZSP (L)
where Py = Lg. We will abbreviate this by saying that S; = ZSP(IL, | i € I;)
where I; = {0,1,2} if j =4, I; = {0,1} if = 5 and I; = {0} if j = 6. Where
convenient we will refer to §; = ZSP(Il) to be more concise.

We are now going to specify suitable carriers for the natural dualities we are
setting up. For each case Q) P, = {ai;} where a4, 014 are respectively the bottom
and the top of H(Lj), a4 is the midpoint of H(L,), ags, a5 are respectively the
element of H(Ly) that covers the bottom and the one that is covered by the top,
and aqg is the element of H(Lg) such that agg (1) = [a).

In the case of regular a-De Morgan algebras it will be convenient for our
purposes to consider R; = ISP(P;,P,;) with Py, = Py, = L, for 3 < j <5
and R3 V Ry = ISP(Py;3, P13, Pyy, P14). We will abbreviate this writing R; =
ISP, | i € I;) where I; = {0,1} if 3 < j < 5 and

R; V Ry :ISP(ﬂiUﬂi, liely, 614) .

Where convenient we will refer to these varieties as ZSP(II).
For 3 < j < 5, and ¢ € {0,1} we take Q_B,-]- = {a;;} where agj, ai; are
respectively the top and the bottom of H(L;).

Since we have so many different cases to handle we will pick out the most
interesting one and we will work with it. The more relevant results of the other
cases will be tabulated in table 1. We observe that, in this table, for the subvariety
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R3 VvV R4 each column is obtained doing the union of the corresponding columns
of R3 and Ry.

Often in what follows A = Sy = ZSP(Pyy, P14, Pyy) = ISP(L; | i € I; =
{0,1,2}). However we continue specifying A = S4 to make it clear when we are

dealing with S4 and when we are dealing with a general subvariety A.
For each A € A, let X* = A(A, P,;) and

vi={yeH(4)| Iz e X', ayow =y} foreachicl,.

Lemma 2.2. For each A € A= S, consider
Do, X V!
such that ®,,,(x) = azaox. Then ®,,, are bijections.

Proor. Counsider

Done: X2 = A(A,Pyy) » Y = {y € H(A)| 3z € A(4,Pyy), avioz =y}
T — (40T

We want to show that if agqory = aggozs (ie., (Vs € A) aza(z1(8)) = aaalz2(s)))
then z; = 5. We must consider the following four cases:

Case 1) z,(s) = 0.

We have agq(71(Vs)) = ass(Vz1(s)) = @24(V0) = a24(0) = 0 = az4(x2(Vs)).
Then Vza(s) € {a,0} and z3(s) = 0.

Case 2) z1(s) = a.

Since agq(z1(s)) = ag(a) = 0 = ag(za(s)), then zo(s) € {a,0}. But

a24(a:1(Vs)) = a24(Vm1(s)) = a24(Va) = Ot24(1) =1= 024(9c2(Vs)) = 0424(V£L‘2(S)).
Then Vza(s) € {1,b}, z2(s) € {1,a,b} and consequently z2(s) = a.

Case 3) £1(s) = b and Case 4) z1(s) =1 can be proved by entirely analogous
reasoning.

If we consider ®,,, or ®,,, it can be easily seen that they are also bijections.

[

To apply the Generalized Piggyback Duality Theorem for S4 we need to deter-
mine the monoid of endomorphisms of L, and L; which in fact reduce to the iden-
tity map. It will also be convenient to consider the homomorphism u: Poy — Pyy,
the graph of which is {(1,1), (b,a), (a,a), (0,0)}, the identity maps go4 from Py,
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to P14 and g14 from Py, to Py, and id;4, the identity map on P, for ¢ = 0,1 and
2.

For any of the varieties that we will consider, g;; as well as id;; will have a
similar meaning to that we presented above for the case of S4.

