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SPECIAL UNIONS OF UNICOHERENT CONTINUA

BOB PIERCE
Communicated by Andrzej Lelek

ABSTRACT. It is proved that a Hausdorff continuum is unicoherent if it is
the union of two unicoherent continua whose intersection is connected and
locally connected.

1. INTRODUCTION AND FIRST DEFINITIONS

A separable metric space X is said to be acyclic if every continuous map from
X into S! is homotopic to a constant map. Classical results of Eilenberg assert
that a metric continuum is acyclic, and hence unicoherent, if it is the union of two
acyclic continua whose intersection is connected; the fact is seen as an amalgam
of (7.3), (6.22), and (5.2) in Chapter XI of [Wh]. It follows from this theorem
and the theory of Peano continua that a metric continuum is unicoherent if it
is the union of two locally connected unicoherent continua whose intersection
is connected ((7.6) in Chapter XI of [Wh]). Special types of unicoherence are
preserved under similar unions, as in [Ow], even when Eilenberg’s homotopy
theorems are unavailable. Such is the case in the present paper, where it is shown
that a Hausdorff continuum P is unicoherent if it is the union of unicoherent
continua J and K such that J N K is connected and locally connected. Acyclic
graphs play an important part in the proof as nerves of covers (tools also used in
[St]). Our proof is sketched in the next paragraph for a metric continuum (P, p).

If such a continuum P is not unicoherent then it is the union of continua
P_; and P, with P_; N P, = A| B. Choose € > 0 so that p(a,b) > ¢ for all
a € A, b € B. By unicoherence of J and K, the locally connected continuum JNK
is seen to be a separating subcontinuum of P that intersectseach component of
P_1, each component of P;, and each component of P_1 N P;. Let V = JN K,
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and express V' as the union of a finite collection of continua, V = {V;,Va,... , Vi},
with p-diameter(V;) < e/2 for 1 < j <s. For each i € {—1,1}, let V(P;) = {V €
V:V; NP, #0} and define compacta

Ji=(NP)UuUV(F)

K,=(KNnP)ulUV(F)
Then J = J_1UJ; and K = K_; U K;. Also, the sets P’; = J_; UK_; and
P = J; UK, are continua containing P_; and Py, respectively, and P’ N P] is
still not connected. Let £.J = {S : S is a component of J_; or of J;}. Boundary
bumping gives |XJ| < |V(P-1)| + |V(Py)|. There is a connected graph associated
with ¥.J having one vertex for each element of ¥.J and one edge for each pair
of distinct intersecting elements of 3J. This graph, the nerve of ¥J, is denoted
T}). Since J is unicoherent, Tj; is acyclic, i. e., 1} is a tree. Similarly define
YK = {S: S is a component of K_; or of K1}, and the nerve Ty of XK is again
a tree. Also, if ¥V = {S: S is a component of |JV(P-1) or of |JV(F1)}, then
the nerve T() of XV is connected, though not necessarily a tree. The proof is
finished when boundary-bumping of components in 3J and XK, together with a
graph-theoretic result relating 77, Ty and T}, force the conclusion that P[NP’
is connected, contradicting the previously cited disconnectedness of this set.

For most fundamental definitions the reader is referred to [Ho]. A compactum
is a nonempty compact topological space, and a continuum is a connected com-
pactum. In this paper, only Hausdorff continua are considered. P always denotes
a Hausdorff continuum. We let C'(P) denote the set of all subcontinua of P.
P is said to be unicoherent if M N N is connected whenever M, N € C(P) and
MUN = P. Given sets A and B, the symbol A\ B denotes the set of all elements of
A that are not elements of B. We let Clp(A), or just Cl(A) when P is understood
by context, denote the closure of a set A C P. Bdp(A) and Intp(A) denote the
boundary and interior of A in P, and the subscript P is again frequently omitted.
If A and B are nonempty separated subsets of P (i.e., CI(A) N B and AN CI(B)
are empty), we write AUB = A|B .

The cardinality of a collection 2 C C(P) is denoted by || . Throughout this
paper the subscripting convention for any collection {€2; : ¢ € I'} is that Q; = Q;
if and only if ¢ = j. For finite collections one thus has |[{§1, ..., }| = w. For
a nonvoid Q C C(P) and A C P, we define

= QU ={HecQ:HNA#0}, and QA)" =[JQ(A).

(* is defined to be (). The symbols C and D denote proper inclusion and contain-
ment, respectively. We say that a subcollection Q of C'(P)) covers B irreducibly
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if O* = B and ®* # B for each ® C 2. One observes that {2 covers Q* irreducibly
if and only if each member of €2 contains at least one point of 2* that no other
member of 2 contains.

Lemma 1.1. If Q (C C(P)) covers Q* irreducibly and ¥,Q1,Qa,...,Q, C Q,
then
Q=0 S,
(1) W= <=0 =0, and
QU UQ, =0 = O U...UQ, = V.

PrROOF. The first line follows from the observation made just preceding the
Lemma. The second line follows from two applications of the first, one in each
direction of containment. The third line follows from the second and the fact that
QU UQE =(QU. . UQy)™ O

2. PSEUDOGRILLES AND P-DECOMPOSITIONS

Definition 2.1. P is a pseudogrille for P provided that
(a): PCC(P),
(b): P covers P irreducibly, and
(c): for each M € C(P), the set P(M)* is closed in P(or, equivalently, by
(a) and (b), P(M)* is a subcontinuum of P containing M).

Example 2.2. P = {{z} : « € P}, P = {P}, or P = any upper semicontin-
uous decomposition of P into continua is a pseudogrille for P. (One can apply
complementation in Theorem 3—32 of [Hol.)

Example 2.3. Let P = [0,1] x [0,1] and, for any fized positive integer n, let
Pn = {[%, 1] x [%, %] : 1 < g,k < n}. In particular, for later comment, we

express Py as {G1,Ga,...,Gi6}, where Gy, Ga,...,G1¢ describes a spiral pattern
with G1 = [0,1/4] x [3/4,1], G2 = [0,1/4] x [1/2,3/4], and so forth.

The term pseudogrille was chosen because of the similarity such collections bear to
the grille decompositions defined in [Mo]. Clearly, every finite irreducible covering
of the Hausdorff continuum P by subcontinua is a pseudogrille for P. In the next
Proposition 2° denotes the topological space of all nonempty closed subsets of
P with the Vietoris topology (see [Mi]), and C(P) is given the relative topology
from 27,

Proposition 2.4. Suppose P is a closed subspace of C(P), and P covers P ir-
reducibly. Then P is a pseudogrille for P.
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PROOF. By hypothesis, (a) and (b) of Definition 2.1 hold. To see that (c) also
holds, suppose M € C(P). Then M € 2P and {A € 2P : AN M # 0} is closed in
2F by 2.2.2 of [Mi]. Now, P is closed in C'(P) and C(P) is closed in 2 by 4.13.5
of [Mi]. Thus P is closed in 2. Therefore, the collection P(M) =P N{A € 27 :
AN M # 0} is closed in 27, Then, by 2.5.2 of [Mi], P(M)* is closed in P. Since
M was any member of C(P), we conclude that (c) of Definition 2.1 does in fact
hold, along with (a) and (b). Thus P is a pseudogrille for P. O

For the balance of this paper, P denotes an arbitrary pseudogrille
for an arbitrary Hausdorff continuum P. We now give an alternate form of
the * notation for subcollections of P.

Definition 2.5. For any A C P, A* is defined to be A*.

Our use of the x notation in place of the % notation is intended to emphasize
when the collection A is known to be a subcollection of P. To clarify matters
further, each of the script letters A, B, C, ... , Zwill be used only to denote a
subcollection of P.

Definition 2.6. If H € C(P) and H = H* for some H C P, we say that H is a
P-continuum. More specifically, if Z is any subcollection of P, H € C(P), and
H = H* for some H C Z, we say that H is a Z-continuum.

Example 2.7. In Example 2.8 with P = Py, the set Go U G3 U G5 is a P-
continuum.

Some relevant notes follow. (1) For each P-continuum H there is, by Lemma
1.1 and (b) of Definition 2.1, exactly one collection H C P such that H = H*.
(2) Ordinarily, the form H* will be used in place of H when we refer to a P-
continuum. (3) Since P C C(P), each G € P is a P-continuum equal to {G}*.
(4) If M € C(P) then P(M)* is a P-continuum containing M, by (c) in the
definition of a pseudogrille. (5) The letter G is customarily used to denote an
element of P.

Definition 2.8. A compactum Z C P such that Z = Z* for some Z C P is
called a P-compactum.

Again by Lemma 1.1, Z is uniquely determined by Z. Note also that each P-
continuum is a connected P-compactum, and vice versa.

Lemma 2.9. If Z* is a P-compactum and G € P, then G C Z2* <— G € Z.
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PROOF. Apply the first line of Lemma 1.1 with @ = P, Q; = {G} and Qs =
Z. O

Lemma 2.10. If Z* is a P-compactum and C is a component of Z* then C is
the Z-continuum Z(C)*.

PRrROOF. C is a continuum, being a component of a compactum, so it suffices
to show that C = Z(C)*. First, suppose p € Z(C)*. Then there exists G €
Z(C) with p € G. Since G € Z(C) we have GN C # . Therefore, GU C is a
subcontinuum of Z*. Then, since C is a component of Z*, we have GUC = C.
Thus p € G C C. Hence, as p was an arbitrary point of Z(C'), we have Z(C)* C C.
For the reverse inclusion, suppose that p € C. Since C C Z* we have p € Z*. So
there exists G € Z with p € G. Thus, asp € GNC, GNC # (. Hence G € Z(O).
Therefore, as p € G and G C Z(C)*, it follows that p € Z(C)*. This proves that
C C Z(C)*. Thus C = Z(C)*, as required. O

Of course, the Z-continuum Z(C)* is also a P-continuum, since Z C P.

Definition 2.11. A quasichain (or a quasichain of P-continua) is a finite nonvoid
collection of P-continua, Q = {H7,..., H} }, such that

(a): Q* is connected (or, equivalently, is a P-continuum), and
(b): Q covers QF irreducibly (i.e., Hf € Ujus Hj for each i, 1 <i<w).

Example 2.12. In Ezample 2.3 with P = Py, let Hy = {G; : 1 < i < 8},
H1 = {G7,Gs,Go}, Ho = {Gs,Gy,Gro}, Hz = {Gg,G9,Gr0,G11,G12,G1, Ga},
H4 = {Gll,Glg,Gl,GQ}, and H5 = {GQ,G;),,G;;,G{,,G@,Gg}. Then the follow-
ing are quasichains: Q1 = {H§, H5}, Qo = {HE Hs Hy Y, Qs = {Hy, HY, HE ),
Oy = {H7, H3, H, HE}, and Q5 = {HT, H3, HE}. However, {H}, Hy, H3} is not
a quasichain.

