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ON THE KRASINKIEWICZ - MINC THEOREM CONCERNING
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ABSTRACT. A strengthening of a remarkable theorem of Krasinkiewicz and
Minc is discussed to the effect that there are planar fans Dy, a < w1, such
that if X is completely metrizable separable and each D, is a continuous
(homeomorphic) image of a continuum in X, then so is every chainable
continuum. We shall also give an analogous strengthening of a theorem of
Mackowiak concerning hereditarily decomposable chainable continua.

1. INTRODUCTION

Our terminology follows mainly [14] and [15]. We consider only separable
metrizable spaces, and by mappings we mean continuous functions.

A continuum X is a countable fan if there is v € X (the vertex of X) and arcs
Ji,i=1,2,..., such that X =J;2, J;, v is an end point of each J;, and J; \ {v}
are pairwise disjoint, cf. [7].

A continuum X is indecomposable if it is not the union of any two proper sub-
continua, and X is hereditarily decomposable (indecomposable) if no nontrivial
(each) subcontinuum of X is indecomposable. Chainable continua are the ones
that, for each € > 0, can be mapped onto an interval by a mapping with fibers
of diameter < e (cf. [15], where the term snake - like continua is used). The
pseudoarc is the hereditarily indecomposable chainable continuum (unique, up to
a homeomorphism), cf. [15], §48, X.

Krasinkiewicz and Minc [13] defined a collection D,,, a < wy, of planar count-
able fans such that for any hereditarily decomposable continuum X there is D,
that is not a continuous image of any subcontinuum of X. In particular, the class
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of hereditarily decomposable continua has no universal elements (cf. [20], sec. 20,
21 (b)).

In this note we present a strengthening of the remarkable result of Krasinkiewicz
and Minc, using a different approach.

Theorem 1.1. There is a collection D,, o < wy, of planar countable fans such
that for any completely metrizable separable X, if each D,, is a continuous (home-
omorphic) image of a continuum in X then so is every chainable continuum.

Since no hereditarily decomposable continuum can be mapped onto the pseu-
doarc (cf. [18], 9.A and 6.F) the fans D, in the theorem have the property
considered by Krasinkiewicz and Minc. The bracket version of the assertion, with
X being the plane, implies the Bing’s theorem [6] that chainable continua are
planar. We use, however, in our proof Oversteegen’s result [22] that countable
fans locally connected at the vertex are planar.

In a similar way we shall refine also some results of Mackowiak [19], Corollary
(3.11) and (3.12) concerning hereditarily decomposable chainable continua.

Theorem 1.2. There is a collection E,, o < wi, of hereditarily decomposable
chainable continua such that for any completely metrizable separable X, if each
E, is a continuous (homeomorphic) image of a continuum in X, then so is every
chainable continuum.

The topic has close links with a result of Darji [8] (cf. [4]) that hereditarily
decomposable continua form a non - analytic set in the hyperspace of the plane, cf.
sec.5. Darji’s proof is based on a classical Hurewicz’s theorem that the collection
of compact subsets of the rationals is not analytic in the hyperspace of the interval,
and the Hurewicz’s theorem is also in the core of our reasoning.

2. COLLECTIONS OF PLANAR FANS ASSOCIATED WITH CHAINABLE CONTINUUM

Let K be a chainable continuum. We shall fix a metric compactification L of
the half - line [0, 00) with K being the remainder, i.e., the ray wraps around K
in L (cf. [1], [5]). Let R; be the copy of [i,00) in L and let e be the origin of the
ray Rp.

Since K is chainable, so is L (cf. [5]). For each n = 1,2,..., let us fix a
continuous map p,, : L — [0, 1] with fibers of diameter < 1/n taking Ry U K to
[1/2,1] and mapping Ry \ R; homeomorphically onto [0,1/2).
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Let C be the Cantor set and let @ = {¢1,¢2,...} be a countable set dense in
C. We shall consider the upper semi - continuous decomposition of the product
C x L whose elements are the sets {g,} x p;,(a), for a € (0, 1], the set C x {e},
and the singletons {(¢,2)} with ¢t € @ and x # e (cf. [2], proof of Theorem 1).