Using the restricted Priestley duality as it appears in [1] or using a merely
algebraic method we can easily determine S(L;, L;) for j € {5,6} [or R(L;, L,)]
the monoid of endomorphisms of L,. In fact for L; € S it is (u/',w?) with

j € {5,6} where, using the same symbol for an endomorphism and its graph, we
have

w = {(1,1), (¢,0), (b,D), (,b), (0,0)}, v = idy

u® = {(0,0), (@d). (b,a), (@,b), (e,¢). (L1},
ub? = {(0,0), (d,a), (b,a), (a,a), (c,a), (1,1)} .

For L; € R, when j = 3 it reduces to the identity map and when j € {4,5} it is
(v31,v92), where we have v¥! =idp , v*? = {(0,0), (a,0), (b, 1), (1,1)}, v*! =idp,
and v%% = {(0,0), (a,0), (b,b), (¢, 1), (1,1)}.

Consider £4 = &s, = {go4, g14,1d24,1do4, id14,u}. We can state the following
lemma:

Lemma 2.3. Let A = Sy = ISP(Il) and T4 be the graphs of the elements of
€4, then the separation condition (S) of the Theorem 2.1 is verified.

PRrROOF. We will see what happens with pairs of elements of P,,. Consider (a,0)
and (b,1). We have a14(u(a)) = 1 # a14(u(0)) = 0 and also ags(u(b)) = 0 #
ape(u(1)) = 1. For the other pairs of P,, it is enough to consider a4 0idag to get
them separated. We can act analogously to verify the condition (S) on the pairs
of elements of Py, and of P . O

Since in the algebras we are dealing with the unary operations are homomor-
phisms or dual homomorphisms, we obtain the following proposition:

Proposition 2.4. Let A € S [A € R]. Let B be a sublattice of A, then the
mazimal S-subalgebra [R-subalgebra] of B is

BO={x€B| ~z,Vz,~Vz,V~g, ~Vr~r, VoV € B}
[Bez{z€B| ~T, L, ~OT, A~T, ~ANT, A~ QL € B}] .

PROOF. It results easily as a consequence of Lemma 3.5 of 7] using among others
the equations o’z = az and a~az = ~ax [V2z = Vzand V~Vz = ~Vz]. O
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In what follows instead of saying that B° is a maximal A-subalgebra of B we
will simply say that it is a “maximal subalgebra of”.

We will denote in A = S, with j € {4,5.6} and A = R; with j € {3,4,5},
(i, ak;) " H<)° by r;. We adopt this notation because the context makes clear
the variety we are referring to. For each A € A the pointwise extension of ry to
A(A, P;;) x A(4, Py;) will be denoted by 7.

For A =S4 we let S 4 consist of the following relations:

r01:{(0,0), (a,a), (1,1)}; noz{( 1), (070)}

ro0 = {(0,0), (a,a), (1,1)} ; ri1 = {(0,0), (a,a), (1, 1)} ;
ro = {(0,0), (@,0), (@,b), (LD} 5 rao = {(1,1), 0,0)} ;

ra = {(0,0), (@,0), (b.0), (1,1} 5 72 = {(0,0), (LD} 5

ra2 = {(0,0), (a,a), (5,%), (1,1} .

We can now state the following theorem:

Theorem 2.5. Let A = Sy = ISP(U), T4 and S as indicated above. Let
0= (U Pi;; Ra, ) in which

a) 7 is the discrete topology.

b) Ra=T4US84.
Then R 4 yields a duality on A.

Although we have |T4| = 6 and |S 4] = 9, we shall see that the resulting duality
is easily applied, for example, to give the translation process between the natural
duality and the restricted Priestly duality and to find free algebras.

The question of whether this natural duality is optimal remains open. At
this stage, no general theory which explains the relationship between piggyback
dualities and optimal dualities has been developed.Nevertheless, the techniques
developed in Davey and Priestly [9, 10] could be applied to settle this question.

We will see in what follows that the natural duality we have determined for
S, has the advantage of providing us with a nice translation process between this
one and the known restricted Priestley duality (see [1] and section 6.3 of [5]).