The equivalence mentioned in the first part of Definition 2.11 follows from the
equality (Hq1 UHaU...UHy)* = H UHS U...UH]. We note that a quasichain
is a kind of weak chain or pseudochain, as these are defined in [Na] and [Le]. See
Lemma 8.13 in [Na].

Definition 2.13. A quasichain Q = {H7,..., H} } is said to have order one (or
to be of order one) if H¥ HH; NHE = () whenever 1 <i < j < k < w.

Definition 2.14. A P-decomposition of a P-continuum H* is a quasichain of
order one, Y = {H}, H3, ..., H} }, such that (a) w > 2, (b) H = Hi UHaU...UH,,
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and (c) if G € H;and G € Hj, 1 <i,j < w, with G N G" # 0, then either
G/ € Hj or G” € H;.

Example 2.15. In Ezample 2.12, if we let H = {G1,Ga,...,G12}, then T1 =
{HE, H5}, Yo = {H, HE, Hy}, and Y5 = {Hy, H;, H;, HE} are P-decomposi-

tions of the P-continuum H*. But {H§, Hi, H;} is not a P-decomposition of
H* (since Gg € Hi\Hy and G11 € Hy\H1 and Gog N Gy11 # 0), and neither

is {H7y, H5, HE}, since this quasichain does not have order one.

Example 2.16. Let M and N be proper subcontinua of a continuum P. Let P =
Hz} iz e P}, Hi={{z}:z € M}, and Ho = {{z} : x € N}. Then {H}, H}} =
{M,N} is a P-decomposition of P.

The condition that a P-decomposition have order one implies that a metrizable
continuum P cannot have P-decompositions of arbitrarily small mesh unless P is
one-dimensional and locally connected. This fact, which we will not use, follows
from Theorem 1.6.12 in [En)].

Lemma 2.17. Condition (b) in Definition 2.1} is equivalent to the condition
(V)T =H*.

PrOOF. If T* = H* then T* = H* = HIUH3U..UH}, = (H1UH2U...UH,,)*, and
we can apply the last part of Lemma 1.1 to conclude that H = Hi UHaU...UH,,.
These equations also guarantee the other half of the equivalence. O

Lemma 2.18. Let Y = {H}, H5, ..., H5} be a P-decomposition of the P-contin-
wum H*. Then H NH; = (H; NH;)* whenever 1 <14, j < w.

PrOOF. The inclusion (H; NH;)* € HI N H; follows from H; N'H; C H; and
H; N'H; C H;. For the reverse inclusion, suppose x € H; N H}. Then there exist
G e€H;and G € ‘H; so that x € G NG’ . Thus G NG’ # (), and by condition
(c) in Definition 2.14 we have either G' € H; or G € H,. In the first case,
z € G' € H;NH; and hence = € (H; N'H;)*, while in the second case we have
z € G €HiNH; and so z € (H; NH;)* again. Thus H; N Hy C (Hi NH )™
Hence H; N'H} = (Hi NH;)* O

Lemma 2.19. Suppose Y = {H}, H, ..., H} } is a P-decomposition of the P-
continuum H*. Let Wq,... ,W,, be m > 2 disjoint nonempty sets whose union
is {1,2,...,w}. For 1 < i < m let Hw, = U,ew, Hr, and assume that every
Hiy, is connected. Then the collection ¥ = {Hyy, , Hiy,,--- , Hyy, } is also a P-
decomposition of H*.
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PROOF. Hiy,,... ,Hjy, ~are P-continua whose union is Hf UH3 U ... UH}, =
T =H* Let M ={1,2,... ,m} and W = {1,2,... ,w}. Note that for each set
M’ C M we have

UHiv.= U UH=UH:re J W}

ieM’ i€M' rew; ieM’
Therefore, as W is the disjoint union of the nonempty sets Wy, ... ,W,, and as T
covers H* irreducibly (Y is a P-decomposition of H*), for sets M’ C M one has
M=M+< |JW,=We ] Hjy, =H"
ieM’ ieM’
Thus ¥ also covers H* irreducibly. So VU is a quasichain, and |¥| = m > 2. Now
suppose that

Hiy, N Hiy, NHiy, # 0 for some i, j, k € M.

Then there exist r; € Wy, r; € W, and r, € Wy with ‘H,, € Hw,, H,, C
Hw,, Hr, € Hw,, and

Hy, NVHY NHE # 0.

Since Y has order one (Y is a P-decomposition of H*), |{r; ,7; ,7x}| < 2. Without
loss of generality we can assume r; = r;. Hence, W; N W, # (. Then, since the
sets W1y,... ,W,, are disjoint, ¢« = j. Thus, the collection ¥ also has order one.
Now, to conclude that ¥ is a P-decomposition of H* it only remains to establish
that property (c¢) of Definition 2.14 holds for ¥. So, suppose that G e Hw, and
G" € Hyw, with G'NG" # 0. We must show that either G’ € Hy, or G € Hw,.
There exist € W; and s € W; such that G’ € H, C Hw, and G~ € Hy C Hy,.
Then, since Y is a P-decomposition of H*, it follows that either G € M, or
G’ €H,. Hence, either G € Hw, or G’ € ‘Hw,, as required. This completes the
proof. O

3. P-UNICOHERENCE AND CHAINS

Definition 3.1. A P-continuum H* is said to be P-unicoherent if H} N H3 is
connected whenever {H7,H3} is a two-element P-decomposition of H*.

Considering Examples 2.12 and 2.15, we find that the P-continuum H* is not
P-unicoherent since, e. g., T1 = {Hj, H3} is a two-element P-decomposition of
H* and H§ N'HE = (G1 UG2) | Gs.
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Proposition 3.2. If P is a pseudogrille for P and H* is a unicoherent P-continuum,
then H* is P-unicoherent.

PROOF. Let {H%,H3} be any two-element P-decomposition of H*. Then H} and
‘H% are P-continua, and hence are continua, whose union is H*. Thus, as H* is
unicoherent, Hj N H3 is connected O

Proposition 3.3. Let H be a subcontinuum of P and P = {{z} : x € P}. Then
H is unicoherent if and only if H is P-unicoherent.

PROOF. For the sufficiency of the condition apply Proposition 3.2. For the neces-
sity, suppose H is P-unicoherent and H = MUN, where M and N are subcontinua
of P.If M = H or N =H then M NN = H is indeed connected. On the other
hand, if M and N are proper subcontinua of H let Hy = {{z} : € M} and
Ho = {{z} : « € N}. Then {H1, H5} = {M, N} is a two-element P-decomposition
of H, so that Hf N"H5 = M N N is connected by the P-unicoherence of H. [

Proposition 3.4. A P-continuum H* is P-unicoherent if and only if Hi NH3
is a P-continuum equal to (Hy N Hz)* whenever {H}, H3} is a two-element P-
decomposition of H*.

PrOOF. Apply Lemma 2.18 and the definition of P-unicoherence. O

Types of chains defined in [Bi], [Le] and [Di] are now introduced. Use is also
made of the terminology introduced in the last part of Definition 2.11.

Definition 3.5. A circular chain (or a circular chain of P-continua) is a qua-
sichain © which can be expressed as © = {H}, H3, ..., H: }, with w > 3 and with
HNH; #0 < |i —j| <1or {i,j} = {1,w}.

Definition 3.6. A treechain (or a treechain of P-continua) is a quasichain that
contains no circular chain.

Example 3.7. With respect to Example 2.15, Y1 is a treechain, while Yo and
T3 are not.

Lemma 3.8. Let T be a treechain of P-continua. Then there does not ezist a
finite sequence Hy,Hs, Hs, ..., Hy,, of distinct elements of T such that m > 3,
HiNH, #0, and HFNH;y1# 0 for1 <i<m.



SPECIAL UNIONS OF UNICOHERENT CONTINUA 841

PROOF. Suppose that such a finite sequence does exist. Then there exist i, j €
{1,2,3,...,m} such that (i) j —¢ > 2, and (ii) H; N H; # 0. (We could choose
i =1 and j = m.) Hence there exist 4, j € {1,2,3,...,m} satisfying (i) and (ii)

where j —i is minimal. For this ¢ and j, let © = {H;, H;11, Hiy2,... , H;}. Then,
by the minimality of the difference j — ¢, for all r,s € {i,i+1,i4+2,..., j} we
have

H.NH; #0) < |r—s|<1lor{rs}={ij}

Hence © is a circular chain. But, as © C T, this contradicts the fact that Y is a
treechain. O

The next two Lemmas are key to proving Lemma 6.1, which shows that the
nerves of the coverings ¥J and XK, described in the Introduction and in Theorem
6.3, are trees.

Lemma 3.9. A P-continuum H* is P-unicoherent if and only if every P-
decomposition {H}, H5,...., H5} of H* is a treechain where, for 1 < i,j < w,
H; N'H; is either empty or a P-continuum equal to (H; NH;)*.

PROOF. Let the given condition hold, and suppose that {H}, H3} is any two-
element P-decomposition of H*. Since H} and Hj are continua whose union is
the continuum H*, the set H} NH3 is nonempty, and hence is a P-continuum by
the given condition. Thus H* is P-unicoherent.

For the converse, let H* be a P-unicoherent P-continuum. The argument is
by induction on w, the cardinality of the P-decomposition {H}, H3,...,H5 }. If
w = 2 then {H%, H5} is indeed a treechain and H} NH} is a P-continuum equal
to (H1 N Hz)* by Proposition 3.4. So assume the conclusions hold for each P-
decomposition of H* of cardinality at most w, and let T = {H}, H3, ..., H},, Hy 1}
be a P-decomposition of ‘H* of cardinality w + 1 > 3. By Lemma 2.18 we have
Hy NVHy = (HiNH;)* for 1 <4, j <w+ 1.

