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Discrete Mathematics 
Functions 
 

Defini�i�nǣ A  f��c�i�� 𝑓  from a set 𝐴 to a set 𝐵ǡ denoted 𝑓: 𝐴 →  𝐵 is a wellǦdefined rule 
that assigns each element of 𝐴 to e�actl� one element of 𝐵Ǥ   

We write 𝑓ሺ𝑎ሻ  ൌ  𝑏 if 𝑏 is the unique element of 𝐵 assigned b� the function f to the element 
𝑎 of 𝐴Ǥ  
 
E�am�leǣ  
 
 
 
 
 
 
 
 
 
 
 
Recallǣ Let 𝐴 and 𝐵 be setsǤ The Ca��e�ia� ���d�c� of 𝐴 and 𝐵ǡ denoted b� 𝐴 ൈ 𝐵ǡ is the set of 
all ordered pairs ሺ𝑎, 𝑏ሻǡ where 𝑎 ∈ 𝐴 and 𝑏 ∈ 𝐵Ǥ 
 
We can define a function 𝑓: 𝐴 →  𝐵 as a subset of the Cartesian product 𝐴 ൈ 𝐵Ǥ 
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Given a function f ǣ A ՜ Bǣ       

                                         
 

y We sa� f ma�� A to B �� f is a ma��i�g from  A to BǤ 
y A is called the d�mai� of fǤ 
y B is called the c�d�mai� of fǤ 
y If fȋaȌ ε bǡ  

y then b is called the image of a under fǤ 
y a is called the ��eimage of bǤ 

y The range of f is the set of all images of points in A under fǤ We denote it b� fȋAȌǤ 
y Two functions are e��al when the� have the same domainǡ the same codomain 

and map each element of the domain to the same element of the codomainǤ  
 
Example: Let 𝑓: 𝐴 →  𝐵ǡ where 𝐴 ൌ ሼ𝑎, 𝑏, 𝑐, 𝑑ሽǡ 𝐵 ൌ ሼݔ, ,ݕ ሽǡ and 𝑓ሺ𝑎ሻݖ ൌ ,ݖ 𝑓ሺ𝑏ሻ ൌ   ,ݕ
𝑓ሺ𝑐ሻ ൌ ,ݖ 𝑓ሺ𝑑ሻ ൌ   Ǥݖ
  

a. 𝑓ሺ𝑎ሻ ൌ? 
 

b. The image of 𝑑 is? 
 
 

c. The domain of 𝑓 is? 
 
 

d. The codomain of 𝑓 is? 
 
 

e. The preimage of ݕ is? 
 
 

f. 𝑓ሺ𝐴ሻ  ൌ ? 
 
 

g. The preimage(s) of ݖ is (are)? 
 
 
 

h. The range of 𝑓 is? 
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Definition: A function f is said to be ��eǦ��Ǧ��eǡ or i�jec�i�eǡ if and onl� if 𝑓ሺ𝑎ሻ  ൌ  𝑓ሺ𝑏ሻ 
implies that  𝑎 ൌ  𝑏 for all 𝑎 and 𝑏 in the domain of 𝑓.  A function is said to be an i�jec�i�� if 
it is oneǦtoǦoneǤ 
 
Example:  
 
 
 
 
 
 
 
 
 

Defini�i�nǣ A function 𝑓 from 𝐴 to 𝐵 is called ���� or ���jec�i�eǡ if and onl� if for ever� 
element 𝑏 ∈ 𝐵 there is an element 𝑎 ∈ 𝐴 with 𝑓ሺ𝑎ሻ ൌ 𝑏Ǥ  A function f is called a ���jec�i�� if 
it is ����Ǥ 
 
Example:  
 
 
 
 
 
 
 
 
 
 
 

Defini�i�nǣ A function f is a ��eǦ��Ǧ��e c���e����de�ceǡ or a bijec�i��ǡ if it is both oneǦtoǦone 
and onto ȋsurjective and injectiveȌǤ 
 
Example:  
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Suppose that  𝑓: 𝐴 →  𝐵Ǥ 

T� �h�� �ha� ࢌ i� injec�i�eǣ Show that if 𝑓ሺݔሻ ൌ 𝑓ሺݕሻ for arbitrar� ݔ, ݕ ∈ 𝐴ǡ then ݔ ൌ  Ǥݕ

T� �h�� �ha� ࢌ i� not injec�i�eǣ Find particular elements ݔ, ݕ ∈ 𝐴 such that ݔ ്  and ݕ

𝑓ሺݔሻ ൌ 𝑓ሺݕሻǤ 

T� �h�� �ha� ࢌ i� ���jec�i�eǣ Consider an arbitrar� element ݕ ∈ 𝐵 and find an element ݔ ∈

