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Discrete Mathematics 
Predicates and Quantifiers 
 
Predica�es 
 
Propositional logic is not enough to express the meaning of all statements in mathematics 
and natural language. 
 
Examples:  
Is  ǲݔ ൐ 1ǳ True or Falseǫ 
 
 
 
 
Is ǲݔ is a great tennis playerǳ True or False? 
 
Predicate Logic 

x Variables: ݖ ,ݕ ,ݔ, etc. 
x Predicates: 𝑃ሺݔሻ, 𝑄ሺݔሻ, etc. 
x Quantifiers: Universal and Existential. 
x Connectives from propositional logic carry over to predicate logic. 

 
 
A predicate 𝑃ሺݔሻ is a declarative sentence whose truth value depends on one or more 

variables. 
 
𝑃ሺݔሻ is also said to be the value of the propositional function 𝑃 at ݔ.  
 
𝑃ሺݔሻ becomes a proposition when a value of ݔ is assigned from the domain 𝑈. 
 
 
Examples (Propositional Functions):  
 

1. Let 𝑃ሺݔሻ be ǲݔ ൒ 1.ǳ Determine the truth value of  
 

a. 𝑃ሺ2ሻ 
 

b. 𝑃ሺെ2ሻ → 𝑃ሺ1ሻ 

 
 
 

2.  Let 𝑅ሺݔ, ,ݕ ݔሻ be ǲݖ ൅ ݕ ൌ  Ǥǳ Find these truth valuesǣݖ
 

a. 𝑅ሺ2, െ1, 5ሻ 
 

b. 𝑅ሺݔ, 3,  ሻݖ
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Quantifiers 
 
We need quantifiers to e�press the meaning of English �ords including all and someǣ 
 

x ǲAll students in this class are computer science majorsǳ 
x ǲThere is a math major student in this classǳ 

 
The two most important quantifiers are: 
 

x Universal Quantifier, ǲFor allǡǳ   s�mbolǣ ∀ 
x Existential Quantifierǡ ǲThere e�istsǡǳ  s�mbolǣ ∃ 

 
We write as in ∀ݔ 𝑃ሺݔሻ and ∃ݔ 𝑃ሺݔሻ. 

x ∀ݔ 𝑃ሺݔሻ asserts 𝑃ሺݔሻ is true for every ݔ in the domain. 
 
If ൌ ሼݔଵ, , ଶݔ … , ሻݔ𝑃ሺ ݔ∀    ௡  ሽ , thenݔ ൌ 𝑃ሺݔଵሻ ∧ 𝑃ሺݔଶሻ … ∧ 𝑃ሺݔ௡ሻ. 
 

x ∃ݔ 𝑃ሺݔሻ asserts 𝑃ሺݔሻ is true for some ݔ in the domain. 
 
If ൌ ሼݔଵ, , ଶݔ … , ሻݔ𝑃ሺ ݔ∃    ௡  ሽ , thenݔ ൌ 𝑃ሺݔଵሻ ∨ 𝑃ሺݔଶሻ … ∨ 𝑃ሺݔ௡ሻ. 

 
Examples: 

1. Let 𝑃ሺݔሻǣ ǲݔ ൐ െݔǳ with the domain of all positive real numbers. 
Find the truth value of ∀ݔ 𝑃ሺݔሻ. 
 
 
 

2. Let 𝑃ሺݔሻǣ ǲݔ ൐ െݔǳ �ith the domain of all real numbersǤ 
Find the truth value of ∀ݔ 𝑃ሺݔሻ. 
 
 
 
 

x The truth value of ∃ݔ 𝑃ሺݔሻ and ∀ݔ 𝑃ሺݔሻ depends BOTH on the propositional function 
𝑃ሺݔሻ and on the domain 𝑈. 
 
 

Quantifiers 

Statement When True? When False? 

 There is an x for which .ݔ ሻ is true for everyݔሻ 𝑃ሺݔ𝑃ሺ ݔ∀
𝑃ሺݔሻ is false. 

 ሻݔሻ There is an x for which 𝑃ሺݔ𝑃ሺ ݔ∃
is true. 

𝑃ሺݔሻ is false for every ݔ. 
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Example: Suppose the domain of the propositional function 𝑃ሺݔሻ: ݔଶ ൑   consists of ݔ
ሼ1, 2, 3ሽ. Write out each of the following propositions using conjunction or disjunction and 
determine its truth value. 

 ሻݔ𝑃ሺ ݔ∃ .ሻ 2ݔ𝑃ሺ ݔ∀ .1
 
 
 
An element for which 𝑃ሺݔሻ is false is called a counterexample of  ∀ݔ 𝑃ሺݔሻ 
 
Precedence of Quantifiers 
 
The quantifiers ∀ and  ∃ have higher precedence than all the logical operatorsǤ 
 
E�ampleǣ ∀ݔ 𝑃ሺݔሻ ∨ 𝑄ሺݔሻ  means ሺ∀ݔ 𝑃ሺݔሻሻ ∨ 𝑄ሺݔሻǤ ∀ݔ ሺ𝑃ሺݔሻ ∨ 𝑄ሺݔሻሻ means something 
differentǤ 
 
Negating Quantifiers 
 
De Morgan laws for quantifiers (the rules for negating quantifiers) are: 
 

൓∀ݔ 𝑃ሺݔሻ ≡  ሻݔ൓𝑃ሺݔ∃
 

൓∃ݔ 𝑃ሺݔሻ ≡  ሻݔ൓ 𝑃ሺݔ∀
 
 
Example: Express each of these statements using quantifiers. Then form a negation of the 

statement, so that no negation is left of a quantifier. Next, express the negation in simple 
English.  

 
1. ǲSome old dogs can learn new tricks.ǳ  
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2. ǲEvery bird can fly.ǳ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

ଶݔሺݔ∀ .3 ൐  ሻݔ
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Translating from English into Logical Expressions 
 
Examples: Translate the statements into the logical symbols. Let ݔ be in set of all students 
in this class. 

1. Someone in your class can speak Hindi. 
2. Everyone in your class is friendly. 
3. There is a student in your class who was not born in California. 

 
𝐻ሺݔሻ  ൌ ሻݔ𝐻𝑖݊𝑑𝑖”, 𝐹ሺ ݏ𝑒𝑎𝑘݌ݏ ݔ “  ൌ ,ݕ𝑖𝑒݊𝑑𝑙ݎ𝑓 ݏ𝑖 ݔ “ ” 𝐶ሺݔሻ ൌ .𝑖𝑎݊ݎ݋𝑖݊ 𝐶𝑎𝑙𝑖𝑓 ݊ݎ݋𝑏 ݏ𝑎ݓ ݔ “ ” 
 
 
 
 
 
 
 
Example: Translate the follo�ing sentence into predicate logic and give its negationǣ  

ǲEver� student in this class has taken a course in JavaǤǳ 
Sol��ionǣ 
Firstǡ decide on the domain UǨ 

Sol��ion ͳǣ If U is all students in this classǡ define a propositional function JȋxȌ 
denoting ǲ� has taken a course in Javaǳ and translate as  

 
Sol��ion ʹǣ But if U is all peopleǡ also define a propositional function Sȋ�Ȍ denoting ǲ� 

is a student in this classǳ and translate as     
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E�ampleǣ Translate the follo�ing sentence into predicate logicǣ  

ǲSome student in this class has taken a course in JavaǤǳ 

Sol��ionǣ 

Firstǡ decide on the domain UǨ  
Sol��ion ͳǣ If U is all students in this classǡ translate as  
 
Sol��ion ʹǣ But if U is all peopleǡ then translate as             

         
 
 
 


