Math 1314
Lesson 15
Second Derivative Test and Optimization
There is a second derivative test to find relative extrema. It is sometimes convenient to
use; however, it can be inconclusive. Later in the course, we will use a similar second
derivative test to find maxima and minima of functions with two variables.

The Second Derivative Test

L4 Find all critical numbers. (Recall: Critical numbers are in the domain of the function
where f'(x)=0 or where f’(x)is undefined.) For example:

%Compute f''(c) for each critical number C. /
(a) If f'"(c)> 0, then f has a relative minimum at C. /'\‘
(b) If—f-r((':-)'<_0-, then f has a relative maximum at C.
(c) If f''(c) = 0, then the test fails. It is inconclusive. Try another method.

Note: To find the y coordinate of a relative maximum or relative minimum, substitute the
value you found for X into the original function.

Example 1: Find the X and y coordinates of any relative extrema using the Second

Derivative Test if f(x)= %X3 —-2x* —-5x-10.

-Q‘(i\ = x-U¥ -5 “'CJO'k ‘-Q‘l
= (!—55(,(-»“
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(D= 6>0 Rel min at x=>
L(D= - U b222 =

D=6 <D Rel mox ot x=-2
F(-B-—--l.5555=1
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Now you’ll work some problems where the objective is to optimize a function. That
means you want to make it as large as possible or as small as possible depending on the
problem.

1. Find the derivative of the function.

2. Find any critical points.

3. Once you have the critical points, use the second derivative test to verify that you have
an absolute max or an absolute min.

Example 2: A company finds that the cost to produce X units of its best-selling item can

1,411,788
X

be modeled by the function C(X) = +6x”. How many units should the

company produce if it wishes to minimize its cost? What is the minimum cost?
Enter the function into GGB then find its domain. D aln ¢ ( 0, 003

1. Find its derivative using GGB.
Command: C /
4000
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2. Find any critical points.
Command: Answer:
/
rootsL €', 0, 1007 k=49« crikical *

NoTE
3. Verify you have a minimum.
Command: Answer: Ois ‘)0" a

c"(49) = 36>0 Re[zabs min critical #
snce Ois ol

4. How many units should the company produce if it wishes to minimize its cost? -
. N
4Q upids ; H\e: n
t::: (f’lv cj:) - ~1¥ E!?‘:ZI'SS ooy

Min cost 843,218
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If the function is not given, the first task is to write a function that describes the situation
in the problem.

1. Read the problem carefully to determine what function you are trying to find.

2. If possible, draw a picture of the situation. Choose variables for the values discussed
and put them on your picture.

3. Determine if there are any formulas you need to use, such as area or volume formulas.

Example 3: A homeowner wants to fence in a rectangular vegetable garden using the
back efher garage (which measures 20 feet across) as part of one side of the garden. She
h fencing material and wants to use that to build the fence. What should be
the dimensions of the garden if she fences in the maximum possible area? What is the
maximum area?

N P"x 1. Determine the function that describes the situation, and write it in terms of one
L variable (usually X).

Areq = xY

WO = ><+\{+¥+\|—20
o= 2x+2y-20
\%0 =.2?F>i€1d-'1rts§ e

erivative using GG:B.

Garane
20

GarJen X

Command: \‘

A(") = X ( 65- h LN

AN = -2x+65 AN

: . + - —
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-501

2. Find any critical points.
Command: Answer:

root LA\ X= 2325 & ercol Fom'\

3. Verify you have a maximum.
Command: Answer:

A (22)=-2. <O Abs. mou

4. Dimensions?

w= 3258 < oidth
\‘ = ??&ﬁﬁ 65-22.5 = 325 Q-\é \ehé*\\
Command: 1 Answer:

A(z25 1086.25 &
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Example 4: A man wishes to have a vegetable garden enclosed by a fence in his
backyard. The garden is to be a rectangular area of 289 _ft_2 Find the dimensions of the
garden that will minimize the amount of fencing material needed.

1. Determine the function that describes the situation, and write it in terms of one

variable (usually X).

MIN
X GOJ"JQ‘\

2. Find its derivative using GGB.
Command:

P‘ = 2)3'_51‘2
X+

2. Find any critical points.
Command:

roots, [ ®' 10,201

3. Verify you have a minimum.
Command:

P( =0.2252 >0  Abs. min

4. Dimensions?

x= V18
\": 28q - qu

vl VB

A=y

e X &

2204 = y
(&hr 1
284

\p__._ 2x+2~‘ \= ==

PG =2y + l(lg—qB

P(Q=2x+'§__1g

Do main
X (0,79
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Answer: . _\
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NOTE
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Example 5: If you cut away equal squares from all four corners of a piece of cardboard
and fold up the sides, you will make a box with no top. Suppose you start with a piece of
cardboard the measures 3 feet by 8 feet. Find the dimensions of the box that will give a
maximum volume. What is the maximum volume?

Mk)( 1. Determine the function that describes the situation, and write it in terms of one
variable (usually X).

} <[ ix
V= fw}\ 3 ) '-’
VE=(8-203 20" 8 *

2. Find its derivative using GGB.
Command: i
3

30

V = ,2)(2- L“’ W+ 24 20}

101

- + .'-._ - - / - . —
-1 o 2 3 4 5 &
-0

-20
2. Find any critical points.
Command: Answer:

= . 6667
l"Oo"’ [ Vv '3 X
Y =%
3. Verify you have a maximum.
Command: Answer:

V”(- 6661 = -27.9992 <O Abs. max

4. Dimensions?

<= . 6667 4+« hei ht d-2x= 3-2( 666D = I. 6_2;-57

8- 2x = 8- 2( 666D = 6.666 T f 1= 1Q,UH, o
6.66671 x |. 66671 X . 6667 1 width

Command: Answer:

V(6667)= 7407 -Ff
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Example 6: Postal regulations state that the girth plus length of a package must be no
more than 104 inches if it is to be mailed through the US Postal Service. You are
assigned to design a package with a square base that will contain the maximum volume
that can be shipped under these requirements. What should be the dimensions of the
package? (Note: girth of a package is the perimeter of its base.)

1. Determine the function that describes the situation, and write it in terms of one

variable (usually X). M k)(

\vV: xz\l
\ \Dl‘\ = )'lX"‘\I SO'\IQ (:Dr-\i

N= \OU4 - Uy

N V(D =« (104-4%)

2. Find its derivative using GGB.
Command:

1000]

800; //f’f_ﬁ\\\\\\

600{  /

|
V = —‘2)(2 +208 X wo| / \

2. Find any critical points.
Command: Answer:

reot [V} x>0
X = [7.3532

3. Verify you have a maximum.
Command: Answer:

V(113353 - 207 aaqz <0 Abs max

4. Dimensions?

X=17.2333 \nchea <« 1,ilH & he,_Qk\-

Y TIOH-Hx 210y i (1722232 = 3l 66T = lendﬂ
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Try this one: An open box has a square base and a volume of 500 in®. Find the
dimensions of the box, assuming a minimum amount of material is used in its
construction.
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Try this one: You are assigned to design some shipping materials at minimum cost.

The package will be a closed rectangular box with a square base, and must have a volume
of 50 cubic inches. The material used for the top costs 35 cents per square inch, the
material used for the bottom of the box costs 45 cents per square inch, and the material
used for the sides costs 20 cents per square inch. Find the dimensions of the box that will
minimize the cost. What is the minimum cost?
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