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ABSTRACT. In the theory of generalized metric spaces, the notion of k- 
networks has played an important role. Every locally separable metric space 
or CW-complex, more generally, every space dominated by locally separa- 
ble metric spaces has a star-countable k-network. Every LaSnev space, as 
well as, every space dominated by LaSnev spaces has a a-compact-finite k- 
network. We recall that every space has a compact-countable k-network 
if it has a star-countable k-network, a o-hereditarily closure preserving k- 
network, or a a-compact-finite k-network, We investigate around spaces 
with a star-countable k-network, or a compact-countable k-network. 

1. INTR~DLJCTI~N 

Let X be a space, and let P be a collection of subsets of X. We recall that P 
is point-countable if every x E X is in at most countably many P E P. And, P is 
star-countable if every P E P meets at most countably many other Q E P. Also, 
P is compact-countable (resp. compact-finite) if every compact subset of X meets 
at most countable (resp. finitely) many P E P. 

Let X be a space, and P be a cover of X. Recall that P is a k-network if 
whenever K c U with K compact and U open in X, then K c ~3 c U for 
some finite 3 c P. As is well-known, spaces with a countable (resp. a-locally 
finite) k-network are called No-spaces (resp. N-spaces), For N-spaces; spaces with 
various types of k-networks; and spaces with certain point-countable k-networks, 
respectively see [6]; [28]; and [4], [7], [24], [26], etc. 
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Let X be a space, and C be a cover of X. Then X is determined by C [4] (= X 
has the weak topology with respect to C in the usual sense), if F c X is closed 
in X if and only if F n C is closed in C for every C E C. A space X is a k-space 
(resp. sequential space) if it is determined by a cover of compact subsets (resp. 
compact metric subsets) of X. A space X is a &space [14] if it is determined by a 
countable cover of compact subsets of X. Also, we recall that X is dominated by C 
if the union of any subcollection C* of C is closed in X, and any subset of the union 
is determined by C’. Every space determined by an increasing countable closed 
cover C is dominated by C. As is well-known, every CW-complex is dominated by 
a cover of compact metric subsets. 

We recall the following basic facts around spaces with a star-countable or 
compact-countable k-network. For these facts, see [5], [ll], [12], and [4], etc. 
More detailed properties for spaces with a star-countable lc-network, or a compact- 
countable k-network, see [5], [ll], [12], [18], etc. 

Facts: (a) (i) Every space with a locally countable k-network has a star- 
countable closed L-network. 

(ii) Every k-space with a star-countable closed k-network is the topological 
sum of No-spaces. Here, a closed lc-network is a k-network consisting of closed 
subsets. 

(b) (i) Every 1 d c ose image of a locally separable metric (resp. metric) space 
has a star-countable (resp. a-hereditarily closure preserving) k-network. 

(ii) Every space dominated by locally separable metric (resp. metric) subsets 
has a star-countable (resp. compact-countable) k-network. 

(c) (i) Every space with a point-countable base has a compact-countable Ic- 
network. 

(ii) Every space with a star-countable or a-hereditarily closure preserving k- 
network has a u-compact-finite, and thus, compact-countable Ic-network. 

(d) Every quotient s-image of a space with a point-countable base has a point- 
countable k-network. 

We note that not every LindelGf, k-space with a compact-countable k-network 
has a a-compact finite k-network (indeed, every Lindelijf space with a point- 
countable base is not metric, thus, it does not have a u-compact-finite k-network 
by [S]). Also, note that not every separable, LindelGf, k-space with a point- 
countable closed k-network has a compact-countable k-network; see [12]. 

We shall recall other definitions. A space X is an inner-closed A-space [16] (or 
[li’]), if whenever {A, : n E N} is a decreasing sequence of subsets of X such 

that cl(A, - {z}) 3 f z or each n E N, there exist B, c A, which are closed in 
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X, but u{B, : n E N} is not closed in X. If the sets B, are singletons, then such 
a space X is called inner-one A. Countably hi-quasi-k-spaces in the sense of [15] 
are inner-one A, and inner-one A-spaces are inner-closed A. 

