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ON THE STRUCTURE OF SOLUTIONS OF A CLASS OF
BOUNDARY VALUE PROBLEMS

XIYU LIU, BAOQIANG YAN
Communicated by Haim Brezis

ABSTRACT. Behaviour of continua of the solution set of both operator equa-
tions and a class of boundary value problems are obtained, which partially
answers an open problem of Ambrosetti [1].

1. INTRODUCTION

In a recent paperl), A. Ambrosetti, H. Brezis and C. Cerami studied the
combined effects of concave and convex nonlinearities to elliptic boundary value
problems of the following type

—Au = ul~+uP, €
u >0, xz € (1.1)
u =0, x € 00

with 0 < ¢ < 1 < p. They proved the existence of two positive solutions to (1.1)
for A small by upper and lower solutions and variational techniques when p is
subcritical. In that paper, they also indicated several interesting open problems.
See Ma [2] for example. One of those is what the structure of the solutions is in
the one-dimensional case.

The purpose of the present paper is to study this problem. We will give a
different approach and a general setting of the problem. The main feature is
the presence of a nonlinearity having a sublinear and superlinear behavior. By
applying topological methods on cones we will show the existence of a branch C
of solutions bifurcating from (0,0) that touches back {0} x (P\{0}).
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As applications, we will discuss in detail a class of boundary value problems
of ordinary differential equations. Some further structure theorems are obtained,
and a partial answer is given to the question raised in [1].

2. STRUCTURE OF SOLUTIONS OF OPERATOR EQUATIONS

This section is devoted to the abstract setting of the problem. We will discuss
the behaviour of continua of solutions of equations with a parameter when both
superlinear and sublinear effects are present. The main results are Theorem 2.1—
2.3.

Let E be a Banach space with a cone P, and I : R™ x P — P be a completely
continuous operator, where Rt = [0,00). Let >, = {(\,z) € RT x P : z =
I(A\, z)}. Then clearly Y is closed and locally compact. Write B, = {z € P :
|z]| < r} for r > 0. First we list the following conditions for this section.

(H1) lim 02l g

ll=ll

llz]|—0

(H2) Iz | % > 1, for any Xg > 0.
x||—0,A—= Ao

) 2Pl > 1, uniformly for A € RY.

(H4) )\lirf [I(\, )| = oo, uniformly for x € P,e < ||z| < 1 where ¢ € (0,1)
— T 00

is arbitrary.

(H5)  lim Qo5
2l =0 x—+0c Il

Lemma 2.1. Suppose that (H1) is satisfied. Then x = 0 is the isolated fized
point of 1(0,z). Moreover,

i(1(0,-),0,P) = 1.

PRrROOF. By condition (H1) there exists 6 > 0 such that ||I(0,2)| < Ai|lz| for
lz]| < &, where A\; < 1. Hence I(0,0) = 0 and (I(0,-),0, P) =1 by [3]. O

Lemma 2.2. Suppose that (H2) is satisfied. Then for any A1, Ao > 0, there exists
7 > 0 such that

([M,A2] x B) ()30 € [A1, Ao] x {0}
PROOF. Suppose that there exists a sequence A, € [A1, A2], x,, # 0,2, — 0 such
that (A, z,) € > .. Assume without loss of generality that A, — Ay € [A1, A2].
Then ||z, || = ||I(An, x,)]|| in contradiction with condition (H2). O

Now suppose (H1) is satisfied. Then (0,0) € >_. Recall that a continuum is a
maximal connected set. Let C be the continuum of )" containing (0,0). Clearly
C is closed.
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Lemma 2.3. Suppose that (H1)(H2) are satisfied. Let Ct =\ ((0,00) x {0}).
Then C* is connected and closed.