Let M be the decomposition space and 7w : C' x L — M the quotient map.
Let us consider the ”sections”

(1) My =n({t} x L) for teC.
Then

(2) M, is an arc for ¢ € @,

(3) M; is a copy of L for te C\Q.

For each compact set A C C we let
(4) M(A)=m(AxL)=| J{M,; : t e A}.

If A is a compact subset of @, then M(A) is a countable fan (cf.(2)) with the
vertex v = m(t,e) (¢t -arbitrary). The neighbourhood 7(C' x (R \ Ry)) of the
vertex is an open cone over A, hence M(A) is locally connected at v, and by
Oversteegen’s theorem [22], Th.5.2, the fan M (A) is planar (cf. [17]).

For each countable ordinal «, let us choose a compact set A, C @ with the
Cantor - Bendixson index > « (see [14], §24, IV or [12], 6.C), and let us define
the countable fans by

(5) D, =M(A,), a<uw.

We shall close this section with the following remark (cf. [23], sec.8). Given a
space E we denote by IC(E) the hyperspace of compact subsets of E equipped with
the Vietoris topology, cf. [15], §42.1. A classical theorem of Hurewicz [11], sec.5,
implies that any analytic set in the hyperspace K(C) containing all compacta A,
a < wy, must contain also some A with A\ @ # (). Since the function A — M (A)
from K(C) to K(M) is Borel (cf. [15], §43.1,VII) we conclude that if £ C K(M)
is analytic and D,, € &€ for a < w1, then there is M(A) € £ with A\ Q # 0.

3. PROOF OoF THEOREM 1.1.

(A) We shall prove first the part of the assertion dealing with mappings.
Let K be the pseudoarc and let M and D, = M(A,) be the compactum and
the planar countable fans associated with K in sec. 2, cf. (4) and (5).
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Let X be a completely metrizable separable space, and let £ be the collection
of continua f(Z), where Z is a continuum in X and f : Z — M is a mapping.
Then & is an analytic set in the hyperspace K(M), cf. [15], §44, II, Th.2. Let us
assume that D, € £ for all @ < w;. Then, by the remark at the end of sec. 2,
there exists a compactum A in the Cantor set C such that M(A) € £ and some
te A\Q. Let f: Z — M(A) be a continuous surjection from a continuum Z
in X and let us consider the section M, cf.(1). By (3), the vertex v of M(A) is
the origin of the ray Ry wrapping around a copy of K (which we shall identify
with K) in M;. Let us choose inductively continua Z; D Z; D ... in Z such that
K c f(Z,) C R, UK, where R,, are the terminal rays in Ry, cf. sec. 2. Then
T =", Zy, is a continuum in X with K = f(T), cf. [10], Th.3.4.

Since each chainable continuum is a continuous image of the pseudoarc (cf.
Lelek [16], Mioduszewski [21] and Fearnley [9]), this completes the proof of the
non-bracket part of the assertion.

(B) To check the remaining part of the Theorem let us consider any chainable
continuum K containing topologically each chainable continuum (cf. Schori [25])
and let M and D, be the compacta defined for K in sec.2.

Let X be a completely metrizable separable space and let £ be the set of
compacta in M that embed in X. Then £ is an analytic set in the hyperspace
K(M), cf. [15], §44, II. Assume that &£ contains all fans D,, o < wy. By the
remark at the end of sec.2, £ must contain also M(A) with t € A\ Q. But then,
by (3), the compactum K embeds in X, and so does every chainable continuum.

4. PROOF OF THEOREM 1.2

We shall use, with some adjustments, the key elements of the proof of Theorem
1.1.

(A) We begin with setting some background for the construction.

Let I be the unit interval, let I°° be the Hilbert cube and let IT : I x I*°® — T
be the projection. Let G be the collection of chainable continua in I x I°°. One
readily checks that

(6) G is a G5 — set in the hyperspace K(I x I*°).

Following Anderson [3] we shall say that the projection II is atomic on a con-
tinuum Z in I x I if for every continuum 7T in Z, either II(7T') is a singleton or
O-tt)NZ T for all t € II(T).

We shall need the following fact, concerning the atomic maps cf. [19], (1.11).
Let Z be a continuum in I x I° on which II is atomic. If all fibers TI-1(¢) N Z,
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t € II(Z), are chainable, then so is Z, i.e., Z € G. If moreover, the fibers are
hereditarily decomposable, so is Z.