𝐴 such that 𝑓ሺݔሻ ൌ  Ǥݕ

T� �h�� �ha� ࢌ i� not ���jec�i�eǣ Find a particular ݕ ∈ 𝐵 such that 𝑓ሺݔሻ ് ݔ for all ݕ ∈ 𝐴Ǥ 

 

Example: Let 𝑓 be the function from ሼ𝑎, 𝑏, 𝑐, 𝑑ሽ to ሼ1,2,3ሽ defined b� 𝑓ሺ𝑎ሻ  ൌ  3, 𝑓ሺ𝑏ሻ  ൌ
 2, 𝑓ሺ𝑐ሻ  ൌ  1, and 𝑓ሺ𝑑ሻ  ൌ  3Ǥ Is f an onto functionǫ 
 
 
 
Example: Is the function  𝑓ሺݔሻ  ൌ ଶݔ 

   
 from the set of integers to the set of integers ontoǫ   

 
 
 
 
 
 

Example: Determine if each function is a bijection. 

a. 𝑓ሺݔሻ ൌ ݔ2 ൅ 1 
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b. 𝑓ሺݔሻ ൌ ଶݔ ൅ 1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Definition: Let 𝑓 be a bijection from 𝐴 to 𝐵Ǥ Then the i��e��e of 𝑓ǡ denoted 𝑓ିଵǡ is the 
function from 𝐵 to 𝐴 defined as 𝑓ିଵሺݕሻ ൌ ሻݔiff 𝑓ሺ ݔ ൌ  Ǥݕ

 

No inverse exists unless f is a bijection. Why? 
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E�am�leǣ Let f be the function from ȓaǡ bǡ cȔ to ȓͳǡʹǡ͵Ȕ such that fȋaȌ ε ʹǡ fȋbȌ ε ͵ǡ and fȋcȌ ε 
ͳǤ Is f invertible and if so what is its inverseǫ 
 
 
 
 
 
 
 
 
 
 
 

E�am�leǣ Let 𝑓: ℤ → ℤ be such that 𝑓ሺݔሻ ൌ ൅ ݔ2  1Ǥ Is 𝑓 invertibleǡ and if soǡ what is its 
inverseǫ  

 

 

 

 

 

 

 

E�am�leǣ Let 𝑓: ℝ →  ℝ be such that 𝑓ሺݔሻ ൌ  Ǥ Is 𝑓 invertibleǡ and if soǡ what is its|ݔ|
inverseǫ  
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Defini�i�nǣ Let 𝑓: 𝐵 →  𝐶ǡ 𝑔: 𝐴 →  𝐵Ǥ The c�m���i�i�� �f 𝑓 �i�h 𝑔ǡ denoted 𝑓 ∘ 𝑔 is the 
function from 𝐴 to 𝐶 defined b� ሺ𝑓 ∘ 𝑔ሻሺݔሻ ൌ 𝑓ሺ𝑔ሺݔሻሻǤ 
 
E�am�leǣ 𝑓ሺݔሻ ൌ ሻݔଶ and 𝑔ሺݔ ൌ ݔ2 ൅ 1Ǥ Find ሺ𝑓 ∘ 𝑔ሻሺݔሻ and 𝑔 ∘ 𝑓ሺݔሻǤ 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
E�am�leǣ Let g be the function from the set ȓaǡ bǡ cȔ to itself such that gȋaȌ ε bǡ gȋbȌ ε cǡ and 
gȋcȌ ε aǤ Let  f  be the function from the set ȓaǡ bǡ cȔ to the set ȓͳǡʹǡ͵Ȕ such that fȋaȌ ε ͵ǡ fȋbȌ ε 
ʹǡ and fȋcȌ ε ͳǤ 
    What is the composition of f and gǡ and what is the composition of g and fǤ 
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Some important functions 
 

x The fl��� functionǡ denoted ⌊ݔ⌋ is the largest integer less than or equal to ݔǤ 
x The ceili�g functionǡ denoted ⌈ݔ⌉is the smallest integer greater than or equal to ݔǤ 

 
Example:  
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x Factorial function 

Definition: 𝑓: ℕ →  ℤାǡ denoted b� 𝑓ሺ𝑛ሻ  ൌ  𝑛! is the product of the first 𝑛 positive integersǤ  
𝑓ሺ𝑛ሻ ൌ 1 ∙ 2 ∙ 3 ⋯ ሺ𝑛 െ 1ሻ ∙ 𝑛 . 𝑓ሺ0ሻ ൌ 0! ൌ 1 
 
Example: Find f(2), f(3), f(4). 
 
 
 
 
 
 


