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MATH 3336 - Discrete Mathematics
Mathematical Induction (5.1)

We can reach step k£ + | if
we can reach step k

We can reach
step |

(from Discrete Mathematics and Its Applications by K. Rosen)
Suppose we have an infinite ladder:

1. We can reach the first rung of the ladder.
2. If we can reach a particular rung of the ladder, then we can reach the next rung.
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Principle of Mathematical Induction: To prove that P(n) is true for all positive integers n, we
complete these steps: -
e Basis Step: Show that P(1) is true.
e [Inductive Step: Show that P(k) — P(k + 1) is true for all positive integers k.

To complete the inductive step, assuming the inductive hypothesis that P(k) holds for an
arbitrary integer k, show that must P(k + 1) be true.

Important points about Mathematical Induction
e Mathematical induction can be expressed as the rule of inference where the domain
is the set of positive integers.

# (P) A Yk (P(K) — P(k +1))) = ¥n P(n)

e Ina proof by mathematical induction, we do not assume that P (k) is true for all

positive integers! We show that if we assummt if P(k) is m
ust also

e Proofs by mathematical induction do not always start at the integer 1. In such a case,
the basis step begins at a starting point b where b is an integer. We will see examples
of this soon.

e Mathematical Induction cannot be used to find new theorems and does not give
insights on why a theorem works.

Example: Show that if n is a positive integer,then 1 + 2 + -+ n = nntd)

Basis step: P(4) A = A (L*&) A=A Frue
2.
Inductive step: P-Gk)d-P-Gk—l—H

I w2 4 \‘&5 then x4, dlabal = Q'%b

Tod. Hye
5-*?.+.,.+L+\<.+\ QQ\‘% LR Q‘«\}Lk *.&l
Qe ( %’AB - (“*\XC\L*?B.

2

Conclusion: By the principle of induction, the statement is true for alln € Z™.

© 20202, 1. Perepelitsa



Page 3 of 7

Example: Conjecture a formula for the sum of the first n positive odd integers. Then prove
the conjecture using mathematical induction.

A= L='Lq' Cohd'e.e:\ure.'. \A 4B+, . & (2-\'\-43 = ‘(\L
Ax=4=2%
jadsB=Q=3"

AaxbaSat=lb=4"

u
Basis step: P(A), =\ rue

Inductive step: P(k) - P(k + 1)

IF et QLoD =k dhen \v2a .. 2 QL -0 + (21e4)
= Qead™

Tnd “5? N
¢+5+5+...+Q\4-\)‘+(21L*§= a2l o«

= (e O

Conclusion: By the principle of induction, the statement is true for all odd positive n.
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Example: Use mathematical induction to prove 2" < n! For every integer n with n > 4.

Basis step: P #) 2_4 < 4‘ \6 < 2-‘\ "\'\"ue
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Inductive step: P(k) - P(k + 1)

\
10 2% < k! 'sr\'\eh\ ‘ Q‘*X

LWS R\-\

Trd W 2_4b.-\\ \
HEEY = (20!

1\4&\:2\4.2<\5? M..Q 3

—— =

LHS

PR

Conclusion: By the principle of induction, the statement is true for all integer n > 4.
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Example: Prove that n® — n is divisible by 3 whenever n is a positive integer.
> ..\.',
Basis step: P(A) 3 \ \7—-\ 5\ () ue

Inductive step: P(k) - P(k + 1)

0 303D, then 2\ Ceed—(la).
(e <TRD = Lox D ank s LA
=Q45— L)+ 2 (4L
3| (-9 Torduckive \-\ae.
3\ (D
3| (-~ 3 (L)

Conclusion: By the principle of induction, the statement is true for alln € Z*.
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Example: Use mathematical induction to prove that 7"*2 + 82"*1 js divisible by 57 for
every nonnegative integer n.

Basisstep: P(@Q) D\ \ 6’. *~ &> 5-\ \5-\ AR‘QLQ

Inductive step: P(k) - P(k + 1) 2L 42y

1S 5..‘\ kw2 'z\c-u-\ Moen 5.(\ -l‘"*b_.c Q
17258 “ gztueb _ = (_OL*?.} i~ &ZQSZ\L*\B
- 1D ~ ead™D

Qs
o + ST

- 1D+ 1 DR (£

=1 Q_\v_«z* gz.\u«\} N 5.\ &8?_\4*\>
51 ba T H. s1is1i@*

\)

Concluswn By the principle of induction, the statement is true for all n 0? \\,or\ h e&q."\"n

Yemea S\~ ("% 87’“‘) s 5"\(&7'\“5
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Example: Use mathematical induction to show that if S is a finite set with n elements,
. . . n e N
where n is a nonnegative integer, then S has 2" subsets.

Basis step: P () ‘S\:O $=¢ ¢ se\ "\O.b 2?=L
A subsek $<P Arue

Inductive step: P(k) - P(k + 1)

Lot A be o set with L e(emen‘ls .
ASSume A has 2.k subse"f;,
Then IBl= L+l hanr 24 cubsedts.

B=A+{a}
"ISO"P B: o Sa.l:se:ls o’P A
b -n\er"e are 2K ot "H\e.be C[°H>
2. SU{dY for SSA. There are 2° st

4his .
Tolal G'Eulase-fs ; 2%+ 2k = ok*!

Conclusion: By the principle of induction, the statement is true for all nonnegative integers.

A= {123 IO=18,48,423, 4.2 .,
B=Yu2@ i‘e(\abaké \\A\:ﬁ?:{al LY -
+ 2

/ )\ ‘\53 \ ‘k7-133 N '{ \\2 \ggg
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