Now, suppose there existed m, n € {1,... ,w,w + 1} where H}, NH} is not
connected. Then H} U H} is connected. Also, since w+ 1 > 3 and T covers
T* = H* irreducibly, H}, UH}, is a proper subcontinuum of the continuum H* =
Ui<j<ws1 Hj- Then there exists k£ € {1,... ,w,w + 1}\{m,n} such that Hj; N
(H}, UHy) # 0. Furthermore, we can assume Hj NHL # 0, k =w, n = w + 1,
and m = 1. Thus,

Hy, NHy oy # 0, and HY NH;, ., is not connected.
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We have Hy N'H}, ., = A|B , where sets A and B are compacta. For each i €
{1,...,w—1} let W; = {i}, and let W,, = {w, w+1}. Define Hyw, = U,y Hr for
1 <i <w. Then, by Lemma 2.19, {H3y , Hjy,, -, Hjy, } is a P-decomposition of
H* of cardinality w. By the induction hypothesis, every Hjy. ﬂH‘*,Vj is connected.
Thus

W, N Hjy, is connected.
Also,
(2) wy, N My, =HIN (R, UHL ) = (HENH) U (HE NHE ).
Since T (being a P-decomposition of H*) has order one, the closed sets (H} NHY,)
and (H} N'Hy,, ) are disjoint. Therefore, as H} N'H},,; = A|B , the closed sets
HiNH}, and B are disjoint. Moreover, by (2), Hiy, NHjy,, = (HiNHE)UA) B .
But this contradicts the connectedness of Hjy, N Hjy,, . The contradiction shows
that if m, n € {1,... ,w,w + 1} then H}, NH} is connected.

Finally, suppose that YT is not a treechain. Then there is a circular chain
© C Y. Since |©| > 3, one can assume © = {Hy , Hy 1, Hy 0, Hiyyq ) for
some m € {1,... ,w — 1}. One can further assume (see Definition 3.5) that for
m < j, k <w+1wehave HINHy # 0 < [j—k < 1or {jk} = {mw+1}.
Hence,

(3) O(Hr) = {Ha Ho s Hipa b

For each i € {1,... ,m} let W, = {i}. Let Wp,yp1 = {m+1, m+2,..., w+1}
and define Hy, = UTGWi H, for 1 < i < m+ 1. HI*/Vm+1 is connected since
H;NH;y # 0 for m < j < w. By Lemma 2.19, {Hyy,, .. iy, Hiy, . }isa
P-decomposition of H* of cardinality m+1 < w. Hence, the induction hypothesis

gives that every intersection Hjy, N H‘*,Vj is connected. Thus
W, N Hiy,,., is connected.
Also, by (3),
@) My, "My, =Hn0 U M = (R0 H) U (R, N HG).
m+1<r<w+1

Since Y has order one, we have (Hj, NHy, 1) N (Hy, NHy) = 0. Then, by
(4) and (3), Hyy, NHiy, . = (Hy, NHy1) | (H, NHG,41). This contradicts the
connectedness of Hjy, NHjy, . The contradiction shows T to be a treechain. [

Lemma 3.10. Let H* be a P-continuum and {P*,,PT} be a P-decomposition of
P with H* ¢ Pf and H* € P*,. Let H; = HNP; for each i = —1, 1. Assume
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that H* is a compactum with finitely many components, H* 4 1,... ,H*, ., and

that ‘HY is a compactum with finitely many components, H7 y,... ,Hi,. Then
T=7T_,UTY; is a P-decomposition of H*, where

T 4= {Hil’j :1<j<mand H*, ¢ Hiy for 1<k < n}

T, = {H‘{k 1<k <nand 'Hik ¢ HZy for 1 <j<m}.

PROOF. Since P = P*, (b) of Definition 2.14 gives P_1 U Py = P. Thus,

(5) HZE, UHT = (Hoa UHL) = (HNP-1) U(HNPy))* =
(HN(P-1UPy))* = (HNP)* = H*, a P-continuum.

By Lemma 2.10, each H*
continuum. We claim that

(6) H*yNH} = (H-1 N'Hy)* is a P-compactum.

1,; 18 an H_j-continuum and each Hj, is an H;-
, ;

For, as H* ; and H] are P-compacta whose union is a P-continuum, H* ; N'H7 is

nonempty and compact. Thus H*; N'H7 is a compactum. Since H_1NH1 C H_y
,H1 we have (H_1 N H1)* € H*; N'H}. For the reverse inclusion, suppose that
p € H*y N'Hi. Choose G' € H_; and G” € H; with p € G'Nn G”. Then
since G'N G" # 0, G’ € H.1 C P_1, G" € Hy C Py, and {P*,,P;} is a P-
decomposition of P, one has either G’ € P; or G’ € P_; (by (c) in Definition
2.14). Thus, either G’ € H_1 NPy = (P_1NH) NPy = H_1 N'Hy or else G” €
HiNP_1 = (Pl n H) NP_1 = Hi N'H_;. Consequently, either G' C (H_l N Hl)*
or G’ C (HiNH_1)*. In either case, since p € G'NG", we have p € (H1NH_1)*.
Thus H*; NH} C (H1 NH_1)*. Therefore, H*; N H} = (H-1 N H1)*, and (6)
holds. The following will also be proved.

(7) If1<j<m,1<k<n, and H*; ; CHjy, then H}, € T1.

For otherwise there exists I, 1 < [ < m, with Hil,j - Hik - H*—l,l' Then
the components H*, ; and H*; of HZ,; are equal to each other and to Hj ,.
Furthermore, as H* = H*; U H7 by (5), we have

H* - ‘]}:k U U Hf,k/ U U Hil,j"
k' #k J'#J
Also, H} . N'HY,, = 0 whenever k' # k, and H*, , NHY , =H* , NH ;=0
whenever j' # j. Then, since H*, ; = Hj ;, Hi ) and Up oy, 1Y o U Ui HE
are disjoint compact sets whose union is the continuum H*. This implies that
Unroer HT i U Uiy HE 1 ;o = 0, and hence that H* = Hj, = Hj. Thus, by
Lemma 1.1, H = ‘H; = P1N'H. Hence H C P; and H* C P7. But this contradicts
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the hypothesis H* ¢ P;y. We conclude that (7) must hold. Analogous to (7), one
has

(8) If1 S] S m, 1 S k S n, and Hik g Hil,j? then HiLj S T_l.

From (7) and (8) there follows Y%, UYT = U, <,,, X1 ; UU<p<p, HT - Thus,
as T = T,l @] Tl,

T =1,0ri= |J HL,u U M =R, U =R

1<j<m 1<k<n
That is, T covers H*. Moreover, we claim that
T covers H* irreducibly.

For if, say, Hj,; € Y1, then for all j, 1 < j < m, we have HJ ; ¢ HZ, ;. Then

Tk ¢ Y*,, since T*, is a disjoint union of some of the finitely many closed
components HZ*, ;. Thus, as it is also true that 7, intersects no member of
T apart from itself, we have My, € (Ti\{H],})* UT:, = (Y\{H],})*". By
a symmetric argument, if H*, ; € Ty then H*, ; € (T\{H*, ;})*. We have
thus shown that Y covers H* (= T*) irreducibly. Hence Y is a quasichain. Also,
as ¥ = YT_1UT; and each T; is a collection of disjoint sets, T has order one.
Furthermore, |Y| > 1, as otherwise T = Y, for some ¢ € {—1,1} and then
H* = YT* = T; C H} C P}, again contradicting the hypothesis H* ¢ Py, P*;.
Thus, (a) of Definition 2.14 holds. Since H* = T*, Lemma 2.17 shows that (b)
of Definition 2.14 holds. To show that T is a P-decomposition of H* it only
remains to show that (c) of Definition 2.14 holds. So suppose there exist sets
M N* €T ="T_,UTYT; and G' € M and G” € N with G' N G” # (. Notice
that M* N*, G’ and G” are all continua. We need to prove that

(9) G' e NorG'eM.

Now if M* = N** then M = N (by Lemma 1.1) and G’ € M = N, so (9) holds.
On the other hand, suppose M* # N*. Then since M*, N* € T_; U T; and
0 #G NG" C M*NN*, and since each Y; is a collection of disjoint sets, there
exist j,k so that {M*, N*} = {H*, ;1] }. Without loss of generality we can
assume

(10) M* =H2, ; and N* = Hy ;.

Then, by Lemma 1.1,

(11) G eM =H_1; CH_1 CP_; and G/,E./\/':Hl,k CH, CPy.
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Moreover, as G' N G” # @ and (by hypothesis) {P*, P} is a P-decomposition
of P, it follows from (c) of Definition 2.14 for this P-decomposition that either
G’ € Py or G” € P_y. Suppose G’ € P;. Then G' e H_1NP; CHNPy = Hi.
Hence G" C 'Hj. Since G’ is connected, there is one component Hj ;, of H with
G' CHj 4o Thus, as G” CH7 . (by (11)), we have ) # G' N G" C H] .  NHT ;.
Thus the components H7 ;, and Hj ; are identical, and hence G’ C Hj ;. Then,
by Lemma 2.9 and (11), G’ € H1x =N, and so (9) holds if G’ € P;. If G” € P_;
a dual argument gives that G” € M, and hence (9) holds again. This completes
the proof that (c) of Definition 2.14 holds for Y, so that, as noted above, T is a
P-decomposition of H*. O

4. AN APPROXIMATION TECHNIQUE

In this section it is shown that the unicoherence of a continuum P is equivalent
to the P-unicoherence of P for arbitrarily fine pseudogrilles P.

Proposition 4.1. Let a Hausdorff continuum P be the union of proper subcon-
tinua Y and Z where Y N Z is not connected. Then there are open neighborhoods
Oy of Y and Oz of Z such that' Y g Oy, Z g Oy, and RN S is not connected
for all sets R and S satisfyingY CRC Oy and ZC S C Oy.

PROOF. We have YN Z = E|F. Here, E and F are disjoint compacta whose
union is Y N Z. By the normality of P (Theorem 2-3 in [Ho]), there are disjoint
open neighborhoods Ug of E and Ugr of F in P. Since Y is a continuum meeting
both of the disjoint open sets Ug and Up, Y\ (UgUUF) is a compactum. Similarly
Z\(UgUUp) is a compactum. Also, the compacta Y\(UgUUp) and Z\(UgUUF)
are disjoint, because Y N Z = E|F C Uy UUp. Again, as P is normal, there
are disjoint open neighborhoods Wy of Y\(Ug U Up) and Wy of Z\(Ug U Up).
Define

Oy =Wy UUgUUfp and Oz = W, UUEg U Ug.

Note that Y C Oy and Z C Oy. Also, if R and S are any sets with Y C R C Oy
and Z C S C Oz, we have

EUF:YOZQROSQOYHOZ:UEUUF:UE|UF.
Hence,

RﬂSgUE|UF.
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Then, since D # E C RNSNUg and ) # F € RNSNUp, the set RN S is
necessarily disconnected. That is,

(12) RN S is not connected whenever Y C RC Oy and Z C S C Oy.