PROOF. Let (Ap,zy) € CT, (Ap,zn) — (\,xz) € 3. Then (\,z) € ¢. If A =0,
then (A\,z) € C*. If A > 0, then by Lemma 2.2 we know x # 0. Hence (\,z) €
CT and C% is closed. Next if there exist closed nonempty sets S, T such that
Ct =SUT. Let (0,0) € S. Then ¢ = ([SJ([0,00) x {0}]NCT)UT. Clearly
TN ([0,00) x {0}) =0, and [SJ([0,00) x {0})](CT is closed, which implies that
C is not connected. O

Now we are in a position to give the structure of >_.

Theorem 2.1. Suppose that (H1)(H2) are satisfied. Then the continuum C of
> containing (0,0) has the following properties.
(i) C contains a connected closed subset C* C [(0,00) x (P\{0})] U({0} x P).
(i) A = 0 is the bifurcation point of I if I(A\,0) = 0.
(i1i) There exists Ag > 0 such that [{\} x (P\{O}D]NCT # 0 for X € (0, \g).

PROOF. Let C* be as in Lemma 2.3. Then C™ is closed and connected by Lemma
2.3. Thus the projection of C* onto R* is an interval, and we need only to show
that there exists A > 0 such that [{\} x (P\{0})]NC # 0.

In fact, if [{A} x (P\{O})]NC = 0 for any A > 0, then ¢ C ((0,00) x
{0}) U({0} x P). Take Ag > 0 and let Z = [0, A¢] x P. Then Z is closed and
convex. By Lemma 2.1, 2.2 and condition (H2) there exists 7 > 0 such that
[{ro} x B-]N122 € (R0,0), {0} x B-]N > C (0,0), and [[[(Ao, )| > [lz] for
x € 0B,. Write Q = [0, A\g] X B;. Then 9Q = [0, \¢] X (0B, P) in Z. Let X =
> N Q, then X is a compact metric space. Denote S; = C(Q,S2 = > Q.
Thus S7,S3 are compact disjoint subsets of X, and no subcontinuum of X can
both meet S; and S;. By Lemma 1.1 of [4] there exist compact disjoint subsets
Kl,K2 of X such that X = K1UK2751 C Kl,SQ C Ks. Thus KlﬂaQ = (D,
and we can choose an open set U of Q with K; C U,0U (K1 = 0,0U (K2 =0,
hence OU (> = 0. By the general homotopy invariance of fixed point index (see
Amann [5]) we have

i(I(\, ), U(N), P) = p = const, X € [0, ]

where U(A\) = {z : (\,z) € U}. By Lemma 2.1 p = 1 when A = 0. Since
[ I(Ao, )| > |lz|| for x € OB,, then by Lemma 2.3.3 of [3] (page 91) we have
i(I(Mo,*),U(Xo), P) =i(I(Xo,),0,P)=0. O
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Theorem 2.2. Suppose that (H1)(H2) are satisfied. Let C,CT be as in Theorem
2.1. Then either
(i) CT is unbounded, or

(i) C meets {0} x (P\{0}).

PROOF. Suppose C* is bounded and C([{0} x (P\{0})] = 0. Take R > 0
such that C* C [0,R) x Bg. Write Qr = [0,R] x Br,Z = [0,R] x P,X =
>N Qr)U(R,0). Then X is compact in Z, and dQr = [0, R] x dBg in Z.
Let S1 = (CNQr)U(R,0), S2 = (X N0QrU{0, R} x Br))) \{(R,0),(0,0)}
which are compact disjoint subsets of X by Lemma 2.1, 2.2. By Lemma 1.1
of Rabinowitz [4] we get compact disjoint subsets K1, K5 of X such that X =
Ky UKQ,Sl C Kl,SQ C Ko, and

K1 ()0Qr =0, Ki[J{R} x Br) = (R,0), K1[ ({0} x Br) = (0,0).

Take open set U C Qg such that Ky C U,0U (K1 = 0,0U (N 0Qr = 0,0U ) K2
=0, UNK2=0. Hence OU (N >_ =0, and U(R) (P = {0}. Moreover

i(I(A,-),U(N), P) = u=const, A€ l0,R].
By Lemma 2.1 g =1 when A = 0 since U(0) (> = {0}, while
i(I(R,),U(R), P) = i(I(R,"),0,P) = 0
by Lemma 2.3.3 of [3]. d

Theorem 2.3. Suppose that (H1)-(H5) are satisfied. Then the continuum C of
>~ containing (0,0) has the following properties.