Also, we recall canonical quotient spaces S, and Sz. For an infinite cardinal 
number o’, S, is the space obtained from the topological sum of cy many convergent 
sequences by identifying all limit points to a single point co. And, Sz = (N x 
N) U N U {cm} is the space with each point of N x N isolated. A basic nbd of 
n E N consists of all sets of the form {n} U {(m,n) : m 2 k}. And U is a nbd 
of 03 if and only if U 3 00, and U is a nbd of all but finitely many n E N. (The 
space SW is called the sequential fan, and the space SZ is the Aren’s space). We 
note that neither S, nor S2 is an inner-closed A-space. 

In this paper, we shall consider around spaces with a star-countable or compact- 
countable k-network, and also, extend certain theorems on spaces with a star- 
countable k-network, as well as spaces with a a-hereditarily closure preserving 
Ic-network, to spaces with a compact-countable or point-countable k-network. 
For example, we obtain the following results. 

(A) Every k-space X with a star-countable k-network is metric if and only if 
X contains no closed copy of the sequential fan SW and no the Arens’ space Sz. 

(B) Every k-space X with a point-countable k-network has a point-countable 
base if and only if X is an inner-closed A-space. 

(C) (i) Let X have a compact-countable k-network. Then X2 is a k-space if 
and only if X has a point-countable base, or X is a locally lc,-space. 

(ii) Let X have a point-countable &network. Then X” is a k-space if and only 
if X has a point-countable base. 

All spaces are regular Ti-spaces, and, all maps are continuous and onto. 

2. SPACES WITH A STAR-COUNTABLE 0~ POINT-COUNTABLE &NETWORK 

Not every space with a star-countable closed k-network of singletons is meta- 
Lindeliif; see [4; Example 9.11. Here, a space is meta-lindeliif if every open cover 
has a point-countable open refinement. The first author showed that, among lc- 
spaces, every space with a star-countable k-network is hereditarily meta-Lindeliif. 
Recently, the following result is obtained by M. Sakai [18]. 

Theorem 2.1. Let X be a k-space with a star-countable k-network. Then X is 
a paracompact u-space (thus, X is a hereditarily paracompact space). 
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We recall that a space X has countable tightness if whenever x E clA, then 
x E clC for some countable C c A. Sequential spaces have countable tightness; 
see [15], for example. 

Lemma 2.2. Let X be a, k-space with a point-countable k-network. Then the 
following (i) and (ii) hold. 

(i) X is sequential, and thus, X has countable tightness ([d]). 
(ii) If X is countably compact, then X is metric ([Ml). 

Lemma 2.3. Let X be a k-space with a star-countable k-network P. Then X is a 

disjoint union of {X, : y E I’}, w h ere each X, is the countable union of elements 
of P. Also, if xy E X, for each y E r, D = {x, : y E r} is discrete and closed in 
X. 

PROOF. The first half is due to [5; Lemma 1.11. For the latter part, suppose 
some subset A of D is not closed in X. Since X is sequential by Lemma 2.2(i), 
A contains an infinite convergent sequence L. Then, there exists Pe E P which 
contains an infinite subsequence of L. This shows that PO meets infinitely many 
Xr’s. This is a contradiction. Then, D is discrete and closed in X. 0 

Corollary 2.4. [18] Every separable k-space X with a star-countable k-network 
is an No-space. 

PROOF. Every separable paracompact space in Lindelof. Then X is Lindelijf by 
Theorem 2.1. Thus, X is an No-space in view of Lemma 2.3 q  

We recall that a space X is strongly Fre’chet 1191 ( = countable bi-sequential 
in the sense of [15], if whenever {A, : n E IV} is a decreasing sequence of subsets 
of X with cl(A, - {x}) 3 x, there exists a sequence {x~ : n E N} with x, E A, 
which converges to the point x. If the sets A, are the same, then such a space is 
called Fre’chet. First countable spaces are strongly Frechet. 