To complete the proof it suffices to show that Y ¢ Oz and Z ¢ Oy . We suppose
Z COy.Llet R=Pand S =Z. Then Y CR=P =Y UZ C Oy and
Z =85 C Og, so that RN S is not connected, by (12). But in this case RN S is
just the continuum Z. The contradiction shows that Z ¢ Oy. A similar argument
gives that Y ¢ Og. O

Proposition 4.2. A Hausdorff continuum P is unicoherent if and only if
(*) every three-element open cover S of P has a refinement P such that Pis a
pseudogrille for P and P is P-unicoherent.

PROOF. If P is unicoherent and S is any three-element open cover of P then the
discrete pseudogrille P = {{z} : x € P} has the desired properties. Conversely,
suppose that P satisfies (*) but is not unicoherent. We will derive a contradiction
to Proposition 4.1. Since P is not unicoherent there are proper subcontinua Y
and Z of P such that P =Y UZ and Y NZ is not connected. Let Oy and Oz be
as guaranteed by Proposition 4.1. Thus,

(13) RN S is not connected whenever Y C RC Oy and Z C S C Og.

Note also that Y'\(Oy N Oz) is nonvoid since Y ¢ Oz (Proposition 4.1). Hence,
as Y NZ C Oy NOg,the sets Y\(Oy NOz) and Z are disjoint compacta. By
the normality of P there exists an open set Uy such that Y\(Oy NOgz) C Uy
and Uy NZ = (). Let Vy = Uy NOy. Since Y C Oy (Proposition 4.1) we have

(14) @#Y\(Oy ﬂOz) CVy COy and Vy NZ = 0.
Similarly, there is an open set V; with
(15) @#Z\(Oy ﬂOz)gVZgOZ and VzNY = 0.

Let S = {Vy,0y NOz,Vz}. From (14) and (15) and P =Y U Z, we find that &
is a three-element open cover of P. Thus, by hypothesis, there exists a refinement
P of & such that

P is a pseudogrille for P and P is P-unicoherent.

We will show that {P(Y)*,P(Z)*} is a P-decomposition of P by proving (16)-
(19) below. Note that if G € P and GNY # () then, since Vz; NY = ) by (15),
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we have G ¢ V. Hence, as P is a refinement of §, if G € P and GNY # () then
either G C V3 C Oy or G C Oy NOz C Oy . Thus,

(16) Y CPY) COy, andP(Y)* £ P.

The second part of (16) follows from Z ¢ Oy (Proposition 4.1). Likewise,
(17) Z CP(Z)* C Oy, andP(Z)* £ P.

Furthermore, as Pis a pseudogrille for P=Y UZ and Y, Z € C(P),

(18) P(Y)* and P(Z)* are P-continua whose union is P.

Now suppose there exists Gy € P(Y) and Gz € P(Z) with Gy NGz # (). Then
Gy U Gz is a continuum intersecting both Y and Z. Then, as P = Y U Z, it
follows that the continuum Gy UGy is the union of the compacta (Gy UGz)NY
and (Gy UGz) N Z. Hence,

D#(GyUGz)NY)N((Gy UGz)NZ)=(Gy UGz)NY NZ.

Choose pe (Gy UGZz)NY NZ. If p € Gy then Gy € P(Y)NP(Z), whereas if
p € Gz then Gz € P(Y)N'P(Z). Hence, either Gy € P(Z) or Gz € P(Y). We
have shown:
Gy ePY), Gz € P(Z),and Gy NGz # 0,

then Gy € P(Z) or Gz € P(Y).

From (16), (17), (18) and (19) we conclude that {P(Y)*,P(Z)*} is a P-
decomposition of P* = P. Thus, as P is P-unicoherent, P(Y)* N P(Z)* is con-
nected. However, in view of (16) and (17), this is a contradiction of (13). The
contradiction shows that P must in fact be unicoherent if it has the property (*)
given in the statement. O

(19)

A reading of the last Proposition’s statement and the first sentence of its proof
indicates that the following corollary has been proved.

Corollary 4.3. A Hausdorff continuum P is unicoherent if and only if
(*) every open cover S of P has a refinement P such that P is a pseudogrille for
P and P is P-unicoherent.

Proposition 4.4. A metric continuum (P, p) is unicoherent if and only if (**)
for every € > 0 there exists a pseudogrille P for P such that P is P-unicoherent
and mesh(P) < . (mesh(P) = sup{p-diameter(G) : G € P}.)



848 BOB PIERCE

PROOF. If P is unicoherent then the pseudogrille P = {{z} : € P} can always
be chosen in (**). That is, P is P-unicoherent (Proposition 3.3) and mesh(P) < e.
For the converse we suppose that (**) holds and apply Proposition 4.2. Let < be
an arbitrary three-element open cover of P. We want to produce a pseudogrille
P for P such that P is P-unicoherent and P is a refinement of &. By Theorem
1-32 in [Ho|, the cover & has a Lebesgue number ¢ > 0, i. e., if S is any
subset of P with p-diameter(S) < e then S is contained in some element of .
By (**) there exists a pseudogrille P for P such that P is P-unicoherent and
mesh(P) < e. Each member of P is a subset of P with p-diameter < e, and
hence is contained in some member of &. Thus, P is a refinement of . Since &
was an arbitrary three-element open cover of P we conclude from Proposition 4.2
that P is unicoherent. O

5. GRAPH-THEORETIC TOOLS

A graph-theoretic result is now proven to prepare the main result of the paper.
Those acquainted with Graph Theory will recognize in the following definition
a type of bipartite graph, i.e., a graph whose vertices admit a two-coloring. In
the next section such a graph will be the nerve of a finite covering, ¥J, of a
P-continuum J = J*. (The terms bipartite, two-coloring and nerve are defined
in [Wi] and [En].) Each element of ¥.J will be a component of (7 NP_1)* or of
(J N'Py)*, where {P*,, P} is a two-element P-decomposition of P.

Recall that a partition of a nonempty set T is a collection of disjoint nonempty
sets whose union is 7. The partition member that contains the element m of T
could be denoted by (m). The members of the partition are simply the equivalence
classes of an equivalence relation associated with the partition. (Two elements of
T are equivalent if and only if they belong to the same member of the partition.)
V(G) and E(G) denote the sets of vertices and edges, respectively, of a finite
graph G. Throughout we let 7! and 7' be nonempty finite sets of negative
and positive integers, respectively, and let 7 = T—' UT"'. A partition of T will
be said to be sign-preserving if each partition member (m) is a subset either of
T~ or of T'. By a signed graph Ty defined on T' we mean a finite graph whose
vertices are the members (m), m € T, of a sign-preserving partition of 7' and
whose edges never join vertices of the same sign, i. e., if (m)(n) € E(T{)) then
either (m) CT-! and (n) CT' or (m) C T' and (n) C T~'. The phrase defined
on T is usually omitted.

Note that (m)(n) = (n)(m). That is to say, we are not discussing directed
graphs. No loop can be an edge of a signed graph, i. e., (m)(m) is never an edge
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of T( ). Neither are multiple edges joining the same pair of vertices allowed. Tt
is thus the case that edges (m)(n) and (m’)(n’) of T( ) are equal if and only if
{(m), (n)} ={(m'), (n)}.

A walk in Ty is a finite sequence of vertices of T( ),

(my), (ma), ..., (my)

such that ¢t > 2 and (m,)(m,41) € E(T( ) for 1 <r < t. The vertices (m;) and
(my) are called the end-vertices of the walk, and the integer ¢ — 1 is the walk’s
length. If the vertices in the sequence are distinct, the walk is called a path. T
is said to be connected if every two of its vertices are the end-vertices of some
walk in T . Given distinct vertices in a connected signed graph T{ ), consider a
walk (my1), (ms), ..., (m¢) in Ty of minimal length such that (m;) = (m) and
(my) = (m'). This walk is necessarily a path with end-vertices (m) and (m’),
since if (m,) = (ms) for some r < s then by deleting (m,), ..., (ms—1) one would
obtain a walk of smaller length with the same end-vertices, (m) and (m’). Thus:

If (m) and (m’) are distinct vertices in the connected signed graph
T(y, then there is a path in Ty with end-vertices (m) and (m').

A circuit in T( y is a walk (m1), (m2), ..., (my)such that t > 5, (m1) = (m;), and
(my), (ma),..., (my_1) is a path. A connected signed graph having no circuits is
called a signed tree. The idea of the next Lemma is simple.

Lemma 5.1. If (my), (m2), ..., (my) is a walk in the signed tree T y such that
(mq) = (m,.) <= r € {1,t}, then (m2) = (My_1).

PROOF. Otherwise there exists a walk (m1), (m2), ..., (my) in T( ) of minimal
length with (m2) # (m;—1) and with (m;) = (m,) <= r € {1,t}. Then t #
1,3. Also, t is odd, since T ) is a signed graph and (m;) = (m;). Thus t > 5
and, by the minimality of length of the walk (my), (m2), ..., (m:), the vertices
(ma), ..., (my—1) are distinct. Also, as (mq1) = (m,) <= r € {1,t}, the vertices
(my), ..., (my—1) are distinct. Hence (mq), (ms2), ..., (my) is a circuit in the
signed tree 7| y, which is impossible. O

In the following Lemma a connected signed graph 7T\ y and signed trees T} | and
Ty, all defined on the same underlying set 7', are combined with an equivalence
relation ~ on E(T{ ). For any subset S of T', we let [S] denote the set |J,,g[m]
and (S) denote the set (J,,.g(m).
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Lemma 5.2. (Lemma of Folding-knives) Let Ti) and Ty be signed trees and
T( ) be a connected signed graph on T =T~ UT'. Suppose that (m) = {m} for
each m € T. Let ~ be an equivalence relation on E(T( ). Then ~ has just one
equivalence class if all the following hold.

(1) [m][n] € E(T})) and {(m)(n) € E(Ty) whenever m,n € T and (m)(n) €
B(T)).

2) If m,n,m’,n" € T, if (m)(n), (m')(n') € E(T()), and if either [m][n] =
] o (m)(n) = ('Y, then (m)(n) ~ (m")(w).

(Ba) If i € {-1,1} and 0 # S C T* with [S] # T", then there exists k € [S)]
with (k) € [S]. _ _

(3b) If i € {—1,1} and O # S C T with (S) # T, then there exists ke
(S) with [k] € (S).