(B) Let us fix a chainable continuum L and let p,, : L — I be a continuous
map with fibers of diameter < 1/n. Let C and @ be as in sec. 2. We shall change
slightly the construction from sec.2, considering in the product C x L the upper
semi - continuous decomposition whose elements are the sets {g,, } xp;, (a), a € I,
and the singletons {(¢,x)} with ¢ € Q. Let 7 : C x L — M be the quotient map.
Then, with the notation introduced in sec.2, we still have (2) and (3). However,
the compacta M(A), A C K(Q) are now disjoint unions of arcs. In the next step,
the compacta M (A) will be embedded in suitably chosen chainable continua Z(A)
and we shall declare E, = Z(A,), cf. (5).

In the sequel we shall assume that M C I x I and

(7) M, =TI"*(t) M, teC.

Indeed, we can consider the quotient space m(C x L) being embedded in I*°, and
the copy {(¢t,7(t,x)): (t,x) € C x L} of M satisfies (7).

We shall also need a continuous selection o : C — M, o(t) € M;. To get such
o, let us fix a point z in L and let o(t) = (¢, 7 (¢, 2)).

(C) Let A € K(C) be infinite, and let us arrange the intervals in I \ A with
both end points belonging to A into a sequence (a;,b;), i = 1,2,.... Let J; be
segment in I x I°° joining the points o(a;) and o(b;) (cf. the end of (B) ) and let
= %, €; = b; — a;. One easily defines a continuous map ¢; : (a;,b;) — I
whose graph R; = {(¢, ¢i(t)) : t € (as,b;)} is contained in the ¢; - neighbourhood
of the continuum M,, U J; U My,, and the ray R; N H*I[ci, b;) wraps around M,,,
while the ray R; N 11~ !(a;, ¢;] wraps around M,,, such that M,, U R; U My, is a
continuum (cf. the beginning of sec. 2). We define

(8) mm:Mqum.

The definition of R;’s guarantees that the projection II is atomic on the continuum
Z(A), cf. sec. (A). Moreover, the fibers II71(¢) N Z(A) are chainable, and by the
fact recalled at the end of (A) we get

9) Z(A) eg,

where G was introduced in (A).
Let A, be the sets described in sec. 2, and let (cf. (5))

(10) E,=2Z(A,), a<uw.
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Since A, C @, property (2) shows that all fibers 171 (¢)NE,, t € II(E, ), are either
arcs or singletons, and by the fact quoted at the end of (A), E, is hereditarily
decomposable.

(D) We are ready to justify Theorem 1.2 by a reasoning similar to that in sec.

Let the continuum L in (B) be the pseudoarc, and let E, be defined by (10).

Let X be a completely metrizable space such that the collection £ of all con-
tinua in I x I°° which are continuous images of some continua in X, contains all
E,.

The set £ is analytic and so is the set A of compact sets A C C such that
M(A) = ZNTI71(A) for some Z € £€NG. This follows from the fact that the
maps A — M(A) and (Z, A) — ZNI1(A), where A € K(C), Z € K(I x ), are
Borel. By the assumption, A, € A for all @ < wq, cf. (8), (9), (10). Therefore,
as was noticed at the end of sec. 2, there must be A € A with some t € A\ Q. It
follows that there is a continuum H in X and a continuous map f: H — [ x I
such that f(H) € G and M; = f(H)NII71(t), t € Q. Since f(H) is chainable,
there is a continuum S in H with M; = f(S5), cf. [19] (1.10) and [24], Theorem
4. Tt follows that S is mapped continuously onto the pseudoarc, and hence onto
every chainable continuum.

The bracket version of Theorem 1.2 can be checked in a similar way, starting
from any chainable universal continuum L, cf. sec. 3 (B).

5. COMMENTS

Darji’s construction [8] can also be used to demonstrate the Krasinkiewicz -
Minc theorem. However the present approach seems more handy for the refine-
ments.

The simplest instance of our construction, with K in sec. 2 being the unit
interval, provides fans D,, o < wi, such that no arcwise connected continuum
maps onto every D,. This gives another proof of Corollary 1 in [8].