Lemma 2.5. Let X be a strongly Fre’chet space. Then the following (i) and (ii) 
hold. 

(i) If X has a star-countable k-network, then X is locally separable metric 

(Isl). 
(ii) If X has a u-compact-finite k-network, then X is metric I(7)]. 

Lemma 2.6. [.Z3]. Let X be a sequential space in which every point is a Gs-set. 
Then X is strongly Fre’chet if and only if X contains no closed copy of S,, and 

no Sz. 
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Theorem 2.7. Let X be a Is-space with a star-countable Ic-network. Then X is 
a locally separable metric space if and only if X contains no closed copy of S,, 
and no Sz. 

PROOF. The “only if’ part is obvious, so we show the YP part holds. In view 
of Lemma 2.5(i), it is sufficient to show that X is strongly Frechet. To show 
this, for x E X, let {A, : n E N} be a decreasing sequence of subsets of X 
with cl(A, - {z}) 3 x. Since X has countable tightness by Lemma 2.2(i), there 
exists a countable subset C, c A, - {x} with x E clC, for each n E N. Let 
C = U{Cn : n E N}. Then, S = clC is a separable k-space with a star-countable 
k-network. Then S is an No-space by Corollary 2.4. Hence, each point of S is a 
G&-set in S. But, S is sequential by Lemma 2.2(i), and, S contains no closed copy 
of S,, and no Ss. Then S is strongly FrCchet by Lemma 2.6. Let B, = U{Cm : 

m > n} for each n E N. Then {B, : n E N} is a decreasing sequence of subsets 
of S with cl(B, - {x}) 3 x. Since S is strongly Frechet, there exists a sequence 
{x, : n E N} with x, E B, which converges to the point x. Here, we can assume 
that 2, E A, for each n E N. This shows that X is strongly FrCchet. 0 

The following Corollary due to [29] hold by Fact (b)(ii) and Theorem 2.7. 

Corollary 2.8. Let X be dominated by locally separable metric subsets. Then X 
is locally separable metric if and only if X contains no closed copy of S,, and no 

s2. 

We recall that a space X is wl-compact if any subset of cardinality wr has an 
accumulation point in X. 

Lemma 2.9. Let X be a k-space, and let P = U(?, : n E N} be a u-compact 
finite collection in X. Then, any wl-compact subset A of X meets only countably 
many elements of P. 

PROOF. Suppose that A meets uncountably many elements of P. Then A meets 
uncountably many elements of some P,. Since P is point-finite, there exist un- 
countably many points x, E A, and uncountably many distinct elements P, E P, 
with 2, E Pa(cx < WI). Since A is wr-compact, B = {x~ : a < WI} has an accumu- 
lation point in X. But X is a &space. Then there exists a compact subset C of X 
containing infinitely many points in B. Then the compact set C meets infinitely 
many elements P, E P,. Thus P, is not compact-finite. This is a contradiction. 
Thus A meets only countably many elements of P. q  

Theorem 2.10. Let X be a h-space. Then the following (1) and (2) hold. 
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(1) X has a countable (resp. locally countable) k-network if and only if X is an 
WI-compact (resp. locally WI-compact) space with a a-compact-finite k-network. 

(2) X has a star-countable k-network if and only if X has a a-compact-finite 
k-network of wi-compact subsets. 

PROOF. The Yf’ parts in (1) and (2) hold by Lemma 2.9. The “only if’ parts 
hold by Facts (a)(i) and (c)(ii). 0 

We note that every Lindelijf space X with a point-countable base (thus, X is a 
k-space with a compact-countable k-network by Fact (c)(i)) need not be a locally 
No-space in view of [4; Example 9.41. But, for k-spaces with a a-compact-finite 
k-network, the following holds by means of Fact (a). 

Corollary 2.11. Every wl-compact (resp. locally wl-compact) k-space with a u- 
compact-finite k-network is an No-space (resp. the topological sum of No-spaces). 