Here, as in [1], the symbol g denotes the continuous involutive order reversing
map from H{A) to H(A) associated with ~, the De Morgan negation on A.

We observe that fy denotes the continuous order-preserving map from H(A4) to
H(A) associated with the {0, 1}-lattice homomorphism V: A — A. The symbol
f« has analogous meaning in the case of regular o-De Morgan algebras.
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Proposition 2.6. Let A€ A=S, =ZISP(Il). Leti,k € Iy = {0,1,2}, z € X*
and y € X* then zrii y if and only if

q)am(z) S @Qk4<y) in H(A) :

PROOF. Let consider z € X°, y € X! and z 74, y. Then

(vse4) (3(s),y(s)) € (ao1, 010) () =
< (Vs€A4) (s o z)(s) < (eag0y)(s)
(by Proposition 2.4)
= Pag(7) < Pau(y) -

We can argue analogously with the other relations of the form r4. ]

Let A=S,, j € {4,56} or A=R; with j € {3,4,5}, we will denote by B}
and M} certain sublattices of P;; X Py, that in the case of A = S, we will define
in the following proof. Whenever we use these sublattices it will be clear which
variety we are working in, so we will write B;x and M,i, respectively. The utility
of these sublattices will be clear in the proof of the next theorem and in table 1.

For the second part of the next theorem, which gives the translation process
from the natural dual to the Priestley dual of an algebra A € S4, we need to
introduce some notation. Thus for each pair (rik, ;) we define

itk = {(ai,bk) € Pyj x Pyj| (as,bk) € rig, (b, ai) € rki} .

For each A € A we denote by I** the pointwise extension to D(A) of i** where
i, ke Ij and by

I= idU(i,lEeJI] (ﬂ'k U (1““)1)> .

Theorem 2.7. Let A = Sy = ZSP(ll) and A € A. From the Priestley space
Y = H(A) = (Y,7,<, 9, fv) form the l-indezed structure Y= (U Y“G' R ™)
as follows:

1) 7/ is the union of the topologies induced by T on the sets Y,
it) G ={gly:| i€ L}U{fvly:|ie};
i) R ={<nY'xY*|ikelL}.

Then X = D(A) <II* is isomorphic to Y.
Conversely, from D(A) define U = (Z,72,<z,9z, fv,) as follows:
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1. Z = X/p where p 1is the equivalence relation on X given by zpy iff (z,y) €
I; 17 is the quotient topology;

2. Denoting by m: X — X/p the canonical projection, n(z) <z n(y) in Z iff
(z,y) € 74 for some (3,k) € I?;

3. gz is the function whose restriction to X°, X', X? are respectively gos,
914, idog and fy, is the function whose restriction to X0 X' X? are
respectively goa, id14, u.

Then U is a well defined involutive Stone space isomorphic to H(A).

PROOF. We will prove 3) since the other statements of the theorem can be proved
following very closely the proof of the corresponding parts in Theorem 3.8 of [7].
Consider the sublattices B;; of P4 X Py4 such that B, = {(a,b) € Py x
Pia| g(aig)(a) = axa(b)}, where (i,k) € {(0,1),(1,0),(2,2)}. We can see that
BY, = goa, BYy = g14 and BY, = idp4. It is now easy to verify 3) in what respects
gz. We will see that gz is the function whose restriction to X 0 is gpa4.
For any z € A(4, Pyy), y € A(4, P14) we have

(z,9) € goa <= (Vs € 4) (2(s),y(5)) € goa
&= (Vs € 4) gloos)(a(s)) = ara(y(s)) (since goa = Bfy)
= (7s€A) (anl~a(s) =0 & auly(s) =1)
(by Priestley duality for De Morgan algebras)
— (Vs€ A) (g(ao4 ox)=1 & (aaoy)(s) = 1)
< glapoz) =40y
= 9(Pans(2)) = Para(y) -
Using BY, and BY, we can see that gz is the function whose restrictions to X'
and X? are g4 and iday4, respectively.