(i) C contains a connected closed subset C* C [(0,00) x (P\{0})] U({0} x P).

(i) X = 0 is the bifurcation point of I if I(X,0) =0.

(1ii) Ct meets {0} x (P\{0}).

(iv) There exists Ao > 0 such that x = I(\,x) has at least two nontrivial
solutions '\, z for X € (0, o), and (X, ), (\,z%) € CT.

PROOF. Let C* be as in Theorem 2.1. First we will prove that CT is bounded.
In fact, by (H3) there exists R > 0 such that ||z|] < R for (\,z) € > . Let
(Ans@n) € >, A\ — oo. If there exists € > 0 with ||z,| > €, then by (H4) we
get a contradiction. On the other hand if z,, — 0, then it will contradicts (H5).
Thus C* is bounded and assertion (iii) is true.

Next we will show that if there exists A > 0,2 € P such that CT (({\} x P) =
{z}, then CT ([0, \] x P) is connected.

In fact, if there exist nonempty closed disjoint subsets Sy, So with C*T ([0, ] x
P)=51US2 and (A, z) € Sy, then Ct = 51 |J S3, where S5 = Sy J(CT N[N, 00) X
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P). Evidently S3 and S; are disjoint. This contradicts with the fact that CT is
connected.

Now suppose that there exist A, > 0, \,, — 0 such that the set C* (({\,} x P)
is single-pointed for n > 1. Let ¢, = CT ([0, \,] X P). Then ¢, is connected
and closed. By (iii) there exists zg > 0, (0,29) € C*. Let Cy = n@ccn ={z:
there exist a subsequence ny — oo with z,, € Cn,, 2n, — 2}. Hence (0, z0) € Co.
By Liu [6] we know that Cp is connected and closed. Moreover Co C >, and by
definition ¢y C {0} x P. Hence z = 0 could not be an isolated fixed point of
(N ). O

3. AUTONOMOUS AND NON-AUTONOMOUS BOUNDARY VALUE PROBLEMS

In this section, we will use the results obtained in section 2 to study a class of
autonomous and non-autonomous boundary value problems of ordinary differen-
tial equations. First we consider the following non-autonomous problem

—(La)(t) = f(\t,x(t), te(0,1)
az(0) — B lim p(t)z'(t) = yx(1) + & lim p(t)a"(t) = 0

where (Lz)(t) = Tlt)(p(t)x’(t))’,p € C[0,1]NC*0,1),p(t) > 0 for t € (0,1),
a, 8,7, >0,8y+ad+ay > 0,and f € C[RT x(0,1) x RT, R*]. We will assume

fol Tlt)dt < oo throughout this section. Denote 7o (t) = f(f ﬁdt, T (t) = ftl ﬁdt,

(3.1)

p* =0y +ad+ay fol ﬁdt, and p > 0. Define

u(t) = %w FAm(@), (t) = %w T am(t)], (3.2)
Then yv + au = p. Let E = C[0,1] and

[ u(t)v(s)p(s), 0<s<t<1
Kt s) = { v(t)u(s)p(s), 0<t<s<1 (3.3)

Then problem (3.1) is equivalent to the operator equation z = I(\, ), z € Pl7,
where

I 2) = / k(e ) O s, 2(s))ds (3.4)
and P = P(a,b) ={z € E: treriilry})] 1:0(15) > m(a,b)||z||}, where m(a, b) is determined
by the next lemma, and a,b € (0,1) be fixed (a = ,b= 2 for example).
Lemma 3.1. The following estimates hold.