The following is due to [lo], and the latter part is similarly shown. 

Lemma 2.12. Let P be a point-countable k-network for a k-space X which is 
closed under finite intersections. If every first countable, closed subset of X is 
locally compact, then {P E P : clP is compact in X} is a k-network for X. Also, 
it is possible to replace “compact” by “wl-compact” in the above. 

We note that every k-space with a star-countable closed k-network is the topo- 
logical sum of No-spaces, but, it is impossible to omit the closedness of the k- 
network; see [5]. Let us consider conditions for a k-space with a star-countable 
k-network to be the topological sum of No-spaces. We shall say that a space 
is a pre-Lindeliif &,-space if it admits a closed, and Lindelof (i.e., each fiber is 
Lindelof) map onto S,,. 

Theorem 2.13. Let X be a k-space with a star-countable k-network. Then the 
following (i)-(v) are equivalent. Also, (vi) + (v) holds, and, under (CH), the 
converse holds. 

(i) X has a a-compact finite closed k-network. 
(ii) X has a u-locally countable k-network. 

(iii) X is locally separable (equivalently, locally wl-compact). 
(iv) X contains no (closed) pre-Lindeliif S,, -subspaces. 
(v) X is the topological sum of No-spaces. 

(vi) The character x(X) 5 WI. 

PROOF. It is obvious that (v) implies (i), ( ii , and (iii). We show that (i) or (ii) ) 
implies (v). Since X has a star-countable k-network, every first countable closed 





662 CHUAN LIU AND YOSHIO TANAKA 

separable subsets Vn(n E N). Let V = U{Vn : n E N}. Then, V is a separable 
subset of X with V 3 x. To show V is open in X, suppose that V is not in X. 
Since X is sequential by Lemma 2.2(i), th ere exists a sequence L in X - V, but L 
has a limit point y in V. Let y E V, for some n E N. Since P is a k-network, for 
some P E ‘P, P contains a subsequence M of L. Thus P E P(Vn). Hence M is 
contained in V. This is a contradiction. Thus V is a nbd of x, which is separable. 
Hence X is locally separable. Thus, (iv) + (iii) holds. Finally, the implication 
(v) --t (vi) holds under (CH), because X(Y) 5 2” for any separable space Y. That 
completes the proof. cl 

Remark. (a) The implication (v) + (vi) d oesn’t hold without (CH). Indeed, S, is 
a k-and-No-space, but, as it is well-known, X(&,) = 2” > wi under (MA + ]CH). 

(2) in (v), it is impossible to replace “a pre-Lindelof &,-space” by “S,,“. 
Indeed, let I be the closed unit interval, and for each x E I, let L, be a sequence 
converging to the point x such that L, n I = 8, and the L, are disjoint. Let X 
be a space dominated by a cover {I u I, : x E I}. Then, X is a k-space with a 
star-countable k-network by Fact (b)(ii), and X contains no copy of S,, , by X is 
not locally separable. 

(3) In [13], it is shown that, for a k-space X with a star-countable k-network 
(more generally, cT-compact-finite k-network), X contains no closed copy of S,, 
if and only if X has a point-countable cs*-network in the sense of [2] (or [7]). 

Corollary 2.14. Let X be a space dominated by locally separable metric subsets 
(resp. X be a CW-complex). Suppose that X satisfies one of (i), (ii), (iii), (iv), 
and (vi) in Theorem 2.13. Then X is the topological sum of No-spaces. (resp. X 
is the topological sum of countable CW-complex). 