To see what fy, is, we must consider the following sublattices M) of the
lattices P,y X Py

My = {(a,5) € Piy X Py | s 0 V(a) = anab)

where (i,k) € {(0,1),(1,1),(2,1)}. Then it is easy to verify that Mg = goa,
MY, =idy4 and MY, = u.

We will see that fy, is the function whose restriction to X Yis gyg. The other
two cases can be proved analogously.
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For any = € A(4, Pyy), y € A(A, Py4) we have
(z,9) € goa == (Vs € A) z(s) gos y(s)
— (Vs € 4) aps 0 V(a(5)) = analy(s)) (since gos = M)
= (Vs e A) apa(z(Vs)) = ar4(y(s))
&> (Vs € A) folaosoz)(s) = ara(y(s))
—

fV( 004( )) = CI)aM(y) :

Table 1

A sublattices associated to g
= goqa = BY
{(a» b) € Pia X Pyq| g(ai4)(a):ak4(b)} gz|x0_go4_ o
S4 9z|x1=g14=B1,
(3, k) €{(0, 1), (1,0), (2,2)} P
S, :{(a,b)EPiska5| g(aiS)(a)Zaks(b)} 92| x0 =gos = B,
(i, k) €{(0,1),(1,0)} 9zlx1=g15=Blo

= 6 X P i =a;

s, || B ={@vePax Pl glaol@=auv)] | o e

(i,4)€{(0,0)}
(a,b)€ Pizx Pys | g(aig)(a)zaks(b)} 9zl x0 =goz =B
(@

Rs { 0
i,k)€{(0,1),(1,0)} 9zlx1 =g13= By
R. :{(a,b)eP,-4ka4| g(ai4)(a)=ak4(b)} 92|x0=go423§1
(1, k)€{(0,1),(1,0)} 9z|x1=g14= Bl
R, {(a, b) € Pis X Pes | g(os)(a) :a15(b)} 9z} x0 =gos = Bf1

(i,k)€{(0,1), (1,0)} 9zlx1 =g15= B,
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Table 1 (cont.)

A sublattices associated to V{q]
— 0
{(a, ) € Pia X Pra | 06:‘40V(a)=ak4(b)} vaIXO—th‘i—Mog
S4 0 1 11 91 sz|x1=1d14=M11
(5, ) E{(0,1),(1,1), 2,1)} At
s, | M ={(@D)€Pax Pus| ausoVla)=au(®)] | foslxo=gumou’ = M5,
(i, k) e{(0,1),(1,1)} foslxr =ut=MY
s, || Mo ={(@DEPax Pal gleso)oVla)=au] | 1\ ooy
(1,)€{(0,0)}
R3 :{(a, b) € Pig X Prs | ai3oa(a):ak3(b)} Jaz|x0=g03= Mg,
(i, k) €4(0,1), (1, 1)} fa 1 =idis = MY,
R, :{(a b) € Pia X Pra | crisoa(a)= ak‘l(b)} faz|X0:.9040’U42:M(())1
(5, k) e{(0,1), (1, 1)} fazlx1=v*2=M}
R: { a,b) € Pis X Pys | alsoa(a):aks(b)} faz|x0—9050U =MY
L (1 k)e{(O,l),(l,l)} faz‘xl Z’U MO

3. FREE ALGEBRAS

Since we have obtained a translation process between the natural duality and
the Priestley duality for the subvarieties of both S and R, we can now very easily
describe the free algebras on n generators with n < w (see [7], Lemma 1.2).

However, before doing that, we will show that the maps fv and f, can be
nicely described. In fact using the Priestley duality obtained by R. Cignoli and
M.S. de Gallego in [1], for the two classes of algebras we are dealing with, we can
show the following two propositions:

Proposition 3.1. Let A € S. Given the {0, 1}-lattice homomorphism
V:A—- A
the associated continuous order preserving map
fo: H(A) = H(4)

is such that, for each y € H(A), fv(y) = ny where n, is the unique element of
Max H(A) such that y < n,.
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PROOF. It is known that fv: H(A) —» H(A) is such that fy(y) = Max{z €
H(A)|ly € V|[z)}, for each y € H(A). But if z € H(A) and y € V[z) then
y € (ng], ny = ny and = < ny (see [1], page 382).. Since y € V[n,) we have that
foly) = ny. O

Proposition 3.2. Let A € R. Given the {0, 1}-lattice homomorphism
a: A— A
the associated continuous order preserving map
for H{AY —» H(A)

is defined, for each y € H(A), by fo(y) = my, where my is the unique element of
Max{z € H(A) : ¢ < g(z)} which is comparable with y.

