ODE
Sample Midterm 2 Math 3331 (Summer 2014) June 24, 2014

1. Use the Laplace Transform to find the solution of the following initial-value problems
a. y'+y=cos2t, y(0)=0, y(0)=1L.
Solution Let Y (s) = L(y(t)). Then

Ly +y)=L{cos2t} = L(y')+ L(y) = L{cos2t}
= (Y —sy(0) —y/(0)) +Y = i

s2+4

S 2+ s+4
L o y(s) =
s2+4 )= FEr D1

I[Cs. = ($+1)Y—-1=

Note that the partial fraction decomposition of Y'(s) is

¥(s) s2+s+4 1 s N 1 1 s
5) = == -3
(s2+1)(s>+4) 3s2+1 s2+1 35244

Y1) = £V (5)) (1) = 3£ (82‘11) +L ( - 1) -2 (5214)

1
= gcost+sint— gCOSQt

b. y"—y=¢e, y(0)=0, y(0)=0.
Solution Let Y (s) = L(y(t)). Then
Liy'—y)=L{} = L") Ly =L{}

= (Y —sy(0) ~(0) - ¥ =

= Y(s)=

1
(s+1)(s - 1)?

[.Cs. 2_1)Y =
s. = (s ) Py

Note that the partial fraction decomposition of Y'(s) is

¥(s) = 1 _ior o1t 11
VT G5 —12 4ds+1 4ds—1 2(s—1)7
Then
) 1 (1 1 (1 1, 1
v = @0 =367 (55) - 567 (5) 527 (a2
R S
= -e 46 +2te
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Sample Midterm 2(continued) Math 3331 (Summer 2014) June 24, 2014

20 points| 2. Consider the initial value problem

¥=-x+t, 0<t<1, =z(0)=0.5. (1)

Use the Euler, RK2 and RK4 methods to approximate the value of z(1) for a step size
h = 0.5 and compute the error of your numerical solution.

Solution We have tqg = 0, zo = 0.5, and f(t,y) = t — x. Thus, the first step of Euler’s
method is completed as follows

ti=t+h=0+05=0.,

The second step follows

to=t1+h=05+05=1

The first step of RK2 method follows. First we compute the slopes

s1 = f(to,z0) = £(0,0.5) =0—-0.5=—-05
sy = f(to+ h, o+ hs1) = f(0.5,0.25) = 0.5 — 0.25 = 0.25

Youn can now update x and ¢
1 1
The second iteration begins with computing the slopes

s1= f(ty, 1) = f(0.5,0.4375) = 0.5 — 0.4375 = 0.0625
o= f(t1 + h, 1 + hst) = f(1,0.46875) = 1 — 0.46875 = 0.53125

You can now update z and ¢
To =T+ h%(sl + 89) = 0.4375 + 0.5%(0.0625 + 0.53125) = 0.5859375
to=t1+h=054+05=1
The first step of RK4 method follows. First we compute the four slopes
s1 = f(to,x0) = f(0,0.5) = -0.5+0=—0.5
So = f(to + ﬁ, xo + ﬁ31) = £(0.25,0.375) = 0.25 — 0.375 = —0.125

2 2
h h
s3= f(to + 520+ 52) = f(0.25,0.46875) = 0.25 — 0.46875 = —0.21875

4= f(to+ h,xo + hss) = f(0.5,0.390625) = 0.5 — 0.390625 = 0.109375
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Sample Midterm 2(continued) Math 3331 (Summer 2014) June 24, 2014

Youn can now update x and ¢

1
T = X0+ hé(sl -+ 2(52 + 83) + 84)

1
=05+ 0‘56(_0‘5 +2(—0.125 — 0.21875) + 0.109375) = 0.41015625

The second iteration begins with computing the slopes

s1 = f(t1,z1) = £(0.5,0.41015625) = 0.5 — 0.41015625 = 0.08984375

h h

So = f(t; + 5011 + 531) = f(0.75,0.432617188) = 0.75 — 0.432617188 = 0.317382812
h h