PROOF. This holds by Fact (b)(ii) and Th eorem 2.13. For the parenthetic part, 
let X be a CW-complex with cells {eA : A}. Then, any wr-compact subset of 
X meets only countably many ex. Thus, X is the topological sum of countable 
CW-complexes. 0 

Inner-closed A spaces are one of fairly generalized spaces; indeed, the class of 
inner-closed spaces contains a class of countable bi-quasi-k-spaces in the sense 
of [15]. While, k-spaces with a point-countable k-network are the most general 
spaces in the theory of k-networks; indeed, the class of these spaces contains 
classes of LaSnev spaces (i.e., closed images of metric spaces), CW-complexes, 
and spaces which are quotient s-images of metric spaces, etc. In view of the 
above, the following theorem is useful. 
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Theorem 2.15. Let X be a k-space with a point-countable k-network. Then X 
has a point-countable base if and only if X is an inner-closed A-space. 

PROOF. The “only if’ part is obvious, so we show that ‘3” part holds. We recall 
that every k-space with a point-countable cover P satisfying (*) below has a 
point-countable base [l]. Then it is sufficient to show that, for a point-countable 
k-network P for X, P satisfies property (*). 

(*) If x E V with V open in X, then 2 E Int(U3) c (UF) c V for some finite 
F c P. 

To show that (*) hold, suppose not. Let U = {P E P : P c V}, and let U1 = 
{P E U : 2 E P} = {PI, : i E N}. Let W be a nbd of 2 with clW c V. Now, let 
Co = {z}. Since X has countable tightness by Lemma 2.2(i), and z E cl(X-Pli), 
there exists a countable Cl c X - Pli such that x E clCl and Cl c IV. Let Z& = 
{PEU:PnC,#0}={P,,:iEN}.S ince J: E cl(X - (Pll U Plz U P21 U P22)), 
there exists a countable (32 c X - (Pll U Plz U PQ~ U Pzz) such that 3: E clC:! and 
CZ c W. In this way, by induction, we obtain countable many countable subsets 
C,(n E N) such that z E clC, c W, and no P E U meets infinitely many C,. 
Let A, = U{ci : i > n}. Then {A n. : n E N} is decreasing, and x E cl(A, - {x}) 
for all n E N. Since X is an inner-closed A-space, there exists B, c A, which are 
closed in X, but, B = U{B n : n E N} is not closed in X. Since X is sequential by 
Lemma 2.2(i), there exists a sequence in B converging to a point not in B. Then, 
since the sets B, are closed in X, there exists a convergent sequence {xi : ii E N} 
in B such that xi E B,(i), hence 2, E A,ci), where i(n) < i(n + 1) for each n E N. 
Then, the sequence {xi : i E N} converges to a point in clW, hence in V. Since 
P is a k-network, there exists Q E U such that Q contains a subsequence L of 
{xi : i E N}. But, L meets infinitely many C,. Then Q E U meets infinitely many 
C,. This is a contradiction. Hence, property (*) holds. 0 

As applications of Theorem 2.15, the following hold. We will also apply 2.15 
to “k-space property of products” in next Section. Corollary 2.16 is due to [4]. 
For Corollary 2.17 due to [15], use Fact (d), and for Corollary 2.18, use Lemma 

2.4(ii). 

Corollary 2.16. Let X be a strongly Fre’chet space (or countably bi-k-space in 
the sense of [15]) with a point-countable k-network. Then X has a point-countable 

base. 

Corollary 2.17. Let X be a quotient s-image of a space with a point-countable 
base. If Y is an inner-closed A-space, then X has a point-countable base. 
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Corollary 2.18. Let X be a k-space with a a-compact-finite k-network. If X is 
an inner-closed A-space, then X is metric. 

3. k-SPACE PROPERTY OF PRODUCT SPACES. 

We shall consider necessary and sufficient conditions for X x Y to be a k-space 
when X and Y have compact-countable or point-countable k-networks. 

Lemma 3.1. [21]. Let X have countable tightness. If X x Y is a k-space, then 
X is an inner-one A-space, or every first countable, closed subset of Y is locally 
countably compact. 

Lemma 3.2. Let X and Y have compact-countable k-networks. If X x Y is a 
k-space, then the following (a), (b), or (c) holds. 

(a) X and Y have point-countable bases. 
(b) X or Y is a locally compact metric space. 
(c) X and Y have star-countable k-networks. 