PROOF. We have to show that Max{z € H(A)| y € a[z)} = m, for each y €
H(A). Applying Lemma 3.6 of {1] we have y < m, or my < y and also that
y € afz) iff my € [z). So we can conclude that for each z € H(A) such that
y € alz) we have z < m,. Since y € a[m,) the proposition is proved. O

We can now describe the distributive lattice duals and the distributive lattice
reducts of the free algebras on n generators for the varieties we are working with.
As a corollary we also obtain the free spectra of these varieties. In order to do
this we need to establish some notation.

Let P and Q be disjoint finite ordered sets such that Q = P°. Let ¢ be
a bijection from Min@Q onto Max P. The new partially ordered set obtained
superimposing @ over P and then collapsing each minimal point a of @ with the
element ¢(a) of P is called the collapsed sum of P and @ and it will be denoted
by P& Q.

Denote by O(Q) the lattice of all up-sets of @. Consider P ®. @ and let
0 #Y C Min@Q. In what follows Yy denotes the element {Y) of O(Q) and Yp
denotes the element [¢p(Y)) of O(P) . Letting O(Q) = {Yo| 0 #Y C MinQ}
and O(P) = {Yp| 0 # Y C MinQ} we have that the map ¢ from O(Q)" onto
O(P) such that p(Yg) = Yp is a bijection.

Remark. The partially ordered set O(P ®. Q) may be obtained by superimposing
O(P) over O(Q), deleting the element 0 of O(P) and collapsing each Y € O(Q)’
with o(Yy) € O(P). We will call O(P @ Q) the special collapsed sum of O(Q))
and O(P) and it will be denoted by O(Q) ®sc O(P).

Starting from the results of Theorem 2.7 and those we tabulated in table 1,
we will represent in the figures numbered from 3 to 9, the diagrams of DFA(1).
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These are exactly the multi-sorted schizophrenic objects on which the duality is
based. In the figures we will only evidence that part of the relational structure of
these objects that pertains to the partial orders underlying H F.A(1) and nothing
more.

We note that in the figures which follow, with the exception of figure 8, the
subscript on the elements is the ¢ in P;;, and that we will refer to the elements
with subscript ¢ as the P;; component of the figure. In fact the bijection from P,
to A(FA(1), P,;) explains this notation.

In the case of figure 8 we attribute the subscript 2 to the elements of the
component P4 of figure 7, and the subscript 3 to the elements of the component
Pos of figure 7. The subscripts 0 and 1 were attributed according to those of
figure 6.

Furthermore to a better understanding of these figures we point out that, for
example, figure 3 is constructed from the relations r,i};s“(l) with 0 < 4,7 < 2,
where r;; are the elements of S4 for A = Sy, that we presented before.

It must be said that the referred figures are sort of “generalized Hasse dia-
grams” (where the loops are to be understood as the quasi-order relation going
both ways) for the quasi-orders whose partial order quotients are exactly the
underlying orders of the Priestley duals, HF.A(1).

a
01 ' 11
02 bo as 1,
0o Y 1o

Figure 3 — DFS4(1).
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by
Opao
00 a Co 10
bo

Figure 4 — DFS5(1).

ag
Qg dp Co e« 1

by

Figure 5 — DFSg(1).

