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Discrete Mathematics 
Nested Quantifiers 
 
Nested quantifiers 
Nested quantifiers are often necessar� to e�press the meaning of sentences in English as 
well as important concepts in computer science and mathematicsǤ  

E�a��leǣ ǲEver� real number has an additive inverseǳ is translated as ∀ݕ∃ ݔሺݔ ൅ ൌ ݕ   0ሻǡ 
where the domains of ݔ and ݕ are the real numbersǤ 

 
E�a��leǣ Translate into English the statement 

ݔሺሺݕ∀ݔ∀ ൏ 0ሻ ∧ ሺݕ ൏ 0ሻ → ሺݕݔ ൐ 0ሻሻ 
 

 where the domains of ݔ and ݕ are the real numbersǤ 
 
 

 
Order of quantifiers 
Examples:  

1. Let 𝑃ሺݔ, ൅ ݔሻ be the predicate ǲݕ ൌ ݕ  ൅ ݕ   ǳ Assume that ܷ is the realݔ 
numbersǤ Determine the truth value of  ∀ݕ∀ݔ 𝑃ሺݔ, ,ݔ𝑃ሺ ݔ∀ݕ∀ ሻ  andݕ  ሻ Ǥݕ

 
 
 

2. Let 𝑄ሺݔ, ൅ ݔ“ ሻ be the predicateݕ ൌ ݕ   0ǳ Assume that ܷ is the real 
numbersǤ Determine the truth value of ∀ݕ∃ݔ𝑄ሺݔ, ,ݔ𝑄ሺݔ∀ݕ∃ ሻ andݕ  ሻǤݕ

 
 
 
 
 

Pay attention to the order of quantifiers when there are different ones in one 
statement! 

 
 
E�a��leǣ Let ܷ be the real numbersǤ Define 𝑃ሺݔ, ሻݕ ∶ ∙ ݔ  ൌ ݕ   0Ǥ 

    What is the truth value of the followingǫ  

,ݔ𝑃ሺݕ∀ݔ∀ .1        ሻݕ
 
 

,ݔ𝑃ሺݕ∃ݔ∀ .2       ሻݕ

   

,ݔ𝑃ሺ ݕ∀ݔ∃ .3        ሻݕ

 
,ݔ𝑃ሺݕ∃ݔ∃ .4 ሻݕ
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Example: Let U be the real numbersǤ Define 𝑃ሺݔ, ሻݕ ∶ ൌ ݕ / ݔ   1 

   What is the truth value of the followingǫ 
 

,ݔ𝑃ሺݕ∀ݔ∀ .1  ሻݕ
 

,ݔ𝑃ሺݕ∃ݔ∀ .2  ሻݕ
 

,ݔ𝑃ሺ ݕ∀ݔ∃   .3   ሻݕ
    

,ݔ𝑃ሺݕ∃ݔ∃ .4 ሻݕ

 
T�a��la�i�g Ma�he�a�ical S�a�e�e��� i��� S�a�e�e��� �i�h Ne��ed Q�a��ifie�� 
 
Example: Express the following statement using mathematical and logical operators, 
predicates, and quantifiers. The domain consists of all integers. 
 

1. The sum of two negative integers is negative. 
 
 
 
 
 

2. The difference of two positive integers is not necessarily positive. 
 
 
 
 
 
T�a��la�i�g Ne��ed Q�a��ifie�� i��� E�gli�h 
E�a��leǣ Translate the statement  ∀ݔ  ሺ𝐶ሺݔ ሻ ∨ ሻ ݕሺ𝐶ሺ ݕ∃   ∧  𝐹ሺݔ,   ሻሻሻݕ
     where 𝐶ሺݔሻ is ǲݔ has a computerǡǳ and 𝐹ሺݔ,  are friendsǡǳ and the domain for ݕ and ݔሻ is ǲݕ

both ݔ and ݕ consists of all students in �our schoolǤ  
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E�a��leǣ  Translate the statement  ∃ݖ∀ ݕ∀ݔ ሺሺ𝐹ሺݔ, ሻݕ ∧  𝐹ሺݔ, ሻݖ  ∧  ሺݕ ് ሻሻݖ → ൓𝐹ሺݕ,  ሻሻݖ

 
 
 
 

 

 
 
E�a��le�ǣ E�press in predicate logic using the following predicatesǤ 

𝐵ሺݔ, ሻݕ ൌ ,ݕ ݂݋ ݎ݄݁ݐ݋ݎܾ ܽ ݏ݅ ݔ ܵሺݔ, ሻݕ ൌ  ݕ ݂݋ ݈ܾ݃݊݅݅ݏ ܽ ݏ݅ ݔ
𝐿ሺݔ, ሻݕ ൌ  ݕ ݏ݁ݒ݋݈ ݔ

 
1. ǲBrothers are siblingsǤǳ 

 
 
 

2. ǲEver�bod� loves somebod�Ǥǳ 
 
 
 

3. ǲThere is someone who is loved b� ever�oneǤǳ 
 
 
 

4. ǲThere is someone who loves someoneǤǳ 
 
 
 

5. ǲEver�one loves himselfǳ 
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Negating Nested Quantifiers 
x Use De Morganǯs Laws to move the negation as far inwards as possibleǤ 

 
E�a��leǣ E�press the negation of the statement ∀ݕ∃ݔሺݕݔ ൌ 1ሻ so that no negation 
precedes a quantifierǤ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 