in k(t,s) > ,b k(t,
in, (t,s) > m(a )fé}?},’ﬁ (t,s)
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max / ’ kt.5)ds > max{v(a) / R / o)

te[0,1]

where m(a,b) = min{%, ZE(S }, and the operator I maps RT x P(a, b) into P(a,b)

and is completely continuous.
PROOF. It is straight forward. O

Now we will list the conditions used in this section.
(F1): lir% W < A1, uniformly for ¢ € (0,1) and A;u(0)v(1) m[g)i]p(t) < 1.
T— te

)

F(2): lim w > A2(Ao), uniformly for ¢ € (0, 1), where Aa(Ag)C(a, b)

2—0,A— o
> 1, C(a,b) = m(a,b) max{v(a) f; up, u(b) f; vp}, and \g > 0 is arbitrary.
(F3): lim {52 > Ao uniformly for A € R, ¢ € (0,1) where A3C(a,b) > 1.
(F4): iE;E)O f(A\t,z) = +oo, uniformly for z € [z1,22],t € (0,1), and
T1,x9 > 0.
(F5): lim w > As, uniformly for ¢ € (0,1), where A5C(a,b) > 1.

z—0,\—~+00
Lemma 3.2. Let (F1)(F2) be satisfied. Then conditions (H1)(H2) are valid.

PROOF. Choose r > 0 such that f(0,¢,z) < (A +¢)x for z < r. Then for ||z| < r
we have

1 1
[10.2)] < [ ueps(0.5,2)ds < (n + )] | up
0 0

Thus condition (H1) is true. Similarly choose r > 0 such that f(A\¢,2) >
(A2(Ao) —€)x for |A — Ag| < 7, |z| < r. Then for |A — Xg| < 7, ||z|| < r,x € P(a,b)
we have

IO 2)(t) = /O k(t, $) FO 5, 2)ds

b

> (A2(Xo) — 5)/

a

k(t, s)z(s)ds > (A2(Xo) — e)m(a, b)||z|| /b k(t, s)ds

’ O
Lemma 3.3. Let (F1)-(F5) be satisfied. Then conditions (H1)-(H5) are valid.
PROOF. (1) Let R > 0 such that f(\,t,z) > (A3 —¢)z for x > R, A > 0. Then

for x € P(a,b), ||z] > % we have

b
I\ 2)(t) > / k(t,5)f(\ 5, 2)ds
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> (Ag—g)/ k(t, )2 (s)ds > (Ag—a)m(a,b)HxH/ k(t, 5)ds

(2) Let € P(a,b),e < ||z|| < 1. Then for t € (a,b) we have em(a,b) < z(t) <
1. Let A* > 0 such that f(\,t,z) > T for A > X\*,em(a,b) <z < 1. Then

IO, 2)(t) > /bk:(t,s)f()\,s,x)ds > T/bk(t,s)ds

(3) Let f(A\ t,2) > (A5 —e)x for < r, A > A*. Then for A > \*, ||z| < r we
have

b
I(/\,ac)(t)z/ k(t,s)f(A s, x)ds

b b
> (A5 — E)/ k(t,s)z(s)ds > (A5 — e)m(a, b)H:cH/ k(t, s)ds
([

Theorem 3.1. Suppose that (F1)(F2) are satisfied. Then the continuum C con-
taining (0,0) of the solution set Y of problem (3.1) has the following properties.
(i) C contains a connected closed subset CT C [(0,00) x (P\{0})]UJ({0} x P).
(i) A = 0 is the bifurcation point of I if f(\,t,0) =0.
(i1i) There exists Ag > 0 such that [{\} x (P\{O}D]NCT # 0 for X € (0, \g).

Theorem 3.2. Suppose that (F1)-(F5) are satisfied. Then the continuum C of
> containing (0,0) has the following properties.

(i) C contains a connected closed subset C* C [(0,00) x (P\{0})] U({0} x P).

(ii) A = 0 is the bifurcation point of I if f(\,t,0) =0.

(iii) Ct meets {0} x (P\{0}).

(iv) There exists Ao > 0 such that problem (3.1) has at least two nontrivial
solutions for A € (0, \o).