0l O
01 ai 11

Figure 6 — DFR3(1).
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0o

0y

R. SANTOS
ap bO
0, 1
ay bl

Figure 7 — DFR4(1).

as b3
03 13
ag
ay
07 1o
ag b2

Figure 8 — DF(R3 Vv R4)(1).

ao Co
0o bo 1o
0y by 1;
a c1

Figure 9 — DFR;5(1).
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On the figures mentioned above we did not indicate the maps ¢ in those that
respect the subvarieties of S nor in those that respect the subvarieties of R. In
fact since in these varieties the free algebras have a Kleene negation dual to the
map g this one is uniquely determined. The maps fv and f, have been explicitly
described in Propositions 3.1 and 3.2, respectively. Thus it is unnecessary to
describe these maps on the figures.

We observe that HF'S;(n) is derived from DFS;(n) which, as is well known,
is obtained by taking the n-fold power of DFS;(1) for j = 4,5 and 6. In our
cases the partial order is obtained via the pointwise extension of the relations
“maximal subalgebras of”. The maps g and fv in HFS;(n) are obtained in the
obvious way.

Analogous comments can be made about the process of obtaining H(R3 V
R4)(n) and HFR;(n) with j € {3,4,5} starting with the natural dual of the
corresponding free algebra on one generator.

In what follows 2, 2 and 1 = 2% = 2° denote the two-element chain, the two
and the one-element antichain, respectively. The disjoint union of m copies of a
poset P will be denoted by m P with the convention that 0P means a one-element
chain.

Note that (1@ 2) ®. (2® 1) = HFK(1), where HFK(1) denotes the poset of
the Priestley dual of the free Kleene algebra on one generator.

Considering just the underlying ordered set of Priestley duals of the free alge-
bras on n generators and the distributive lattice reducts of the same algebras for
the subvarieties of S under consideration, we can state the two following results:

Theorem 3.3. Consider S; with j € {4,5,6}. Then the following are descrip-
tions of the partial order reducts of the respective Priestley spaces:

a) HFS;(n) =2 (}) (1@ 2 2. 1) U (U, i, 27 (D) (L@ 2 0 1))
b) HESs(n) =Upesen 27 () HFK(i);
¢) HFSg(n) :UOSiSn 2n7i(?) (gg)i-

PROOF. These results follow from the knowledge that we have obtained of the
translation process between natural dual and Priestley dual. In particular, notice
that n = 1 gives a description of the order quotients of the quasi-orders given in
figures 3, 4 and 5.

To make clear the combinatorial calculations that we have done to obtain these
results, we take the case of the variety S4, so we concentrate on figure 3. For the
other varieties the reasoning is analogous.
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We suppose on a first level the elements of the n-fold power of the component
P14, on a second level, under the first one, the elements of the n-fold power of the
component Ps4 and in a third level, under the second one, the elements of the
n-fold power of the component Pyy. For each m-tuple of the first level we must
consider the following two cases:

Case 1) The n-tuple of PJ4 has no coordinates equal to a,, so they belong to
{01,11}. Clearly there are 2™ of these n-tuples and each one is tied by a loop with
exactly one n-tuple of the component Pgy. This last one is tied by a loop with
exactly one n-tuple of the component FJ,. These three n-tuples collapse into a
point and give the parcel 2" (7)(1 &, 2° ®. 1) of HFS4(n).

Case 2) The n-tuple of PJ has exactly s coordinates equal to a;, with s €
{1,... ,n}, while the other ones belong to {01, 11 }. The number of these n-tuples
is2n7¢ (") To facilitate the explanation we will suppose that s < n and that the

S

coordinates equal to a; fill in the first s positions, with the other ones being equal
to 03.

Above this n-tuple we must consider the antichain formed by the n-tuples of
P, which have a5 or by in the first s coordinates and have the other ones equal
to 02. Clearly this antichain has 2% elements.

Consider on the third level the n-tuple that has a¢ on the first s positions and
has the other ones equal to 0g. Since the order is the product order we obtain
1p2°01.

