Lecture 2secction 7.2 The Logarithm Function, Part I

Jiwen He

1 Definition and Properties of the Natural Log
Function

1.1 Definition of the Natural Log Function

What We Do/Don’t Know About f(x)=2"?
We know that:

n times

e For r = n positive integer, f(z) = 2" =% -x---2. To calculate 2°, we
do in our head or on a paper

2X2X2%X2x%x2x2,

but what does the computer actually do when we type

276
e Forr=0, f(z)=2"=1.
e Forr = —n, f(z) = (%)n,x7é0 = :L"lzi.
e For r = Z rational, f(z) =y, = > 0, where y? = af.  f(z) = xw is the
inverse function of g(z) = 2™ for z > 0. = gof(x) = :13%> =z.
e Properties (r and s rational)
mr—‘—s — xr I‘S, $T s _ (J}T)€7
ixr =zt /xr dr = L:ET'H +C, r#-1
dx ’ r+1 ’

/1’71 dx = / l dx =7 and z" =7 for r real.
T



What is the Natural Log Function?
y v

1 % t
area of shaded region = L(x) = J;# =3

Definition 1. The function

1
lnx:/ —dt, x>0,
1 t
is called the natural logarithm function.
e Inl=0.
elnr<Ofor0O<z<1, Inz>0forax>1.
e Lnz)=1>0 = Inz is increasing.
) %(ln z)=-2 <0 = Inz is concave down.
1.2 Examples

Example 1: Inz =0 and (Inz) =1l atz=1

y=x

-3

Exercise 7.2.23

Show that
Inz
im =
x—1 1 — 1
Proof.
1 Inz—Inl d 1
lim —% = Jim o~ —(Inx) = — =1.
z—lgx—1 2—1 -1 dx w1 Tly_q

O

The limit has the indeterminate form (%) and is interpreted here in terms

of the derivative of In x.



Example 2: Inz and z — 1

y=x

2~ ,‘/ y=Inx
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Exercise 7.2.24(a)

Show that
r—1

<lhz<z-1, Vzr>0.
T

Proof. e By the mean-value theorem, 3¢ between 1 and z s.t.
1 1
lnx:/ —dt=—-(z—1).
1 t C

e Ifz>1,then L <1 <1anda—1>0so (1) holds.

eIf0<z<1,thenl<l<landz—1<0so0(1)holds.

Example 3: Inn and Harmonic Number

y
Y=g
1 2 3 n-1 n x
Exercise 7.2.25(a)
Show that for n > 2
L Y cmncre b b
273 n S 273 n—1



Example 3: Inn and Harmonic Number
y

1 2 3 n-1

n

Proof. Let P ={1,2,---,n} be a partition of [1,n]. Then

1 1 1 "1 1 1 1
Li(P)=-+-+-+—-X< —dt<l4+-+-+---
sP) =543+ 4y /175 totgtot
Example 4: Euler’s Constant v
)7
y=x
-
1 2 3 n-1 n x
Exercise 7.2.25(c)
Show that
1 1 1 1
= = i 1+=-4+-+--- -1 1.
3 <7 ninéo( LR T nn)<
Example 4: Euler’s Constant v
¥
ST
1 2 3 n-1 n X




Proof.
e The sum of the shaded areas is given by

"1 1 1 1
W= Up(P) /1?5 to gt —lon

Example 4: Euler’s Constant v

v

Proof. (cont.)

e The sum of the areas of the triangles formed by connecting the points
(171)7 T (n 1) is

'

e e (- D] 32

Example 4: Euler’s Constant v

y

\
=

n X

Proof. (cont.)

e The sum of the areas of the indicated rectangles is

B




Example 4: Euler’s Constant v

v

Proof. (cont.)

e Since T,, < S, < R,,

1 1 1 <1+1+1+ + 1 1 <1 1
— —_ — — ... —nn —_ =
2 n 2 3 n—1 n

Letting n — co we have % <7y <L

1.3 Algebraic Properties of the Natural Log Function

Basic Property: In(zy) =Inz +Iny
Lemma 2.

In(zy) =lnz+Iny, x>0,y>0.
Proof. o Left side:

d 1 1
7 n(@y) vk A

e Right side:
d 1
%(lnx + lny) =
e Then
In(zy) =Inz+Iny+C

for some constant C. At z = 1, both sides take the same value of Iny,
thus C = 0. O

Basic Property: Inz" =rinz

Lemma 3.
Inz" =rlnz (r rational).

Proof. e Left side:



e Right side:

d
—(rInz)=r—.
dx(r nzx) -

e Then
Inz" =rlnx+C

for some constant C. At x = 1, both sides are zero, thus C' = 0. O

2 Range and Limits of the Natural Log Function

2.1 Range of the Natural Log Function

Range = (—00,00)

y=x

Theorem 4. The log function Inx has range (—oo, 00) and

lim Inx = —00, lim Inz = oo.
r—0t T —00

Proof. e Let M > 0 arbitrary in R. Since In2 > 0, 3n € N s.t.

nln2 > M, —-nln2<-—M.

e Since nln2 =1n(2") and —nln2 = In(27"),

In(2") > M, In(27™") < -M. O

2.2 Limits of the Natural Log Function

el s Inz
Limit: lim, .o 77

Theorem 5. )
lim n—rx:O for any r > 0.

r—oo I

Inx grows slower than any positive power as r — 0.



Proof. e Choose a rational number p s.t. 1 —r <p < 1. For z > 1,

1 1 1 B 1
lnx:/ fdt</ —dt = —— 7P| = (xlfp—l).
1t 1 P I—p 1 1-p

e Then

Inx 1 zl=P—1 1
<

0< =
" 1—p ar 1—p

(xl—p—r _ .’II—T)
Use the pinching theorem to take the limit as x — oo.

Limit: lim, g+ 2" Inx

.].
y=x
2= g y=Inx
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Corollary 6.
lim 2" Inx =0 for any r > 0.

z—07F
Proof. Let y = 2~!. Then

lim 2" lnxz = lim vy~ " Iny~ :
r—0+ y—00 y—oo Yy’

3 Number e

Definition 7. The number e is defined by
Ine=1

i.e., the unique number at which Inx = 1.



Theorem 8.
Ine” =r for any rational number .

Proof.
Ine" =rlne=r
Quiz
Quiz
1. Inl=7: (a) —1, (b) 0, (c) 1.
2. Ine=7: (a) 0, (b) 1, (c) e.
3. hm+ Inx =7: (a) —o0, (b) 0, (c) oo.
z—0
4. lim Inz =?: (a) —o0, (b) 0, (c) oo.
r—00
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Contents

1 Definition and Properties
1.1 Definition . . . . . . . . . ..
1.2 Examples . . . . . . ...
1.3 Properties . . . . . . .

2 Range and Limits

2.1 Range . . . . .. ...
2.2 Limits . . . . . . e
3 Number ¢