PROOF. The proof proceeds by induction on ’V 1 | + ’V ’ Choose mg €
T'and ng € T~. Since [m] # [n] and (m) # (n) whenever m 6 T, n €T~ the
first case to consider is when |V (T}1)| + |[V(Ty)| = 4, i. e., when T! = [mo] =

(mo), T~ = [no] = (ng), and

V(11) = {[maol, [nol}, E(T7))

= {[mol[no]}
V(T<>):{<m0> (no)}, ( ):

{{mo){no)}

The connected signed graph 7{ ) has at least the two vertices (mg) and (no),
and hence has at least one edge. Thus, there exist m’ € T" and n’ € T~! with
(m/)(n') € E(T( ). By (1), [m'][n/] € E(T})). Then, since m’ € T" = [mg] and
n’ € T~! = [ng], it follows that [m/][n’] = [mg][no]. Moreover, whenever m € T*
and n € T™1, we have [m][n] € E(T})), and therefore [m][n] = [mo][no]. Thus, if
m,n,m’,n" € T and (m)(n), (m’)(n") € E(T()) then [m][n] € E(1T};), [m'][n'] €
E(T1y), and [m][n] = [mo][no] = [m][n]. Hence, by (2), (m)(n) ~ (m')(n).
Therefore, ~ has just one equivalence class in this case.

Now suppose ~ has only one equivalence class when all the hypotheses of
Lemma 5.2 hold and |V(T}})| + |V(T}))| < w, where w is some integer > 4.
Assume, then, that T{  is a connected signed graph on a set T = T-1UT" with
(m) = {m} for each m € T, that

Tij and Ty are signed trees on T with |V(T}1)| + |V(T())| =w + 1,
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that ~ is an equivalence relation on E(T( ), and that (1), (2), (3a) and (3b) hold.
To show ~ has only one equivalence class we first establish the following.

There exist ny,ne2,ny,n3 € T such that (nq)(n2) ~ (ny)(ns) and

(20) either (ng) = (nh) and (n1) # (n3) or [ng] = [n] and [ny] # [n3].
To prove (20), let IT( y denote the collection of all paths (m1), (m2), ..., (my) in
Ty such that either (m1) = (my) and [my] # [m¢] or [mi] = [my] and (my) #

(my). We claim II() # 0. For, since |V (T))| + |V (T ))| > 4, there exists i €
{~1,1} and j € T* such that either [j] # T% or (j) # T°. Suppose first that
[j] # T for this i. By (3a), with S = {j}, there exists k € [j] with (k) Z [j]. One
can then find k¥’ € (k) with &' ¢ [j]. Thus [k'] # [j] = [k]. Hence

(k) = (k) and ['] # [K].

Then k' # k, and (k') = {K'} # {k} = (k). Let R = (m1), (m2), ..., (m¢) be
a path in the connected signed graph T{ ) with end-vertices (m1) = (k') and
(m¢) = (k). Thus, my = k', my = k, and we have R € Il y. So Iy # 0 if [j] # T".
Similarly, in case that (j) # 7", one can use (3b) to show II( ) # 0. Since II( ) # 0,
we can choose a path

(m1), (m2), ..., (my) = Q €Tl
of minimal length. Also, we assume, without loss of generality, that
(21) (m1) = (mq) and [mq] # [my].

Now my # my, so (m1) # (my). Also, since T is a signed graph and (m;)(mz) €
E(T(y), m1 and my must have opposite signs. Thus, as T}  is also a signed graph,
(mq) # (ma). Therefore, since (my) = (m;) and ¢ > 2, one has ¢t > 3. We now
aim to use Lemma 5.1, and claim for this purpose that

(22) (my) # (mq) for 1 <r < t.
To see this, fix r € {2,...,t — 1}, let ' = (m,), (Myy1), ..., (m¢) and let
R" = (m1), (ma2), ..., (m;). Then R', R" ¢ II y, since the lengths of these paths

are less than the length of Q. Now, as R” ¢ IIy, if (m,.) = (m1) then [m,] = [my].
But then, by (21), [m,] = [m1] # [m:] and (m,.) = (m1) = (my), which says that
R" € T y. Since this is not the case, we must have (m,) # (m1). So (22) holds.
By (22) and (21), W = (my), (ma), (ms),..., (m;) is a walk in the signed tree
Ty such that (m1) = (m,) < r € {1,t}. Thus, as a signed tree is connected by
definition, it follows from Lemma 5.1 that

(ma) = (mi-1).
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Define

ny = my, ng = ma, Ny = my_1, nz = my.
Then (?11)(’02) = (m1)(m2) S E(T()) and (’I’LIQ)(TL3) = (mt_l)(mt) S E(T( ))
Furthermore, (n1)(ng) = (m1)(ma) = (my){(mi_1) = (n3)(nh) = (nh)(ns). Then
by (2) we have (n1)(n2) ~ (nb)(ns), which is the first part of (20). Now, as
noted earlier, ¢t > 3. If ¢ = 3 then ny = nj, [no] = [n5] and, by (21), [n1] # [ns].
Thus (20) holds in its entirety should ¢ equal 3. So suppose ¢ > 3. Consider the

path Z = (m2), (m3), (m4), ..., (Mm¢—1). Since Z has length less than that of Q,
Z is not an element of II( ). Thus, as (mg) = (m;_1) and Z ¢ Il ), one has
[ms] = [m4—1]. Hence [ny] = [nf] again, and [ni] # [n3] again by (21). This

completes the proof of (20).

We now apply (20) together with the inductive hypothesis to show that ~ has
exactly one equivalence class. By the symmetry of hypotheses, we can and shall
assume:

There exist ny,ng, n5, ng € T such that (n1)(ng) ~ (nh)(ns),
[n2] = [n5] and [n4] # [ng].

Thus, by (1), [n1][n2] and [n5][ns] are distinct edges of T} sharing the common
vertex [ng] = [nh]. Hence

(23)

(24) [n1], [n3] € T* for some i € {—1,1}.

Consider the partition of 7" whose members, denoted by [[m]] for m € T, are
defined by

[n1] U [ng] if m € [n1] U [ng)
[lml] = { [m] otherwise

We define a quotient graph Ty of T7; as follows:
V(Tyy) = A{llm]] : m € T}
E(Tiy) = {[[m]][[n]] : m,n € T and [m][n] € E(T})}

To understand Tjjj; note first that the natural map given by [m] — [[m]] maps

only the distinct vertices [n1] and [n3] of Ty to [[n1]] = [[ns]], and is one-to-one
on V(Ti1)\{[n1], [n3]}. Likewise, the canonical map
(25)

[m][n] — [[m]][[n]] maps only the distinct edges [n1][n2] and [ns][ne] to
[na])[[na]] = [[ns]][[na]l; and is one-to-one on E(Tj1)\{[n1][nz], [ns][na]}-
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The identification represents the folding together of the incident edges [n1][ns] and
[n3][ng] of the tree Tjj. From these considerations, including (24), we conclude
that 77(} is a connected signed graph with

\V(Ty)| = [V(T1)] =1 and |E(Tyy)| = |[E(T1))] - 1.

Since 77y is a tree, Theorem 9A of [Wi] tells us that

\ﬂﬂZWﬂMﬂ
WﬂM—LWVﬂ|—VJ—Wﬂ|—WJV[M—lﬂm
(26) ’V Ty | + |V T() | =w and TJ) is a signed tree.

We claim that the following hold.

(1") [[m]][[n]] € E(T}(y) and {m)(n) € E(Ty) whenever m,n € T and (m)(n) €

(2 If m,n,m',n" € T, (m)(n),(m')(n') € E(T(y), and if either [[m]][[n]] =

[[mN[]] or (m)(n) = (m)(n'), then (m)(n) ~ (m')(n').
(3 NIfie{-1,1} and 0 # S C T with [[S]] # T*, then there exists k € [[S]]

To prove (1'), suppose that m,n € T and (m)(n) € E(T( ). Then, by (1),
[m][n] € E(T;)) and (m)(n) € E(T(y). Thus, by the definition of E(Tj ),
bmlifnl) € E(Ty ).

To prove (2'), suppose m,n,m’,n’ € T and (m)(

(m)(n) = (m/)(n') then (m)(n) ~ (m)(n') by (2). So assume [[m]][[n]] =
[/ ][[2]]- If [m][n] = [m/][n'] then (m)(n) ~ ( )(n') by (2). On the other
hand, if ][] 7 /][] then one has {(m)[a], (]} = {ma] (el el o]} —
{[n1][nz], [n5][ns]}, by (25) and (23). Here, it is no loss of generality to assume
that

n), (m")(n') € E(T)). 1f

m € [nq], n € [na), m’ € [n})], n' € [n3).

Then [m][n] = [n1][ns] and [m][n'] = [n5][ns], so that, by (2), (m)(n) ~ (n1)(n2)
and (m')(n') ~ (nh)(ng). Also, by (23), (n1)(n2) ~ (n5)(ns). Hence, by the
transitivity and symmetry of ~, we have (m)(n) ~ (m’)(n’).
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To prove (3a’), suppose that i € {—1,1}, @ # S C T and [[S]] # T*. Let
S" = [[S]] = Upmeslim]]. Then 0 # S C T*. Also, each partition member [[m)]]
is a union of sets of the form [n] (some n € T°). Hence, S’ = [[S]] is a union
of partition elements [n]. Thus, [S'] = S = [[S]]. We have ) # S’ C T" and
[S] = [[S]] # T". By (3a), there exists k € [S'] = [[S]] with (k) € [S"] = [[S]].
This is (3a’).

Next, suppose i € {—1,1}, 0 # S C T? and (S) # T*. By (3b) there exists
k € (S) with [k] € (S). Then, as [k] C [[k]], we have [[k]] € (S). This is (3b').

Now, in view of (1), (2'), (3a’), (3b') and (26), the induction hypothesis guar-
antees that ~ has exactly one equivalence class, as required. O

6. SPECIAL UNIONS OF UNICOHERENT CONTINUA

Lemma 6.1. Suppose {P*{,P5} is a P-decomposition of P. Let H* be a P-
continuum such that (HN'P;)* = H*NP;* # 0 for each i € {—1,1}. Let ¥H* =
{A* : A* is a component of (HNP_1)* or of (HNP1)*}, and suppose T = T~1UT?,
where T~' and T' are finite nonempty sets of negative and positive integers,

respectively. Let o : T — YH* be a surjection such that o(m) is a component of
(HNP;)* if and only if m € T®. Define [m] = o~ (c(m)) for each m € T. Define

V(T,) ={Im]:meT}
E(T) = {[m][n]:0(m)# o(n) and o(m)nao(n) # 0}
(No distinction is made between [m] [n] and [n][m].) Then T\, is a connected

signed graph. Also, if H* is P-unicoherent then T\, is a signed tree and o(m) N
o(n) is a connected subset of P*{ NP for all m € T~ n e T

PrOOF. The hypothesis that o(m) is a component of (H N P;)* if and only if
m € T, for each i € {—1,1}, implies that [m] = o~ !(c(m)) C T* whenever
i € {~1,1} and m € T". Therefore, V(T|,) is a sign-preserving partition of
T. Moreover, as the components of (H N P_1)* are pairwise disjoint and the
components of (H NPy1)* are pairwise disjoint, o(m) No(n) = ) whenever m and
n have the same sign and o(m) # o(n). Thus [m] [n] & E(T},) if m and n have
the same sign. Therefore, 7', is a signed graph defined on T'.

