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Discrete Mathematics
Nested Quantifiers

Nested quantifiers
Nested quantifiers are often necessary to express the meaning of sentences in English as
well as important concepts in computer science and mathematics.

Example: “Every real number has an additive inverse” is translated as Vx 3y(x + y = 0),
where the domains of x and y are the real numbers.

Example: Translate into English the statement
VxVy(x <0)A(y<0) - (xy>0))

where the domains of x and y are the real numbers.

N egabve. 4 ren neqa'l\'ve Is  posihve .
J J !

Order of quantifiers

Examples:
1. Let P(x,y) be the predicate “x + y = y + x” Assume that U is the real
numbers. Determine the truth value of VxVy P(x,y) and VyVx P(x,y) .

True Truea

2. LetQ(x,y) be the predicate “x + y = 0” Assume that U is the real
numbers. Determine the truth value of Vx3yQ(x, y) and 3yvxQ(x,y).

True False |

Pay attention to the order of quantifiers when there are different ones in one
statement!

Example: Let U be the real numbers. Define P(x,y) : x - y = 0.
What is the truth value of the following?

1. VxVyP(x,y) FalSe_ 3. 3xVy P(x,y) i) rae
2-34#0 x=0
2. vxayP(x,y) | rue 4. Ax3yP(x,y) True

J =0
© 2020, L. Perepelitsa



Page 2 of 4

Example: Let U be the real numbers. Define P(x,y) : x /y = 1
What is the truth value of the following?

1. VxvyP(x,y) False (’;:g> 3. 3xvy P(x,y) False (\l---Cb

2. Vx3yP(x,y) Fqlse 4, Ix3IyP(x,y) True
(x=0) (&x: “",2-“2'"3‘"3"}

Translating Mathematical Statements into Statements with Nested Quantifiers

Example: Express the following statement using mathematical and logical operators,
predicates, and quantifiers. The domain consists of all integers.

1. The sum of two negative integers is negative.

W ¥y ((x=0> A (y <O — (x+) <0

2. The difference of two positive integers is ;1;)t= necessarily Positive.
o N % -‘J\[ ( (x>® A C7 >® — (% ‘\'\[3 >03

Translating Nested Quantifiers into Englisla( ‘“A
Example: Translate the statement Vx (C(x)V 3y (C(y) A F(x,y)))
—— —

where C(x) is “x has a computer,” and F(x, y) is “x and y are friends,” and the domain for
both x and y consists of all students in your school.

EverJ sfudend .‘ndour cchoo| hon a
c_omPu'fef or I\a_.b Qa *R"iencl (-ﬁzom Ju‘s/l’»er'

SC‘J\DD[> +hed has a GO""-fUd'e—"
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Example: Translate the statement 3xVy Vz ((F(x,y) A F(x,z) A (y # 2)) = =F(y,2))

There is a studend in your schaol
csuch Fhat none of his /i\er fiends

are ‘Q”ie_nol«b wit“'\ eo,o"\ o-“':ef‘

Examples: Express in predicate logic using the following predicates.
B(x,y) = x is a brother of y, S(x,y) = xis asibling of y
L(x,y) = x loves y
1. “Brothers are siblings,”

Wx Ny (B = SGad)

2. “Everybody loves somebody.”
¥ % 3 \{ L Cx‘ \D

3. “There is someone who is loved by everyone.”
ay¥x LG YD

4, “There is someone who loves someone.”
Ax Ay LGP
5. “Everyone loves himself”

N« L()“>‘>
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Negating Nested Quantifiers

e Use De Morgan’s Laws to move the negation as far inwards as possible.

Example: Express the negation of the statement Vx3y(xy = 1) so that no negation
precedes a quantifier.

gk 3y (xy =4
= 3y 3 ey =0
A x "Hﬂbﬂ:ﬁ'\
A % “f‘\(x\\#&\
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