sy = f(t; + 5071 + 552) = f(0.75,0.489501953) = 0.75 — 0.489501953 = 0.260498047

s1= f(t1 + h,z1 + hss) = £(1,0.540405274) = 1 — 0.540405274 = 0.459594726

You can now update z and ¢
1
To =121+ h6(81 +2(s2 + $3) + S4)
1
= 0.41015625 + 0.56(0.08984375 + 2(0.317382812 4 0.260498047) + 0.459594726) = 0.552256266
The equation is linear and we can find its solution x(t) = 3e™* +¢ — 1 (note that
z(t) = zp(t) + xp(t) with z,(t) = ce™ and z,(t) = 1). We can compute the true

t —
values: z(0.5) = 3e7%% + 0.5 — 1 = 0.40979599 and z(1) = 3¢~ = 0.551819162 We can
complete the followmg table

time approx. true value error

Euler 0.5 0.25 0.40979599  0.15979599
RK2 0.5 0.4375 0.40979599  0.02770401
RK4 0.5 0.41015625  0.40979599  0.00036026

Euler 1.0 0.375 0.551819162 0.176819162
RK2 1.0 0.5859375  0.551819162 0.034118338
RK4 1.0 0.552256266 0.551819162 0.000437104

3. Consider the initial value problem

¥ =xsint, t>0, x(0)=1. (2)

The equation is separable and the solution is z(t) = e!7°*. The Euler method, RK2
and RK4 methods, with step sizes h = 1, 0.5, 0.1 and 0.05 produce the following results.

Indicate each graph (1,2,3) by its corresponding numerical method and explain your
answer.
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Sample Midterm 2(continued) Math 3331 (Summer 2014) June 24, 2014

By 1

(1) (2) (3)

Step size =1 Step size =0.5 Step size = 1 Step size =0.5 Step size =1 Step size = 0.5
8 8 8 8 8
+
6 6 6 | 6 6
4 " 4 4 4 4
2t /4 2 . 2 2 2
+ + +
Fpt
0 b o i o 0 0
0 5 10 0 5 10 0 5 10 o] 5 10 Q 5 10
Step size =0.1 Step size = 0.05 Step size = 0.1 Step size = 0.05 Step size = 0.1 Step size = 0.05
8 8 8 8 8 8
6 6 6 6 6 6
4 4 4 4 4 4
2 2 2 2 2 2
0 0 0 0 0 0
0 5 10 0 5 10 0 5 10 [} 5 10 0 5 10 0 5 10

Solution Euler’s method , with step sizes h = 1, 0.5, 0.1 and 0.05, produces the results
shown in Graph 1, RK2 method does a little better producing the results in Graph 2,
RK4 method is the most accurate, producing the results in Graph 3.

Consider the initial value problem
=z 0<t<1, z(0)=1. (3)

The equation is separable and the solution is z(t) = e'. We used the Euler method, RK2
and RK4 methods to compute the value of z(1) and constructed a plot of the logarithm
of the error versus the logarithm of the step size for each numerical method. The slope of
the solid line is 0.9716, the slope of the dashed line is 1.9755, and the slope of the dotted
line is 3.9730. Indicate each line by its corresponding numerical method and explain
your answer.

5 L —

Inerror)

-1

10 10

In(step size)

Solution Euler’s method produces the results shown in the solid line, as the slope of the
solid line is 0.9716, which is closed to 1, consistent with the fact that the Euler method
is a first order algorithm. RK2 method produces the results shown in the dashed line as

Page 4 of 5 Please go to the next page. ..



Sample Midterm 2(continued) Math 3331 (Summer 2014) June 24, 2014

the slope of the dashed line is 1.9755, which is close to 2, consistent with the fact that
RK2 is a second order method. Finally, RK4 method produces the results shown in the
dotted line as the slope of the dotted line is 3.9730, which is close to 4, consistent with
the fact that RK4 is a fourth order method.

20 points| 5. Write each initial value problems as a system of the first-order equations using vector

notation.

a. 2"+ 0’ —x + 2’ =ycoswt, x(0) =z, 2(0) = o
b. "+ (@’ =1z’ +2 =0, z(0) =z, 2/(0) =1

Solution a. With

we have

/
Up = Ug,

! 3
Uy = —0Ug + Uy — uj + 7y coswt,

with initial conditions

b.  With

we have

with initial conditions
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