Since (H N P;)* = H* NP;* is a P-compactum, Lemma 2.10 guarantees that
each element of XH* is a subcontinuum of H*. Also, the collection XH* is finite
since o is a function from the finite set T" onto X H*. Now suppose m, n € T with
[m], [n] € V(T},) and [m] # [n]. Then o(m) and o(n) are distinct elements
of ¥H*. Moreover, since H* is connected and H* = |J{A* : A* € YH*}, there
exist (see 8.12 in [Nal) elements A}, A3, ..., A} of ¥H* such that o(m) = A} #
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% =o(n), and Af N As; # 0 for 1 < ¢ < d. Furthermore, we can assume

that A7 # A%, for 1 < ¢ < d. By the surjectivity of o, T' contains integers

m =1y, la,... ,lqg =mn such that o(l.) = A% for 1 < ¢ < d. Then,
o(le) #o(ley1) and o(l)No(ley1) #0 forl <c<d.
Thus, [I1], [l2],. .., [la] is a walk in Ty with end-vertices [I;| = [m] and [l4] =

[n]. Hence, as [m], [n] were arbitrary distinct vertices of Ty, 777 is a connected
signed graph.
For the rest of the proof assume that H* is P-unicoherent. Let
Y_1={o(n):neT" and o(n) ¢ o(m) for all m € T},
T ={o(m):meT ' and o(m) € o(n) for all n € T'}, and
T="_,U7;.

To show that 7Ty is a treechain we argue by contradiction, as follows. Suppose 1T
had a circuit [m1], [m2], [ms], [ma],...,[mw]. Thus, w > 5, [mi] = [mw],
and [m,| # [ms| for 1 <r < s < w. Hence,

(27)  the continua o(mq), o(mz), o(ms), o(ma),..., o(my_1) are distinct.

Now, for 1 < r < w, [m,] = o~ !(o(m,)) and, by the definition of a circuit in
TH, fmﬂ |—mr+ﬂ € E(Tﬂ). Thus,

(28) o(my) # o(myy1) and o(my,) No(mep1) #0 forl <r < w.

Note that o(m1) = o(my), since o~ (o(my)) =[m1] = [mw] = o7 (o(my)).
Then, by the second part of (28) with r = w — 1, we have

(29) o(m1) = o(my) and o(my—1) No(mq) # 0.
Without loss of generality it can be assumed that
[m,] CT™' <—=r=1,35...,w
[m,] CT ' <= r=2,4, ... ,w—1.

So if r is even then m; and m, have opposite signs, and hence o(my) # o(m,).
Thus, as o(m1) = o(My),

w is odd and w > 5.

Since H* is a P-continuum and (H N P_1)* has distinct components o(m;) and
o(mg), H* # (HNP_1)*. Hence H # HNP_;1. Thus H ¢ P_1, and, by Lemma 1.1,
H* ¢ P*,. Similarly, as o(m2) and o(m4) are distinct components of (H N Py)*,
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we have H* ¢ Pf. Since o is a surjection, H* ¢ P*, , H* ¢ Py, and H* is
‘P-unicoherent, Lemmas 3.10 and 3.9 guarantee that

T is a P-decomposition of H* and a treechain.

The components o(m1), o(ms),. .., o(Mmy—_2) of (HNP_1)* all belong to T since,
by (28), (29) and (27), each one intersects at least two components of (H NPy)*.
Likewise, the components o(mz), o(my4),..., o(my—1) of (H N Py)* all belong
to Y_1. Then,

{a(ml),a(mg),. ey U(mw,l)} Q T,1 @] Tl =7.

We have seen that o(my),o(msz),..., o(my—1) are distinct members of the
treechain T with w > 5, that o(mq)No(my—1) # 0, and that o(m,.)No(me41) # 0
for 1 < r < w. However, this contradicts Lemma 3.8. The contradiction shows
that Ty in fact has no circuit. Thus, as 777 has already been seen to be a con-
nected signed graph, 1Ty is a signed tree.

Now suppose m € T~ and n € T*. Then o(m)No(n) C (HNP_1)* N (HN
P1)* C Py NPr. We must show that o(m) No(n) is connected, and to do so it
can be assumed that 0 # o(m) No(n), o(m) € o(n), and o(n) € o(m). Hence,
o(n) # H* # o(m). Since o(m) is a component of (H N P_;)* distinct from
H*, one has (HNP_1)* # H*. So H € P_; and, by Lemma 1.1, H* ¢ P*;.
Similarly, as o(n) is a component of (H N P;)* distinct from H*, one obtains
H* ¢ P;. Then Lemmas 3.10 and 3.9 again give

T is a P-decomposition of H* and a treechain.

Since o(n) is a component of (H N P;)* that intersects but fails to contain o (m),
o(m) is not a subset of any component of (H N P;)*. Consequently, o(m) € T;.
Similarly, one obtains o(n) € Y_;. Hence o(m), o(n) € T and, by Lemma 3.9,
o(m)No(n) is connected. O

Lemma 6.2. Let K be a closed subset of a Hausdorff compactum @Q and let L
be a continuum in Q that intersects both K and Q\K. Then each component of
LN K intersects Bdg(K).

PrOOF. Let C be any component of L N K. L N K is a nonempty proper closed
subset of the continuum L. Note that Bdy(L N K) C Bdg(L N K). Also, C' N
Bdp(LNK) # () by Theorem 3, page 173, of [Ku]. Choose z € CNBdy(LNK).
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Then z ¢ Intr, (LN K) and
z€CNBdg(LNK)=Cn(LNK)\Intg(LNK).

We have z ¢ Intg(K), as otherwise LNIntq(K) is a subset of LNK that contains
x and is open in L, contrary to = ¢ Intr(L N K). Thus, x € K\Intg(K) =
Bdg(K). Therefore, € C N Bdg (K). So C intersects Bdg(K). O

Theorem 6.3. Suppose the Hausdorff continuum P is the union of unicoher-
ent continua J and K. If J N K is connected and locally connected, then P is
unicoherent.

PROOF. We can assume without loss of generality that J and K are proper sub-
continua of P, so

(30) K\J=P\J#0#P\K = J\K.

Since JU K = P and J and K are closed, Bd(J) = J\Int(J) € JN K and
Bd(K) = K\Int(K) C JN K. Let V = J N K. Then

JN K =V is alocally connected continuum with Bdp(J) U Bdp(K) C V.

We apply Proposition 4.2. Let & be any three-element open cover of P. For
each x € V there exists O(z) € & with € O(z). Then VN O(z) is an open
neighborhood of x in V. Since V is a locally connected Hausdorff compactum, one
can find a connected relatively open set V(z) C V with z € V() C Cl(V(z)) C
VN O(x). Since V is compact there exist finitely many elements of V, x4, ... , x4,
such that the collection of continua

YV ={Cl(V(x1)),...,ClU(V(zs))}

covers V irreducibly. Define
PJ\K) ={{z}: 2 € J\K} ,P(K\J) ={{z} :z € K\J} ,
J=VUPUJ\K),K=VUP(K\J),
and P=J UK.
Then
PIN\K)*=J\K , V"=V, P(K\J)* = K\J ,

J*=J,K*=K, and P*=P.
Note that the nonempty sets V, J\K and K\J are pairwise disjoint, and P
is the union of the nonempty disjoint collections V, P(J\K) and P(K\J). By

construction, P is a refinement of §. Moreover, P C C(P) and P covers P
irreducibly. Also, for each M € C(P) the set P(M)* is the union of M and all
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those elements of V that intersect M, and hence is a closed set. Thus, P is a
pseudogrille for P. Now, to complete the proof of Theorem 6.3 (by Proposition
4.2) it suffices to show that P is P-unicoherent.

Let {P*,, Pt} be a two-element P-decomposition of P. It must be proven that
P*, NPy is connected. (We note that, although the proof given here is a direct
argument based upon Proposition 4.2, P*, and P; portray the sets P/ ; and P|
described in the first part of the Introduction. Also, the roles of J; and K; are
played by J* and KF, while V(P_;) and V(P;) are the collections V_; U...UV_,
and V; U...UYV,, respectively.)

Since {P*,,P;} is a P-decomposition of P = P*,one has P_; UP; = P.
Thus, P_1 UP; is the union of the nonempty disjoint collections V, P(J\K) and
P(K\J). For each i € {—1,1}, let

Ji=JINP; and K; = KNP;.

Note that for each = € J NP} there exists G, € P1\P(K\J) with z € G,. Thus
x€Gy € PIN(VUP(J\K)) = P1NJ. Consequently, JNP; C (P1NJT)* = J7.
Also, Jt = (I NP1)* CI*NPy =JNPT. So JF = JNP;. By repeating this
reasoning for J*;, K*, and K7, one obtains J* = J NP} and KF = K NP} for

each i € {—1,1}.
(31) Jr=JNP; and Kf = KNP} for each i € {—1,1}.

These equalities can be written as (J NP;)* = J*NPF and (KNP;)* = K* NPy,
and hence represent hypotheses to be used in two settings of Lemma 6.1 in Case
2 below. It also follows from the definitions of ¥ and P that (VNP;)* = V* NP}
for each ¢, which will allow a third application of Lemma 6.1. The proof of the
connectedness of P*; NPy breaks into two cases.

Case 1 Ji=0or Ji=00r K_; =0or K; =0.

We prove P*; NPy is connected when J; = (), the proof in each of the other three
subcases being analogous.

Since F CP=P_1UPyand TNP; =T =0, one has J C P_;1. Moreover,
VYV CJ CP_yq. Therefore, as V=JNK C K,
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Since J NPy = 0, we have P; C P\J = P\(VUP(J\K)) = P(K\J). Thus
Pr C P(K\J)* C K, and

Also,
(33) K=PNK=(PfUP*)NK =P{U (P NK).