This case gives the parcel 277 (")(1 @ 2° & 1) of HFS4(n). O

Denoting by *FB(n), the distributive lattice reduct of the free Boolean algebra
on n generators with a new zero and a new unit adjoined, by FD{n) the {0, 1}-free
distributive lattice on n generators and by FK(n) the distributive lattice reduct
of the free Kleene algebra on n generators, we have the following theorem:

Theorem 3.4. Consider S;, with j € {4,5,6}, subvarieties of S. Then the fol-
lowing are descriptions of the lattice reducts of the respective free algebras on n
generators:

a) FSi(n) = FD(0)*" x [T, 'FB(),
b) FSs(n) = ITi_o FK()*" '(9);

¢) FSs(n) = [y FD(20)*" (1),

PROOF. The result follows from the previous theorem applying Priestley duality
and remembering that O(1 @ 2° @ 1) = "FB(i), and that O(2%) = FD(2i). O
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The next corollary is now immediate.
Corollary 3.5. ConsiderS; withj € {4,5,6}. The free spectra of these varieties,
are given by:
a) |FSa(n)| = 27" [, (2 +2)*" (),
b) [FSs(n) = ITq [FK ()P (),
¢) [FSe(n)| = [T, [FD(2i))>" (1),
Analogously we can deduce the following two theorems describing the under-

lying posets of Priestley duals and the distributive lattice reducts of the free
algebras on n generators for the subvarieties of R, respectively:

Theorem 3.6. Consider R;, with j € {3,4,5}, and Rz vV Ry subvarieties of R,
then the following are descriptions of the partial order reducts of the respective
Priestley spaces:
a) HFR3(n) =2"(2°) U (3" —2") (2° ® 2°);
b) HFR4(n) =2"(2" &, 2");
¢) HF(Rs vV Ry)(n) = 27(2" @, 2") U (3" — 2) (2° © 2°);
d) HFRs(n) =27 (5) (2" 8 2) U (Ucign 27 () (2" @ 277)).

ProOF. These results follow from the knowledge that we have obtained of the
translation process between natural dual and Priestley dual. In particular notice
that n = 1 gives a description of the order quotients of the quasi-orders given in
figures 6, 7, 8 and 9.

To make clear the combinatorial calculations that we have done to obtain these
results, we take the case of the variety Rg3, so we concentrate on figure 6. For the
other varieties the reasoning is analogous.

We suppose on a first level the elements of the n-fold power of the component
Fyz and on a second level, under the first one, the elements of the n-fold power

of the component P;3. For each n-tuple of the first level we must consider the
following two cases:

Case 1) The n-tuple of P4 has no coordinates equal to ag. Clearly there are
2™ of these n-tuples.. Under this n-tuple we must consider the n-tuple that has
no coordinates equal to a; and such that each coordinate in the n-tuple of the
top level is tied by a loop with the corresponding coordinate below. These pairs
of n-tuples collapse into a point and give the parcel 27(2°) of HFR3(n).

Case 2) The n-tuple of P has s coordinates equal to ag, with s € {1,... ,n},
while the other ones belong to {09, 19}. The number of these n-tuples is 3™ — 2.
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To facilitate the explanation let’s suppose that s < n and that the coordinates
equal to ap fill in the first s positions, with the other ones being equal to 0.
Consider on the second level the n-tuple that has a; filling in the first s positions
and that has the other ones equal to 01.
These two n-tuples form a two element chain, since the order is the product
order, and give the parcel (3" — 27)(2° ® 2°) of HFR3(n). ad

Let M, = O2" &:2"), N, = O(2° ® 2°) with s € {0,...,n — 1}. Then
according to the previous Remark we have M,, = FD(n) @s. FD(n) and N, =
FD(s) ®. FD(s).