PROOF. Since X and Y are k-spaces, they have countable tightness by Lemma 
2.2. Now, suppose that neither (a) nor (b) holds. We will show that every first 
countable, closed subsets of X and Y are locally compact. Since X x Y is a 
k-space, by Lemmas 2.2 and 3.1, X is an inner-one A-space, otherwise, every first 
countable, closed subset of Y is locally compact. Let X be an inner-one A-space. 
Then, by Theorem 2.15, X has a point-countable base. On the other hand, Y x X 
is a k-space. Thus, we have the following cases by Lemma 3.1. 

Case 1: Y is an inner-one A-space. 
Y has a point-countable base by Theorem 2.15. Then (a) holds, a contradiction. 
Case 2: Every first countable, closed subset of X is locally compact. 
Since X is first countable, X is locally compact. Then X is locally compact 

metric by Lemma 2.2. Thus (b) holds, a contradiction. 
Therefore, it is impossible that X is an inner-one A-space. Thus, every first 

countable, closed subset of Y is locally compact. Similarly, we show that ev- 
ery first countable, closed subset of X is locally compact. Thus, Y has a star- 
countable k-network P. Similarly, X has also a star-countable k-network. Then 

(c) holds. 0 

We recall a set-theoretic axiom BF(ws). Let ww be the set of all functions from 
w to w. For f and g E ww, we define f 5 g if and only if the set {n E w : f(n) > 
g(n)} is finite. BF(w2) is the following set-theoretic axiom: 
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If F C ww has cardinality less than ~2, then there exists g E w w such that 
f I g for all f E F. 

In other words, BF(w2) means “b > wa”, where the cardinal b is defined 
by b = min{y : there exists an unbounded family A c ww with IAl = y}. It is 
well-known that (MA) implies that “b = 2”“. 

In [ll], the authors obtained the following result on space with a star-countable 
k-network. In [9], the first author obtained a similar result on spaces with a O- 
hereditarily closure preserving k-network. We will extend these results to a more 
general case where spaces have compact-countable k-networks. 

Lemma 3.3. The following assertions (i) and (ii) are equivalent. When X = Y, 
(ii) holds without (i). 

(i) BF(w2) is false (equivalently, b = ~1). 
(ii) Suppose that X and Y are k-spaces having a star-countable k-network. 

Then X x Y is a k-space if and only if the following (a), (b), or (c) holds. 
(a/ X and Y have point-countable bases. 
(b) X or Y is a locally compact metric space. 
(c) X and Y are locally k,-spaces. 

The following fairly general theorem holds by Lemmas 3.2 and 3.3. This gives 
an affirmative answer to the parenthetic parts of (a) and (b) of Question 8 in [12]. 

Theorem 3.4. In the previous lemma, it is possible to replace ‘X and Y have 
star-countable k-networks” by “X and Y have compact-countable k-networks”. 

In the following, the result for case where X and Y are dominated by Lasnev 
spaces (resp. X and Y are closed images of CW-complexes) is due to [25] (req. 

L301.1 

Corollary 3.5. In Lemma 3.3, it is possible to replace ‘X and Y are star- 
countable k-networks” by “X and Y have property (*) below”, and to replace 
“X and Y have point-countable bases” by “X and Y are metric spaces”. 

(*) Space dominated by a cover of Lasnev spaces, or closed images of CW- 
complexes. 