By (30) there exists z € J\K. Since P(J\K) NP, C J NP, = 0, we have
P(J\K)NP; = 0. Thus {z} € P(J\K)\P1 C P(J\K)NP_;. Hence z € (J\K)N
Pr,. We have z € (P\K)NP*; and V C P*; NK. So the subcontinuum P*, of P
intersects both P\ K and K. By Lemma 6.2, each component of P*, N K intersects
Bdp(K). Therefore, as Bdp(K) C V, each component of P*; N K intersects V.
Hence, as the continuum V is a subset of PX; N K, PX; N K is a subcontinuum
of K. Then by (33) K is the union of its subcontinua P; and P*; N K. Thus, by
the assumed unicoherence of K, the set Py N (P*; N K) is connected. Therefore,
by (32), P*, NP} is connected.

Case 2 J_.1#0and J; # 0 and K_1 # 0 and Ky # 0.

In Case 2 , boundary-bumping gives the following.

Suppose i € {—1,1} and A is any component of J* or K.

(34) Then ANV # 0 and A is a P;-continuum, A*, with ANV # 0.

For example, let A be any component of J7*. A is nonempty and, by (31), A is
a component of J N P;. To see that A NV is nonempty we first suppose that
Py C J. Then J NPy = Pf is connected, and hence A = Py. Moreover, K1 # 0,
sol #Kf=KnP;f=KnA=Kn(ANnJ) = ANV. Suppose next that P; Z J.
Then the subcontinuum Pj of P intersects both P\J and J. By Lemma 6.2, each
component of J N P} intersects Bdp(J). Therefore, as Bdp(J) U Bdp(K) C V,
each component of J NP} intersects V. Hence, ANV # () . We have shown that
if A is any component of J* then ANV # (). By Lemma 2.10, A = A* for some
AC J, =P NJ. That is, A is the P;-continuum A*. Then, since ANV # ()
there exists G € A with G NV # (). We have

GeACTHh=PinT =PiN(VUP(J\K)).
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But G ¢ P(J\K) since GNV # 0. Thus, G € A NV. Therefore ANV # 0, as
required. Analogous reasoning for components of J*,, K7, and K establishes
(34).

Define Z =P_; N'P;. By Lemma 2.18,

Z*=(P1nNP)* =P NP
By Lemma 2.10,

C = Z(C)* (a P-continuum) for each component C' of Z*.
Moreover, we claim that
(35) Z(C)NVY £ ) for each component C of Z*.

For if not then there is a component C = Z(C)* of Z* with Z(C) C P\V =
P(J\K)UP(K\J). Then the P-continuum Z(C)* is contained in the union of
the disjoint open sets P(J\K)* = J\K = P\K and P(K\J)* = K\J = P\J.
Hence, either Z(C)* C J\K or Z(C)* C K\J. Without loss of generality we
assume Z(C)* C J\K. Thus Z(C)* does not intersect the continuum V = JNK,
and Z(C)* is a component of the Hausdorff compactum Z*NJ. Then, by Theorem
2—15 in [Ho|, (2* N J)\V contains a set Y that is open in Z* N J, has empty
boundary in Z*NJ, and contains Z(C)*. Since Y has empty boundary in Z* N J,
Y is closed as well as open in Z* N J . Note that

Y = ((Z*nJ)UV)\(Z*NJ)\Y)UV).

Now Y and (2* N J)\Y are closed in the closed subset Z* N J of (Z*NJ)UV,
so Y and (2* N J)\Y are closed subsets of (2* N J)UV. Also, V is closed in
(Z*NJ)UV.So (Z*NJ)\Y)UV is a closed subset of (Z* N J) U V. Therefore,
Y=(Z*nJ)UVN(Z*NJ\Y)UV) is open in (Z* N J)UV. To sum up,
D#£Z(CY*CY, YNV =0, and Y is closed and open in (Z* N J) U V. Thus,

(Z2*NJ)UV is not connected.

Now let R be the compactum (J NP*;)UV. By (31) and (34), each component
of JNP*, is a continuum that intersects the continuum V. Thus, R is connected.
Hence R is a continuum. Similarly, the compactum S = (JNPF)UV is a
continuum. Note that RUS =V U (JN (P*; UPF)) = J. Then, by the assumed
unicoherence of J, RNS is connected. But RNS = (P* NPFNJ)UV = (Z*NJ)UV,
which is not connected. This contradiction establishes (35).
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Let C be a component of Z*. By (35), Z(C)NYV is nonempty, so ZNY = P_1N
P; NV is nonempty. Observe then that for each i € {—1,1}, since 0 < [V N P;| <
|[V| < oo, the P-compactum (V N P;)* has finitely many components, each one
a union of elements of V. Let V*,,...,V*  be the components of (V N P_q)*
and Vy§,...,V be the components of (VN Py)*. Let T-1 = {-1, ..., —ul,
T =1{1,...,v},and T =T~ UT'. By Lemma 2.10,

V,, CV NP, for each m e T and V,, CVNP_y for each n € T~

Now suppose V¥, = V¥ for some m € T! and n € T-'. Then V,, =V, C V
by Lemma 1.1, and we claim that V,, = V,, = V. For if V,,, = V,, # V then,
since V* is a continuum and |V| < oo, there exists G € V\V,, = V\V,, such that
0 #GNV:, =GNV Also, by Lemma 2.9, G € V}, = V. Moreover, G ¢ P_q,
as otherwise V* U G is a connected subset of (V N P_1)* properly containing
the component V¥ of (V N P_1)*. Likewise, G ¢ P1, else V¥ UG is a connected
subset of (V N Py)* properly containing the component V% of (V N Py)*. But
G € P = P_; UP;. This contradiction shows that V,, = V,, = V. Thus, ¥V C
P_1 NPy = Z. Hence, by (35), each component C' = Z(C)* of Z* contains the
continuum V* = V. Thus Z* = P*; NPy is connected if V¥, = V* for some m € T
and n € T~!. Therefore, for the balance of the proof we can and will assume that
(36) Vi

m

# V! whenever m € T* and n € T~ ",

Recalling (34) and (31), let J* = {A* : A* is a component of J*; or of J;'}.
For each i € {—1,1} and m € T, the set V}, is a component of (V N P;)*, and
since V C J, Vr, is contained in some component of (J N P;)* = J;*. For each
i € {~1,1} and m € T* let o;(m) be the component of J* that contains V.
We claim the map oy : T — XJ* is a surjection. For suppose i € {—1,1} and
A* is a component of J*. By (34) A* is a P;-continuum, so A C P;, and there
exists G € VN A. Thus, G € VN P;. Let V, be the component of (V N P;)*
that contains G. Then o;(m) = A*. Hence o is a surjective map. It will next
be shown that

(37) o4(r) is a component of J;* if and only if r € T*, for i € {—1,1}.

For otherwise there exist i € {—1,1} and 7 € T~* so that o ;(r) is a component of
J* = (J NP;)*. By definition of o7, and as r € T~%, o ;(r) is also the component
A* of J*, = (J N'P_;)* that contains V*. Thus A* is a component of (J NP;)*
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and a component of (J NP_;)*. Then Lemma 2.10 gives
Ve CAC(INP_;)N(TNP;) CP_1NPs.

Now, by (36), either V; # V or V_; # V. Assume first that V4 # V. By Lemma
1.1, V§ # V*. Then, since V] is a component of (V N P;)* not equal to the
connected set V*, we have V #£ VN Py. So V € Pi. Thus V, # V. Similarly, if
V_1 # V a symmetric argument gives V ¢ P_; and, again, V. # V. So V,, C V
and 0 < |V,| < |V| < co. Moreover, V* and each G € V are continua. Hence there
exists G € V\V, with 0 # GNV}. By Lemma 2.9, G € V3. Then, asr € T~" and
V* is a component of (P_; NV)* that intersects but does not contain the element
G of V, we have G € P\P—;. Thus, as A C P_; NPy, we have G ¢ A. Therefore,
by Lemma 2.9, G € A*. But 0 # GNVy C GNA*and G € V\P_;, C T NP;.
Then, as A* is a component of (J N P;)* that intersects G and G € J N P;, one
has G C A*. This is a contradiction. The contradiction shows that (37) holds.
Next, let [m] = o' (0;(m)) for each m € T. Define

V(TH) = {[m] tm e T}
E(T})) ={[m][n] : 0,(m) # 0;(n) and o;(m) N o;(n) # 0}

No distinction is made between [m] [n] and [n] [m].Then, since J = J* is unico-
herent, Lemma 6.1 says that 77} is a signed tree on 7" and

(38)  os(m)Noy(n)is a connected subset of Z* for all m € T!, n € T,

Similarly, we let LIC* = {B* : B* is a component of K*; or of Kj}. For each
i € {—1,1} and m € T let ox(m) be the component of K¥ that contains V.
Then o : T — XK* is a surjection by (34), and by a proof symmetric to that
of (37) we have

(39) ok (r) is a component of Cf if and only if r» € T%, for i € {—1,1}.
Let (m) = o' (ox(m)) for each m € T, and define

V(T( >) = {<m> tm e T}
B(T(y) = {{m}(n) : oxc(m) £ oxc(n) and oxc(m) N o () £ 0}

No distinction is made between (m)(n) and (n)(m). Again by Lemma 6.1, Ty is
a signed tree on T' and

(40) ok (m)Nok(n) is a connected subset of Z* for all m € T, n € T,

A third connected signed graph, T\, is defined on T as follows. Let (m) = {m}
foreach m € T. Let XV* = {V} : —u <m < -1} U{V! : 1 < n < v}. Define
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V(_T()) = {(m) :meT}
E(Ty)={(m)(n) - meT' , neT " fori=—1orl, and V;, NV} # 0}

No distinction is made between (m)(n) and (n)(m). For each m € T' let oy (m) =
Vr.. By (36) and the definition of the components V,, the map oy : T — XV*
is a bijection, and o (m) is a component of (P; NV)* if and only if m € T*. Thus
oy (ov(m)) = {m} = (m) for each m € T. Also, V* =V is a P-continuum, and
by the various definitions we have (V N P;)* = V* N Pr for each i. Therefore,
by Lemma 6.1, T is a connected signed graph on 7. We prove the following
assertion.

(41) If A€ XJ" and B* € ¥K* then A*NB* = (ANBNYV)*".

Clearly (ANBNYV)* C A*NB*. For the reverse inclusion assume 7, j € {—1,1} and
x € A*NB*, where A* is a component of J* = (J NP;)* and B* is a component
of Ky = (KNP;)*. We want to show that z € (AN BNV)*. By Lemma 2.10,
ACITNP; and BC KNPj. Select G' € A and G” € B with 2 € G’ N G”. Then
we have r e A ANB*C J*NK*=JNK =V. Hence

G, G" e P\(P(J\K)UP(K\J) =V =TnKk.

