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Section 5.3 Ȃ L’Hospital’s Rule 
 
Recall that earlier we first saw the indeterminate form of 0 0⁄ .  We were able to evaluate them 
further by either factoring, rationalizing, graphing the functions, etc, but that sometimes is 
not enough to calculate the limit.  Where these elementary methods are difficult to apply, we 
may be able to use LǮH���i�alǯ� ��le.  This rule makes the calculation much easier.  
  
L’Hospital’s Rule 

Let 𝑓 , 𝑔  be two functions differentiable on an open interval 𝐼 that contains 𝑐 and suppose 
that 𝑔ᇱሺ𝑥ሻ ് 0 on 𝐼  (except possibly at 𝑐).  If  lim

𝑥→𝑐
𝑓ሺ𝑥ሻ ൌ 0 and  lim

𝑥→𝑐
𝑔ሺ𝑥ሻ ൌ 0, then 

lim
𝑥→𝑐

𝑓ሺ𝑥ሻ
𝑔ሺ𝑥ሻ

ൌ lim
𝑥→𝑐

𝑓ᇲሺ𝑥ሻ
𝑔ᇲሺ𝑥ሻ

, provided that the limit on the right hand side exists.    

On the other hand, 𝑓
ᇲሺ𝑥ሻ

𝑔ᇲሺ𝑥ሻ
→ േ∞ as  → 𝑐 , then 𝑓ሺ𝑥ሻ

𝑔ሺ𝑥ሻ
→ േ∞ as well.  

 

This result also applies when the limit of 𝑓ሺ𝑥ሻ 𝑔ሺ𝑥ሻ⁄  as 𝑥 approaches 𝑐 produces one of the 
indeterminate forms ∞ ∞⁄ , ሺെ∞ሻ ∞⁄ , ∞ ሺെ∞ሻ⁄ , or ሺെ∞ሻ ሺെ∞ሻ⁄ . 

Note:  You are NOT using the quotient rule here!  

In �ome ca�e�ǡ a��l�ing LǯHo��i�alǯ� ��le once ��ill ��od�ce� an inde�e�mina�e fo�mǤ  We can 
apply the rule several times as long as the conditions of the rule are met.  As soon as we get a 
limit that is not indeterminate, we should stop.   
 
Indeterminate Form 𝟎 𝟎⁄  
 
Example 1:  Evaluate each limit, if it exists.  

a.  lim
𝑥→ସ

𝑥−ସ
𝑥ర−ଶହ଺
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b. lim
𝑥→0

10 ୟrc୲ୟn 𝑥
𝑥

 

 

 

 

 

 

 

 

 

c. lim
𝑥→గ

1+c୭s 𝑥
𝑥−గ

 

 

 

 

 

 

 

 

 

 

d. lim
𝑥→0

ହ𝑒యೣ−ହ
𝑥మ  
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Indeterminate Form ∞ ∞⁄  
 
Example 2:  Evaluate each limit, if it exists.  

a. lim
𝑥→∞

ହ√1+𝑥మ

଺𝑥మ  

 

 

 

 

 

 

b. lim
𝑥→∞

lnమ 𝑥
𝑥
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c. lim
𝑥→ഏ

మ
−

sୣc 𝑥
1+୲ୟn 𝑥

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

O�he� i�de�e�mi�a�e f��m� e�i��Ǥ Le�ǯ� �ee �ha� �e d�ǥ 
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Indeterminate Form:  𝟎 ⋅ ∞ ⇒ Rewrite the function so that you get 𝟎 𝟎⁄   or ∞ ∞⁄ .  

Generally in the case of 𝟎 ⋅ ∞ǡ ���ǯll �eed �� �e��i�e �he e���e��i�� 𝐴 ⋅ 𝐵 as  𝐴
1
𝐵

  or 𝐵
1
𝐴

 so that it 

either becomes 0 0⁄  or ∞ ∞⁄  a�d �he� ���ǯll be able �� ��e LǯH���i�alǯ� ��leǤ  Decidi�g �� 
which form to rewrite it into, remember you will need to take their derivatives, reciprocate 
the one that is easier to differentiate.  

 

Example 3: Evaluate the limit, if it exists. lim
𝑥→∞

ቀ𝑥ଶ sin 1
𝑥
ቁ 
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Indeterminate Form:  ∞ െ ∞ ⇒ Rewrite the function so that you get 𝟎 𝟎⁄   or ∞ ∞⁄ . 

 

Example 4: lim
𝑥→0+

ቀ1
𝑥

െ csc 𝑥ቁ 
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Indeterminate Powers: 𝟎𝟎, 𝟏∞, and ∞𝟎 ⇒ Use a logarithmic “trick”.  

These indeterminate powers arise if the function is of the form ሾ𝑓ሺ𝑥ሻሿ𝑔ሺ𝑥ሻ, where 𝑓ሺ𝑥ሻ ൐ 0. 

We will apply the natural logarithm function. 

First recall a couple of logarithmic rules: 𝑒ln 𝑥 ൌ 𝑥 and ln 𝑥𝑝 ൌ 𝑝 ln 𝑥. 

 

The 𝟏∞ Case 

Example 5: Evaluate the limit, if it exists. lim
𝑥→1

𝑥
య

ೣ−1 
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The 𝟎𝟎 Case 

Example 6: Evaluate the limit if it exists. lim
𝑥→0+

ሺsin 𝑥ሻ𝑥 
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The ∞𝟎 Case 

Example 7: Evaluate the limit if it exists. lim
𝑥→∞

ሺ𝑥ସ ൅ 1ሻ
1

ln ೣ 
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Summary 

 Indeterminate Forms 𝟎 𝟎⁄  or ∞ ∞⁄  ⇒ Use L’Hospital’s rule 

 Indeterminate Forms  𝟎 ⋅ ∞ or ∞ − ∞ ⇒ Rewrite the function so that you get 𝟎 𝟎⁄   

or ∞ ∞⁄  and then use L’Hospital’s rule. 

 Indeterminate Powers: 𝟎𝟎, 𝟏∞, and ∞𝟎 ⇒ Use a logarithmic “trick” to see which 

indeterminate form you have and only use L’Hospital’s rule when you get 𝟎 𝟎⁄  or 

∞ ∞⁄ . 

 The following cases are “determinate” (do not use L’Hospital’s rule): 

∞ + ∞ → ∞  

−∞ − ∞ → −∞  

𝟎∞ → 𝟎  

𝟎−∞ → ∞  

 

 