PROOF. Let X be dominated by {X, : (Y E A}, where each X, is a Lasnev space, 
or a closed image of a CW-complex. Each X, is a k-space and X is determined 

by 1X, : CY E A}, so X is a k-space. Each X, has a compact-countable k-network 
by Facts (b) and (c), and a fact that every closed image of a CW-complex has 
a star-countable k-network [5]. But, every space dominated by spaces with a 
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compact-countable k-network has a compact-countable k-network [12]. Hence, 
X is a k-spaces with a compact-countable k-network. Similarly, Y has the same 
property. Thus the corollary holds by Theorem 3.4. Next, let (a) of Lemma 3.3 
hold. Then X and Y are first countable. Thus each X, is metric. Indeed, if X, 
is LaSnev, X, is metric since it is first countable. If X, is a closed image of a 
CW-complex, then X, is dominated by compact metric subsets by [30; Lemma 
2.51. Then X, is also metric, here note that every first countable space dominated 
by metric subsets is metric [20]. Hence, every X, is metric. Since X is a first 
countable space dominated by metric subsets X,(cy E A), X is metric. Similarly 
Y is also metric. Thus X and Y are metric when (a) of Lemma 3.3 holds. q  

Let us consider k-space property of X x X,, where (Y = w, wi, or 2”. First, we 
recall the following basic lemma due to [3]. 

Lemma 3.6. (i) S, x S,, is s k-space if and only if BF(w2) holds. 

(ii) SW, x S&J, is not a k-space. 

Theorem 3.7. The following (l), (2), and (3) hold. 
(1) The following assertions are equivalent. 
(i) BF(w2) is false. 
(ii) Let X have a compact-countable k-network. Then X x SW is a k-space if 

and only if X is a locally k,-space. 
(iii) Let X have a point-countable k-network. Then X x S,, is a k-space if 

and only if X is locally compact metric. 
(2) Let X have a compact-countable (resp. point-countable) k-network. If 

X x S,, is a k-space, then X is locally k, (resp. locally o-compact). 
(3) Let X have a point-countable k-network. Then X x S,, where c = 2w, is a 

k-space if and only if X is locally compact metric. 

PROOF. For (l), the implication (i) + (ii) holds by Theorem 3.4, and the im- 
plication (ii) or (iii) -+ (i) holds by means of Lemma 3.6(i). For the implication 
(i) + (iii), we show that the “only if’ part of (iii) holds under BF(wa) being 
false. Since X x S,, is a k-space, by Lemmas 2.6 and 3.1, every first countable, 
closed subset of X is locally compact. Then, by Lemma 2.12, X has a point- 
countable k-network P such that the closure of each element of P is compact, 
thus, compact metric by Lemma 2.5(ii). Suppose that, for some z E X, any 
nbd of x is not contained in any countable union of elements of P. Since P is a 
point-countable k-network, in view of the proof of Lemma 2.2 in [ll], there exists 
a disjoint family {i’V, : cx < WI} of countable of X such that x E clN, - N,, 
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and any compact subset of X meets only finitely many N,. Thus, as in the proof 
of Lemma 5 in [3] (or Theorem 2.6 in [ll]), there exists a subset H of S x S,,, 
where S = U{Na : a < wl}U{cc}, such that H is not closed in X x S,, but H nC 
is closed in C for every compact subset C of X x S,,. This is a contradiction. 
Thus, X has a point-countable k-network P such that each point of X had a nbd 
which is contained in a countable union of elements of P, and each closure of 
elements of P is compact metric. Then, each point of X is a Gg-set in X. While, 
under BF(w2) being false, S, x S,, is not a k-space by Lemma 3.6(i). Then X 
contains no closed copy of S,, thus, no closed copy of Ss, because S, x S,, is the 
perfect image of S2 x S,,, and every perfect pre-image of a k-space is a k-space. 
Then, a sequential space X is strongly Frechet by Lemma 2.6. Then, since X 
has a point-countable k-network, X has a point-countable base by Corollary 2.16. 
Thus X is first countable, then, X is locally compact. Then, as is well-known, X 
is locally compact metric. For (2), suppose that X is not a locally k,-space. Then 
X has a star-countable k-network by Lemma 3.2. Thus, in view of the proof of 
Theorem 3.4(l) in [ll], X contains a closed subset which is the perfect pre-image 
of s,,. Hence, S,, x S,, is a k-space. This is a contradiction to Lemma 3.6(ii). 
Thus, X is a locally k,-space. The parenthetic part holds in view of the proof 
of (1). For (3), since X x S, is a k-space, each separable closed subset of X is 
locally countable compact [22], and thus, locally compact metric. While, since 
X x S,, is closed in X x S,, X x S,, is a k-space, thus, X is locally separable 
by the parenthetic part of (2). H ence X is locally compact metric. 0 