Then, since z € G'NG", G’ € AC P; and G” € B C P, it follows from condition
(c) of Definition 2.14 (as applied to the P-decomposition {P*,,P;} of P) that
either G” € P, or G’ € P;. If G” € P; then z € G’ € J N'P;. Then, as z lies
in the component A* of (J N P;)*, we have G” C A*. Hence, by Lemma 2.9,
G’ € A. Thisyieldsz € G" € ANBNYV, and x € (ANBNV)*, as desired. On the
other hand, if G’ € P; then a symmetric argument yields z € G’ € ANBNYV, and
again x € (AN BNV)*. This shows that A*NB* C (ANBNV)*, and completes
the proof of (41). We now claim that

If meT ! and n e Tt then V5, NV = (V,, N V,)*,

42
(42) and this set is contained in some component of Z*.

Clearly, (Vi NVy,)* C VX N VX For the opposite inclusion assume p € Vi, N V.
Then there exist G’ € V,,, CP_1NVand G" €V, CP1NY withpe G NG".
Moreover, as {P*;,P;} is a P-decomposition of P* = P, we have (by (c) of
Definition 2.14) either G’ € P; or G” € P_;. Suppose that G’ € P;. Thus,
p € G' € PrNP_1NY. Then, because V} is the component of (P_; N V)*
containing p and V) is the component of (P N V)* containing p, there follows
G' € V,, and G’ € V,,. Therefore, p € G' C (V,,, N V,)* if G' € Py. Simiilarly,p €
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G" C (Vi NVy,)* if G” € P_;. Hence, as p was an arbitrary element of V* N V¥,
we have VX NVy C (Vy, N V,)*. Thus (V,, N V,)* = Vi, N Vi, For the second
conclusion of (42), note that o;(m) N os(n) is a connected subset of Z* by (38).
Then, as VX,NV* C o ;(m)Noy(n) C Z*, VX NV* is contained in some component
of Z*.

Define a binary relation ~ on E(T| )) by

(m)(n) ~ (m')(n') <= there is a component C of Z* with
Ve nVHUVr, NVr) CC.

Clearly, ~ is symmetric. By (42), ~ is reflexive. Suppose (m)(n) ~ (m')(n’) and
(m')(n') ~ (m")(n"). Since (m)(n), (m')(n), and (m")(n") all belong to E(T{ ),
we have m # n and V5, N VA # 0, m' #n' and Vi, N V% # 0, and m” # n” and

* NV%, # (. There are components C and C’ of Z* with (V;,NVX)U(Vr, NV, C
C and (Vy, NVE) U (VE, NVr,) C C. Since the nonempty set V&, NV, is
contained in C'NC’, we have C = C’. Therefore, (V};, N Vyx) U V., NVr,) CC.
Thus (m)(n) ~ (m”)(n"). Hence ~ is transitive as well as symmetric and reflexive,
and so ~ is an equivalence relation on E(T()). It will follow from the Folding-
knives Lemma (Lemma 5.2) that ~ has just one equivalence class if it can be
shown that hypotheses (1), (2), (3a) and (3b) of that Lemma hold.

To prove that (1) of Lemma 5.2 holds, suppose (m)(n) € E(1()). Then m €
Ti n e T~ for some i € {—1,1}, and V¥ N V% # (. By (37) we have o;(m) #
os(n), and by (39) we have ox(m) # ox(n). Also, V¥, C o;(m) Nok(m) and
Vi Coy(n)Nog(n). Thus, § # Vi NVE Coy(m)Noy(n), and O £ Vi NVE C
ox(m)Nog(n). Hence, [m|[n] € E(T})) and (m)(n) € E(T} ).

To prove (2) holds, let m,n,m’,n’ € T and (m)(n), (m')(n’) € E(T)). Assume

first that [m][n] = [m/][n’]. Without loss of generality suppose that m,m’ € T*
and n,n’ € T71, so [m] = [m'] and [n] = [n']. We have o;(m) = o;(m') since
m € [m] = [m'] = o, (o;(m')), and o;(n) = os(n’) since n € [n] = [n'] =

o7 (o7(n")). Hence

(Vi NV UVl NVA) € (00(m) N 5(m) U (o) N og() ) =
oy(m)Noy(n).

Also, by (38), os(m) Noys(n) is a connected subset of Z*. Thus, there is a

component C' of Z* with (Vy, N V5) U (V. NVr,) C C. That is to say, (m)(n) ~

(m”)(n'). Now, if (m)(n) = (m/)(n’) then a symmetric argument using (40) shows
again that (m)(n) ~ (m')(n’). This completes the proof that (2) holds.

We now prove that (3a) and (3b) hold. Suppose that ¢ € {—1,1} and 0 #

S" C T with [S"] = U,cqls] # T". Assume there does not exist k € [S’] with
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(k) € [S’]. (We will derive a contradiction.) Let S = [S’]. Then, since S is a union
of equivalence classes of the form [m'] (some m’ € S’), we have [S] = S. So
0#[S)=8=1[8cT
and there does not exist £ € S with (k) € S. Thus, (m) C S for all m € S. Hence,
(43) 0#(S)=Jm=5=[s]cT"
mesS
Since the maps oy : T — XJ and o : T — 3K are surjections, lines (37) and
(39) yield
U os(m)=(JNP;)" and U orx(m) = (KNP)*.
meT? meT?

The following also holds.
(44) If m €S and mg € T°\S then o;(m)Nos(mg) = 0.

For, [m] C [S] = S. Consequently, mg € T°\S C T"\[m] = T"\o;"(c,(m)). So
o(mo) # o;(m). Moreover, m € S C T®. Since m, mg € T* and o;(mo) and
oy(m) are distinct components of (J N'P;)*, we have o;(m)Nos(mg) = 0. Thus,
(44) holds. Now, the same reasoning (and the symmetry in (43)) can be applied
to show that

(45) If m e S and mo € T'\S then ox(m) N o (me) = 0.
Define
A; = U (cj(m)Uok(m)) and B; = U (07(mo) Uok(mo)).
meS moET\S

Notice that o;(m) U ok (m) is a closed subset of P} for every m € T*. We have
§) # S C T Then S and T%\S are nonempty subsets of the finite set 7. Therefore
A; and B; are nonempty closed subsets of Pf. Thus, A; UB; = |J,,cqi 0s(m) U
UmGT’i O'K(m) = (j N Pl)* @] (K: N ’Pl>* = ((._7 @] ]C) N PZ')* = (73 N /Pz)* =
Py, which is a P-continuum (as {P*;,P*,} is a P-decomposition of P). So
A; N B; # 0. Consequently, one can select m € S and mo € T*\S so that the set
(0. (m) N0 (m0)) U (05 (1) N 05 (m0)) U (05 (o) N ¢ (m)) U (5 (m) N7 (o)
is nonempty. Then, by (44) and (45),

(46) (0:5(m) Mok (mo)) U (05 (mo) N o (m)) # 0.

Now, suppose o ;(m)Nox(mg) # 0. Since m, mg € T?, o.7(m) is some component
A* of (JNP;)* and ok (mg) is some component B* of (KXNP;)*. Thus, @ # o ;(m)N
ok (mg) = (ANBNV)*, by (41). Select G’ € VNANB. Since A C JNP; (by Lemma
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2.10), G' € VN P;. Let V¥, be the component of (V N P;)* containing G'. Now
m, mg, m’ € T* and G’ C A* N B* = o;(m) Nox(mg). Hence, o;(m’') = o;(m)
and o (m') = o (mg). Therefore, m’' € 05" (0,;(m))Nog! (0k (mo)) = [m]N(mg).
But [m] C [S] = (S) since m € S, and (mg) C T?\(S) since mg € T*\(S). (For
it my € (mg) N (S) = (mo) NS, then my € (my) C (S) = S, contrary to the
choice of mg.) So m’ € [m] N (mg) C (S) N (T%\(S)). This contradiction yields
oy(m)Nok(mg) = 0. Similarly, o;(mg) N ok (m) = @. This contradiction of (46)
shows that (3a) holds. Property (3b) can be established in the same manner as
(3a).

We now conclude from Lemma 5.2 that ~ has only one equivalence class. To
finish the proof that P*; NP} is connected in this case (Case 2), suppose that C
and C’ are components of P*; NP7. By Lemma 2.18, C' and C’ are components
of Z* = (P_1 NP1)*. Then, from (35), Z(C)NV # ) and Z(C’") NV # 0. Choose
Ge Z(C)NVY and G' € Z(C')NV. By Lemma 2.10,

GCCand G C .
Also, G, G' € ZNV =P_1 NP N V. Let

Vr. be the component of (P_; N'V)* that contains G,
V» be the component of (P; N V)* that contains G,
V¥ be the component of (P_; N V)* that contains G’,
Vr, be the component of (P; N V)* that contains G'.

Then V;,NV;; # 0, 50 (m)(n) € E(T(). Similarly, V), N\Vy, # 0, so that (m/)(n’) €
E(T(y). Since ~ has one equivalence class, (m)(n) ~ (m')(n’). Thus there is
a component C” of P*; NP} with (Vy, N Vy) U (Vr, NV%) C C”. Therefore,
GUG CC". SoGCCNC”and G' C C'NC". Consequently, C NC" # () #
C’'NC". Hence C = C” = C'. Thus P*, NP} is connected, as required. This

completes the proof of Theorem 6.3. O

A natural conjecture related to Theorem 6.3 is the following.

Conjecture 6.4. There exists a non-unicoherent Hausdorff continuum that is
the union of two unicoherent continua having a connected intersection.

While such a continuum has eluded the grasp of this author, instances have
in fact been given by Charles Hagopian, Alejandro Illanes, et al. The referee has
kindly provided the following simple variant of their examples. In the complex
planelet T ={z: |z| =1}, A/ ={2:1<|2| <2}, A=TUA, and let S be the
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following union of two disjoint spirals in A’:
S={(1+e%e?:0<h<oo}U{—(1+ee?:0<0< o}

Denote by U; and Us the two components of A’\S. It can be shown that A\U;
and A\U, are unicoherent continua whose union is the annulus A and whose
intersection is the continuum 7°U S.

Thanks are due the Graph Theory seminar at West Virginia University (1992)
for attending an early befuddled presentation of Lemma 5.2. The author grate-
fully acknowledges the assistance of Professor Andrew Lelek and the referee for
several suggestions and corrections in clarifying the text. Assistance was provided
by The Department of Mathematics and Computer Science at The University of
Wisconsin, Superior, and by St. Cloud State University. This paper was writ-
ten in honor of Raymond F. Dickman, Jr., and Samuel Eilenberg, preeminent
investigators in the study of acyclicity and related properties of continua, and
in memory of Robert E. Dahlin, Professor of Mathematics at The University of
Wisconsin, Superior.
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