As was mentioned in the Introduction, Darji proved that hereditarily decom-
posable continua in the plane form a coanalytic but not analytic set in the hy-
perspace. Theorem 1.2 shows that the same is true for hereditarily decomposable
chainable continua in the plane.

REFERENCES

[1] J.M.Aarts and P. van Emde Boas, Continua as remainders in compact extensions, Nieuw
Arch. Wisk. 15 (1967), 34 - 37.



ON KRASINKIEWICZ - MINC THEOREM 875

[2] J.M.Aarts and R.Pol, A closure property for normal families of spaces, Bull. Acad. Polon.
Sci. 40 (1992), 293 - 296.

[3] R.D.Anderson, Atomic decomposition of continua, Duke Math. J. 23 (1956), 507 - 514.

[4] H.Becker, The number of path - components of a compact subset of R™, in: Logic Collo-
quium’95, J.A.Makowsky, E.V.Ravve (eds.), Springer Verlag 1998, 1 - 16.

[5] D.P.Bellamy, An uncountable collection of chainable continua, Trans. Amer. Math. Soc. 160
(1971), 297 - 304.

[6] R.H.Bing, Snake - like continua, Duke Math. Journ. 18 (1951), 653 - 663.

[7] J.J.Charatonik, On fans, Dissertationes Math. 56 (1967).

[8] U.B.Darji, Complexity of hereditarily decomposable continua, Topology and Appl. (to ap-
pear).

[9] L.Fearnley, Characterizations of the continuous images of the pseudoarc, Trans. Amer. Math.
Soc. 111 (1964), 380 - 399.

[10] J.Grispolakis and E.D.Tymchatyn, Continua which admit only certain classes of onto map-
pings, Topology Proceedings 3 (1978), 347 - 362.

[11] W.Hurewicz, Zur Theorie der analytischen Mengen, Fund. Math. 15 (1930), 4 - 17.

[12] A.S.Kechris, Classical Descriptive Set Theory, Berlin (1994), Springer-Verlag.

[13] J.Krasinkiewicz and P.Minc, Nonexistence of universal continua for certain classes of curves,
Bull. Acad. Polon. Sci. 24 (1976), 733 - 741.

[14] K.Kuratowski, Topology, vol. I, New York (1966), Academic Press.

[15] K.Kuratowski, Topology, vol. II., New York (1968), Academic Press.

[16] A.Lelek, On weakly chainable continua Fund. Math. 51 (1962), 271 - 282.

[17] A.Lelek, On the topology of curves I, Fund. Math. 67 (1970), 25 - 367.

[18] T.Mackowiak, Continuous mappings on continua, Dissertationes Math. 158 (1979).

[19] T.Mackowiak, Singular arc-like continua, Dissertationes Math. 257 (1986), 5 - 35.

[20] T.Mac¢kowiak and E.D.Tymchatyn, Continuous mappings on continua II, Dissertationes
Math. 225 (1984).

[21] J.Mioduszewski, A functional conception of snake-like continua, Fund. Math. 51 (1962),
179 - 189.

[22] L.G.Oversteegen, Fans and embeddings in the plane, Pacific Journ. Math. 83 (1979), 495 -
503.

[23] E.Pol, R.Pol, M.Reniska, On countable - dimensional spaces with the Menger property,
rational dimension and a question of S.D.Iliadis, Monatsh. fiir Math. 128 (1999), 331 - 348.

[24] D.R.Read, Confluent and related mappings, Coll. Math. 29 (1974), 233 - 239.

[25] R.M.Schori, A universal snake - like continuum, Proc. Amer. Math. Soc. 16 (1965), 1313 -
1316.

Received September 20, 1999
Revised version received February 25, 2000

(Elzbieta Pol) INSTITUTE OF MATHEMATICS, UNIVERSITY OF WARSAW, BA-
NACHA 2, 02-097 WARSAW, POLAND
E-mail address: pol@mimuw.edu.pl



876 E.POL AND R.POL

(Roman Pol) INSTITUTE OF MATHEMATICS, UNIVERSITY OF WARSAW, BA-
NACHA 2, 02-097 WARSAW, POLAND
E-mail address: pol@mimuw.edu.pl