Remark. In view of Lemma 3.6(i), it is impossible to replace “locally k,” by 
“locally compact” in (2) of the previous theorem, and thus, it is also impossible 
to replace “S,” by “S,, ” in (3). For the parenthetic part of (2)) if X is J?rechet, 
then it is possible to replace “locally cl-compact” by “locally k,” by means of 
(2) and Remark A. However, the authors don’t know whether this replacement is 
possible without the Frdchetness of X. 

As for the k-space property of product X”, as far as the authors know, the 
following theorem seems to be the most general type in the theory of k-networks. 
This theorem gives an affirmative answer to (C) of Question 7 in [12]. 

Theorem 3.8. Let X have a point-countable k-network. Then X” is a k-space 
if and only if X has a point-countable base. 

PROOF. Since X x X” is a copy of X”, X x X”’ is a k-space. Then, by Lemmas 
2.6(i) and 3.1, X is an inner-one A-space, or every first countable, closed subset of 
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X” is countably compact. For the latter case, X is countably compact. Indeed, 
suppose not. Then, X contains a countable closed discrete subset D. Thus X” 
contains a closed subset D”. But, D” is a first countable space which is not 
countably compact. This is a contradiction. Hence, X is countably compact, and 
thus, X is an inner-one A-space. Then, for any case, X is an inner-one A-space. 
Thus, X has a point-countable bases by Theorem 2.15. cl 

The following holds by Fact (d) and Theorems 3.7 and 3.8. In (1) (resp. (2)), 
the result for case where X is dominated by metric subsets (resp. X is a quotient 
s-image of a metric space) is due to [29] (resp. [12]). 

Corollary 3.9. Let X have property (*) in Corollary 3.5, or let X be a quo- 
tient s-image of a metric space (or space with a point-countable base). Then the 
following (1) and (2) hold. 

(1) If X x S, is a k-space, then X is locally compact metric. 
(2) If X” is a k-space, then X has a point-countable base. 

4. QUESTIONS 

Question 4.1. Is every separable k-space X with a c-compact-finite k-network 
P an No-space (equivalently, wi-compact space)? 
Question 4.2. Let X be a k-space with a point-countable (a-compact-finite k- 
network; or compact-countable) k-network. If X contains no closed copy of SW, 
and no &, then does X have a point-countable base? 

Remark. (1) Question 4.1 is affirmative if X is meta-Lindelof; or P is a-hereditarily 
closure preserving under (CH); see [9]. (In [9], the first author posed the question 
whether every separable k-space with a a-HCP k-network is an No-space). Ques- 
tion 4.2 is affirmative if each point of X is a Gh-set by Lemma 2.5 and Corollary 
2.17. 

(2) In [13], under (CH), it is showed that Question 4.1 is affirmative, and so is 
Question 4.2 for the first case in the parenthetic part of it. 

Every Frechet space with a point-countable k-network of separable subsets has 
a star-countable k-network [18], h ence, it has a compact-countable k-network. 
Also, every locally separable FrCchet space with a point-countable k-network is 
the topological sum of No-spaces in view of [4], hence it has a compact-countable 
k-network in view of [4]. However, not every separable, Lindelof, k-space with 
a point-countable k-network of compact metric subsets has a compact-countable 
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k-network; see [4, Example 9.31. Thus, we have the following question, which is 
also posed in [12]. 
Question 4.3. Does every FrCchet space with a point-countable k-network have 
a compact-countable k-network? 
Addendum: Quite recently, Question 4.2 was answered affirmatively by S. Lin, “A 
note on the Arens’ space and sequential fan,” (to appear in Topology and Appl.) 
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