Corollary 3.1. Let f(\ t,x) = A\g(t,x) + h(t,x) where g,h : [0,1] x R* — RT
are continuous and g(t,xz) >0 fort € [0,1],z > 0. If

lim —h(t,x) =0, lim —g(t,x) = 400, lim ht, z)

z—0 xT z—0 xT T— 00 x

Uniformly for t € [0,1], then the conclusions of Theorem 3.1-3.2 hold.

:+OO

Now we consider a more special type of autonomous problems, namely

{ =22"(t) = Ag'(z(t)) + W' (x(s)), te(0,1)

2(0) = (1) = 0, 2 €C0,1] (3:5)
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where g, h € C'[0,00),9(0) = h(0) = 0,¢'(z),h'(z) > 0 for z > 0. Let A > 0
and x be a nontrivial solution to (3.5); i.e.; z(t) > 0 for t € (0,1), and ||z|| =

In[gui] |z(t)] = A,x(w) = A. Then 2/(t) > 0 for t € (0,w) and 2'(t) < 0 for
te(o,

t € (w,1). By integration we have
2 (t) = Ag(@) + hlx) — Ag(A) — h(4)

Hence
= 6y/=Ag(x) — h(x) + Ag(A) + h(A)
where 6= 1 for t € (0,w) and 6= —1 for t € (w,1). Write
du
o / e e e T
Fy} (t), te(0,w)
o) = { Fé’li(l —1), te(w]1) (3.7)

E(\A) = / du
0 VAMg(4) — g(w)) + (h(A) — h(w))
If 2 is a nontrivial solution of (3.5), then by (3.7) we know w = 1. Thus we have
the following;:

JA>0 (3.8)

Lemma 3.4. Let A > 0 and  be a nontrivial solution of (3.5), then E(\, ||z||) =
%. Conversely, if there exists A > 0, A > 0 such that E(\, A) = %, then Ty s a

solution of (3.5), where xx is determined by (3.7).

Lemma 3.5. E: Rt x (0,00) — (0,00) is a continuous function. Moreover, E
is strictly decreasing with respect to .

PROOF. Let u = At, then

A
- e @) T ) w470 8
1) by the mean value theorem we have
A
VAGA) — 9(AD) T (h(A) — h(AD)
A

Thus for ¢t € (3,

1
T /AG(OiA T (L 00)Al) 1+ W (024 + (1 Op)AD) VAT — ¢
1
< C(4) Vi

where 61,60, € [0,1] and C(A) is a constant. Hence E(A, A) is continuous. O
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Lemma 3.6. Suppose lin%) @ = +00. Then

! A
lim - dt=0
A—0+ g(A) — g(At)

2 A 1 A
dt < 3
0 VoA =gl 2 o) - g(4)
< 1 A <9 VO A 0
2 g ag - Vo4
Similarly we have % <t < 0y <1 such that
1 A 1
/ —dt < / \/Z ! dt
L /g — g(At) 1 Vg'(62A)V1—t

1

<\f/\/T\/T

Let M > 0, Ag > 0 be such that # > M for 0 < A < Ay. Consequently

/1 A gt < /1 dt
1 Vg(A) —g(At) — VM Jy V1t

Lemma 3.7. Suppose zlim h'g(cz) = +o00. Then

—+o0

I / A
4200 [, Vh(A) — h(At)

765
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PROOF. Similar to the proof of Lemma 3.6, we have

IN
o\
NI}
=
=
| =
=
INTES
S
Sy
I
DO | =
<
’Sg =
=
o

! A
/ ,/h(A)—h(At)dt
! A 1
/; TR VAI =t

|
Theorem 3.3. Suppose that the following conditions are satisfied
h/ !/
m ) oo tim L@ (3.10)
r—+oco I z—0 T

Then there exists A\* € (0,00) such that problem (3.5) has at least two nontrivial
solutions for 0 < A < A*, and no nontrivial solutions for A > \*.

