Math 1314
Lesson 5
One-Sided Limits and Continuity

Sometimes we are only interested in the behavior of a function when we look from one
side and not from the other. In this case, we are looking at a one-sided limit.

We write lim f(x) for a right-hand limit. We write lim f(x) for a left-hand limit.

x—a* Xx—a~

Theorem: Let f be a function that is defined for all values of x close to the target number
a, except perhaps at a itself. Then lim f(x) = L if and only if lim f(x) = lim f(x) = L.

Example 1: Given the graph of f below:

X
4 i
Find each of the following limits, if it exist.
a-ng,m f) =-2 b. XILT f) =-2 c. lim f(x) =-3
Same
X*—x+2, x<1
Example 2: Suppose f(x) =< x+1, 1< x< 2. Find each of the following limits,
-x* -5, X>2
if it exist.
2 3
- +2— x+‘ LN "-x = 51\.._
R = == >
\ 2
a. Iirzr[ f(x) b. Iin; f(x) C. Iirr21 f(x)
=24)= =-(D*5=
- =~ (=5=-1 ONE
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Continuity at a Point
A function is a continuous at a point if its graph has no gaps, holes, breaks or jumps at

that point. Stated a bit more formally, a function f is said to be continuous at the point
x = a if the following three conditions are met:

1. f(a) is defined 2. lim f (x)exists 3. limf(x)=1(a)

If a function is not continuous at x = a, then we say it is discontinuous there.

Example 3: The graph of a function given below is discontinuous at some values of x.
State the x-values of where the function is discontinuous then state why the function is
discontinuous at each one of those points.

— oW s
L ]

a. Discontinuous at: ﬁo| (
o Is f(=3 deflned’) .
7 Does I|m f(x) exists? — n . c-&"S'C,t)l\.
/ Does I:m f(x)=f )?

b. Discontinuous at: X =O
yﬁ Is f(O) defined? YCS 'G(O) ==

. Does lim f (x) exiss? NO | Jl.ln\fb
0

/ Does lim f()=H( )2

c. Discontinuous at: X = \
o Is f(A) defined> (B -p(l)‘-‘-} IZEJ'I"DO\’GUQ
° li f i ! -g N = -
Does !Lni (x) exists? Y= ) hsnl _c (x\ = -2
-,
e Does limf(x)=f( | )? I
oes fim £09=1C 1 )2 N !

-2 £ 3
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Discontinuities

A function can have a removable discontinuity, a jump discontinuity or an infinite
discontinuity.

Let f(x) be discontinuous at x = a. Then:

If Type of Discontinuity
lim f(x) = lim f(x) Jump
@ lim f (x) = f(a) Removable
at lim f(x) - %e0 or lim f(x) - oo | Infinite

Example 4: Let’s revisit the graph from Example 3.

4 |
3 °
2
1

State the type of discontinuity at:

a. Xx=-3

Tl

don

c. x=1

Pemo wable
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X—6, x<0 . . :
Example 5: Let f(x)=1 | is the function continuous at x = 0?
X“+5x+6, x>0

We need to check: L—
1. Is f(0) defined? TES“ ex-_b__‘l_@( +DX46
£d>=0-6=-6 O

- - | - NO!
2. Does Img f (x)exist? Must check lim f(x) and lim f(x). o
X—> x—0"

|im ‘F(K)‘ O-6 :TQ
X0 N ?_L_
[ F(1) = 07+5(0> +6 = 6

X-> ot
Z Iing f (x)=1(0)? i.e. Compare #1 and #2 above.

No need 4o check ' Jmf
-F(x) i« disconhhuouws a4 x =0

x> —25
Example 5: Let f(x) _{ 54+x X#-5 is the function continuous at x =-5 ?

-10, X=-5 )’3‘- >3s) 5 y‘,__ 25
We need to check: S ¥ _} 5+ X
1. Is f(-5)defined? ‘\'E.S

£(-5>=-10 -5

2. Does Iirqsf(x)exist? Must check lim f(x) and lim f(x). YES

' -5 :-25 -
e £ = E5¥=25 o
(> 5+(-3) DO
pooxEas o (eSS
X-;r?s' SH¥ X = -S (S0 = TS5

. CcEyo
3. me]sf(X) f(-5)? i.e. Compare #1 and #2 above. \rES

‘Fis confious a7t X=-S
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