As a consequence of Theorem 3.6, applying Priestley duality, we have the next
theorem:

Theorem 3.7. Consider R; with j € {3,4,5} and R3 Vv Ry subvarieties of R.
Then the following are descriptions of the lattice reducts of the respective free
algebras on n generators:

a) FR3(n) = FD(0)?" x FD(1)3"~%";

b) FRy(n) = M2";

¢) F(R3 VR4)(n) = M2? x FD(1)%"-%";

n 2n i (n
@) FRs(n) = M2 x [Tigoen Noy .
As a consequence of the Theorem 3.7 we easily conclude the following corollary:

Corollary 3.8. Consider R;, with j € {3,4,5}, and R3 V Ry subvarieties of R.
The free spectra of these varieties, are given by:
a) |FR3(n)| = 22" 33"-2";
b) [FR4(n)| = 2IFD(n)} - 2)*";
¢) [F(Rs vV Ra)(n)] = (2/FD(n)| - 2)*" 3%,

d) |FRs(n)| = (2/FD(n)| - 2)*" [1,c;cn(2IFD() — 1)),
Acknowledgements.

We acknowledge with thanks useful conversations with Hilary Priestley concerning
the topics of this paper. We also acknowledge the comments of the referee which greatly
improved the English and clarified some of our arguments.

REFERENCES

(1] R. Cignoli and M.S. de Gallego, Dualities for some De Morgan algebras with operators and
Lukasiewicz algebras, J. Austral. Math. Soc. (A) 34 (1983), 377-393.

[2] D.M. Clark, Algebraically and existentially closed Stone and double Stone algebras, The
Journal of Symbolic Logic 54 (1989), 363-375.



3]
(4]
(5]

(11]

[12)

INVOLUTIVE STONE ALGEBRAS AND REGULAR o-DE MORGAN ALGEBRAS 591

D.M. Clark and B.A. Davey, Natural dualities for the Working Algebraist, in preparation,
Cambridge University Press.

D.M. Clark and P.H. Krauss, On topological quasi-varieties, Acta Sci. Math. 47 (1983),
3-39.

W.H. Cornish, Antimorphic action. Categories of algebraic structures with involutions or
anti-endomorphisms, R & E Research and Exposition in Mathematics, 12, Heldermann
Verlag, Berlin, 1986.

B.A. Davey, Duality theory on ten dollars a day, in “Algebras and Orders” (I.G. Rosenberg
and G. Sabidussi, Eds.), NATO Advanced Study Institute Series, Series C, Vol. 389, Kluwer
Academic Publishers, 1993, 71-111.

B.A. Davey, and H.A. Priestley, Generalized piggyback dualities and applications to Ock-
ham algebras, Houston J. Math. 13 (1987), 151-197.

B.A. Davey, and H.A. Priestley, Introduction to Lattices and Orders, Cambridge University
Press, Cambridge, 1990.

B.A. Davey, and H.A. Priestley, Optimal natural dualities , Trans. Amer. Math. Soc. 338
(1993), 655-677.

B.A. Davey, and H.A. Priestley, Optimal natural dualities [I: General theory, Trans. Amer.
Math. Soc. 348 (1996), 3673-3711.

B.A. Davey and H. Werner, Dualities and equivalences for varieties of algebras, in “Con-
tributions to lattice theory (Szeged, 1980)” (A.P. Huhn and E.T. Schmidt, Eds.), Colloq.
Math. Soc. Jdnos Bolyai, Vol. 33, North-Holland, Amsterdam, 1983, 101-275.

B.A. Davey and H. Werner, Piggyback dualities, Colloq. Math. Soc. Janos Bolyai 43
(1986), 61-83.

[13] H.A. Priestley, Natural dualities, Lattice theory and its applications — a volume in honor

14]

(15]

of Garret Birkhoff’s 80th Birthday (K.A. Baker and R. Wille, eds), Heldermann Verlag,
1995, 185-209.

H.A. Priestley, Natural dualities for varieties of n-valued Lukasiewicz algebras, Studia
Logica 54 (1995), 333-370.

R. Santos, Natural dualities for some subvarieties of DMS, Bol. Soc. Mat. Mexicana 3
(1997), 193-205.

Received April 11, 1997

DEP. DE MATEMATICA, UNIVERSIDADE DE LISBOA, RuA ERNESTO DE VASCONCELOS, BLOCO

C1, P1so 3, 1700 LisBoA, PORTUGAL

E-mail address: rsantos@fc.ul.pt



