Lecture 25section 11.5 Taylor Polynomials in x; Taylor

Series in x
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1 Taylor Polynomials

1.1 Taylor Polynomials

Taylor Polynomials

S0
P, is the polynomial that has the same value as f at 0 and the same first n
Best Approximation

Taylor Polynomials
The nth Taylor polynomial at 0 for a fu?ction fis
P,(z) = f(0) + f'(0)x + TR wzﬂl;
derivatives:
P, (0) = £(0). P(0) = f'(0), B, (0) = £(0), -+, P (0) = f™)(0).
P, provides the best local approzimation of f(x) near 0 by a polynomial of degree
<n.

Po(x) = f(0),
Pi(x) = f(0) + f/(0)z, )
Poa) = £0) + /O + T30,
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Taylor Polynomials of the Exponential f(z) =e¢
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Taylor Polynomials of f(z

Po(l')zl,
Pl(x):1+x,

.:E2
Pg(x):1+l'+§,
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P3(x):1+x+§+§,
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Taylor Polynomials of the Sine f(z) =sinz
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Taylor Polynomials of f(x) =sinz

PO(:C) = Oa
Pi(z) = Py(z) = =,

x
Py(z) = Py(z) = — 30

3 2b
P5(.13)—P6(J}) X g‘Fa,

O
P7($)_P8($)—x—§+§ R

1.2 Remainder Term

Remainder Term
Remainder Term

Define the nth remainder by R, (x) = f(z) — Py(z); that is f(z) = Py(z) +

Ry (z). Then : Condonly if 1
b . £ lim Bo(e)
Taylor’s Theaperg (*) = /(%) ifand onlyif - lim R, () =0

If f has n+1 continuous derivatives on an open interval I that contains 0, then
for each x € 1,
,,4 FOV @) (@ — )™ dt.
Lagrange Formula for t e RE alnder
For some number ¢ between 0 and z, b
f ntl (C) n+1
R,(x) = 1) x
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Taylor Polynomials of the Expon(egltial f(z) =

(n1)
Pu(e) = $O) + f O+ o+ L@ n gy = L2

!

Taylor Polynomials of the Exponeqitial flx)=¢€" (n+1)!
2 28 "
f(x) =e€", Pn()—l+x+—+§+ +F-

Remainder Term
For each real z, R,(z) =0 as n — oc.

Proof.
Let J be the interval that joins 0 to z and let M = max el Note that
0 (¢) = et for all n, then max |f"V(¢)] = M

t6J| ‘n-&-l

[ Bn(@)] < Mg 2y =

Taylor Polynomials of the Sine ]f&% =sinz

(n+1)
_ f (C) xn—&-l.

P,(x) = 0) + ; ) =
s g’maxv ) 210, afer 1)
Taylor Polynomial 5t the Sine (x)n:—’— sl Bx r i
f(z) =sinw, P7($):P8($):$—£+£—x—, and so on.
Remainder Term 3t 507!

For each real z, R, (z) — 0 as n — 0.

Yk, f®B)(t) = + cost or +sint, then max |V (#)| < 1.

|x|”+1t€J
|R,, ()] < " +1)—>0 as  n — oo.

2 Taylor Series

2.1 Taylor Series

Taylor Series
Taylor Polynomial and the Remainder

If f(x) is infinitely differentiable on interval I containing 0, then
f(x) = P,(z) + Ry(z), Vz€l;

*) (0 (n)
@) =3 IOk ) 4 ot ot LD
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— k! n!
_ f(n+1)(c) n-+1 _ l /1 (n+1) n
R, (z) = T x or R,(z)= A f (t)(z —t)" dt.
Taylor Series
(k)
If R,(x) — 0 as n — oo, then P,( Z f x — f(x). [lex] In this case,

f(x) can be expanded as a Taylor series in x and write



Taylor Series of the Exponential f(z) = e”
£(2) = Pala) + Rulo) P()—if(k)(o)k
z) = P(z n(z), Pn(x)= TR

k=0
=N OI)
If lim R,(z) — 0, then f(z Z = lim P,(z)
n—oo — n—oo
Taylor Series of the Exponential f(x) = e*
. gk x? 23
e’ = k——1+x+§+§+ for all real x
k=0
Number e
= 1
— =141
=) g =ltl+y 2, + 3 S
k=0
Taylor Series of the Sine f(z) =sinx
~ fM(0) 4
f(x) = Pa(2) + Ra(z), Pn(33>22 A z
k=0
f(’C
If lim R,(z) — 0, then f(z Z lim P,(z).
Taylor Series of the Sine f(z) =sinz
sinx = i Ll)ka?”“ —3 + x—s x—7 + for all real x
B = (2k + 1)! 31 507!
Number sin 1 .
) = (=1) 11 1
1 = — —_— — —_— — — ...
S kZ:O 2k + 1) T

Taylor Series of the Cosine f(z) = cosz

n (k)
F@) = Pale) + Ralo), - Pala) = 32 L

If lim R,(z) — 0, then f(z) = i A0 ¥ = lim P,(x).
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Taylor Series of the Cosine

I
cossz(Qk)!w —1*54’17@4’"' for all real x
Number cos1
> 1 1 1
cosl = — + — 4 .-
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Taylor Series of the Logarithm f(z) =In(1+ 3;)
f(@) = Po(x) + Ru(@), Pa(z)=) >

n—00

If lim R,(z) — 0, then f(z) = Z ! ]Z'(O) ¥ = lim P,(x).
k=0 '

> (—1)k+1 & 2 zt
In(1 = -~ =r—-—=+ == —4--- for —1 <1
n(l+x) ; L =e 2+3 4+ or <z <
Number 1n 2 - .
(—1)k+L 1 1 1
12: 7:1—7 _— =
. ; k 2t 1t

2.2 Numerical Calculations

Outline

Contents

1 Taylor Polynomials
1.1 Taylor Polynomials . . . . . .. ... .. ... ... ... ....
1.2 Remainder Term . . . . . . .. .. ... ... .. ... ... ...

2 Taylor Series
2.1 Taylor Series . . . . . . ... e
2.2 Numerical Calculations . . . ... ... . ... ... .. .....