PROOF. By Lemma 3.5-3.7 we know that E(\, A) is continuous with respect to A,
E(\ A) >0 for A >0, and for fixed A > 0, AhIBJrE(’\’A) = Alir}rl E(\A) =0.
Let Ag > 0 be such that for A > Ag

! A
/0 Th) —han < F

Then E(\, A) < e for A > Ag. Let C > 0 be such that

1
A
/ ————dt<C,0< A< Ay
o Vh(A) — h(At)
Then E(\ A) < C% for 0 < A < Ag. Hence /\lim E(\, A) = 0 uniformly for
A > 0. As aresult, equation E(\, A) = % has no solutions for A large enough. [

In order to consider continua of the solution set, we need the following lemma.
Let 3°,C,C* be as before, and Q@ = {(\, A) € R? : E(\, A) = 3,1 > 0, A > 0}.

Lemma 3.8. Let Sg be a closed and connected subset of Y. Denote Sp =
{(\ ||z]]) : (\,z) € Sg}. Then Sg is closed and connected in R%. Conversely, if
Sr C Q is closed and connected. Let Sy = {(\,x)) : x is determined by (3.7)}.
Then Sg is closed and connected in R x E.



STRUCTURE OF SOLUTIONS OF BOUNDARY VALUE PROBLEMS 767

Proof. It suffices to note that the following maps are continuous,
Rt x E— R*: (\2) — (\|z])
Q— Rt xE:(\A)— (\x))
where x is determined by (3.7).

Theorem 3.4. Suppose (3.10) is satisfied, then there exist \*; A* > 0 such that
SN\((0,00) x {0}) C [0,\*] x Bg+, and any continuum of > will either meet
{0} x P twice, or lie in {0} x P.

PRrOOF. By the proof of Theorem 3.3 we know there exists A* > 0 such that
E(X\A) < % for A > X*,A > 0. By Lemma 3.7 there exists A* > 0 such that
E(\A) < 1for A > 0,4 > A*. Therefore Q C [0,A*] x [0, A*], >\ ((0, 00) x
{0}) C [0,A\*] x Bg-. Let Qo = {A > 0: E(0,A) > 3}. Then € is an open set
composed of open intervals. Let J C €y be one of its maximal open intervals,
then the implicit function theorem implies that there exists a continuous curve
A= A(A) : J — [0,A*] such that E(A(A), A) = 5. Hence {(A\(4),4) : A€ J} CQ
is connected. Let (A, z) € >, A > 0, then (0, ||z||) € Qo since E(A, A) is strictly
decreasing with respect to A. O

Theorem 3.5. Suppose the following conditions are satisfied

/ / /
lim M =0, lim M = 400, lim M = 400 (3.11)
z—0 X r——+oo I z—0 X
xh/(z) — 2h(z)is strictly increasing for z > 0 (3.12)

Then Y = C and C* meets {0} X P exactly twice.

PROOF. By Theorem 3.2 and Corollary 3.1 we know that C* meets {0} x (P\{0}).
Thus by Lemma 3.4, (iii) of Theorem 3.1 and Corollary 3.1 there exists Ao > 0
with E(A, [|zx]]) = 3, where (A\,2)) € C*,0 < XA < Ag. By Lemma 3.5 we know
E(0,||zx]]) > 3 for 0 < A < Ag. Hence (0,A9) C €. Thus by Lemma 3.4 we
need only to prove that E(0,A) is strictly decreasing. In fact, let ¢t € (0, 1),

$(A) = MALAD Hhen by (3.12)
AP¢(A) = AW (A) — 2h(A) + 2h(At) — Ath'(At) > 0,t € (0,1)

Hence ¢(A) is strictly increasing, and

E(O,A):/l [W _%dt

is strictly decreasing. Therefore )y is an open interval. O
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Corollary 3.2. Consider problem (1.1) in the scalar case, i.e.,

—x" = Xx?+ 2P, t€(0,1)
(t) > 0, te(0,1) (3.13)
z(0) = z(1) =0,

with 0 < ¢ <1 < p. Then all the conclusions of Theorem 8.1-3.5 hold for (3.13).
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