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3.1 Malthusian Exercises Logistic Exercises

3.1 Modeling Population Growth

@ Linear Model of Growth — Malthusian Model

o Evaluating the Parameters
o Models and the Real World

o Logistic Model of Growth

o Solution of the Logistic Equation
o Evaluating the Parameters in the Logistic Equation
o Models and the Real World

@ Worked out Examples from Exercises:

o Linear Model of Growth: 2, 4
o Logistic Model of Growth: 12, 14
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Modeling Population Grthh: Malthusian Model

e P(t): Population of species
(bacteria, US-pop., ...)
e = rt = In[P(t)/FPol

e Model: 2% — ¢(p)

P Use this to determine
e Malthusian model: —r if Py, P(t1) = P; are
f(P) =r =b—d = const given
b: birth rate, d: death rate — t* if r, Py, P* are given
dP and t* is sought s.t.
E =rP P(t*) i P*
e Solution:

P(t) = Poe’!, Py = P(0)
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Ex.: r=0.1, P
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Figure 1 Exponential growth of a
population.
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Example 3.1.4: Evaluating the Parameters

Ex.: At t =0: Py = 10cells. After 1 day: P(1) = 25cells
Q: number of cells after 10 days?

r=(1/1)In(25/10) = 0.9163/day = P(10) = 10e1°*°9613 ~ 95 4 cells
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Section 3.2: Models and the Real World
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Figure 1 Fitting a Malthusian model to early U.S. population. [F'l
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Ex. 2: A cell culture is grown at t = 0.
After t; = 1 day: P; = 1000. After t, = 2 days: P> = 3000.
Q: P(0) =7

r(ta —t1) = In(P/P1) = r = (1/1)In(3000/1000) = 1.099/day
= Py = P(1)e ™! =1000e 199 x 333
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Exercise 3.1.4

Ex. 4: Doubling Time:
Given ty s.t. P(ty) =2Po = Pe"=2Py = rty=1n2 = r=(In2)/t,

Q: Given t, = 10days and P, = 1000, find t* s.t. P(¢t*) = 10,000 = P*
tqg = 10days = r = (In2)/10 = 0.0693/day
= t* = (1/r) In(P*/Py) = (In10)/0.0693 ~ 33 days
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Modeling Population Grthh: Logistic Model

Model: (dP/dt)/P =r — aP

e Set K =r/a =

ar =rP(1 - P/K) = f(P)

dt
(1)

Qualitative Analysis:

e Equilibria: PP =0 = P R
P=0: f/(0)=r>0
= unstable e 7
P=K: f(K)=—-r<0 :

= asympt. stable K: carrying capacity or Fl
eventual population
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Solution of the Logistic Equation

Model: (dP/dt)/P =r — aP
e Set K =r/a = Solution of (1):

. KPPy
P pa-py=5y) TP T REE - Ry

dt
(1)

(2)

Derivation of (2). S.0o.V.: dP/[P(1 - P/K)]=[1/P —-1/(P — K)]dP = rdt
= In|P|-In|[K —P|=In|P/(K—-P)|=rt+C = P/(K— P) = Ae"
Fort=0: Po/(K—-Py) =A = Po(K—-P)/[P(K—-Py)]=¢e " = (2)
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Evaluating the Parameters in the Logistic Equation

Computing Parameters:

e If K, Py, t = h, P, = P(h) o If Py, t = h, P = P(h),

are known: P> = P(2h) are known:
K P,
Po= Py+ (K —OP )3*7"1 r = Eln(M)
1 — 10
= = —In(577F—F5< _ _—rh
' h n(PO(K—Pl)) = PoPil—e™)
Po— Pre=rh
_ PPy(1-eh)
Py —Pyeh
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Section 3.2: Models and the Real World
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Figure 2 Fitting the logistic model to U.S. population. [F'l
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Section 3.2: Models and the Real World
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Figure 3 Logistic model projection of U.S. population.
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Ex. 12: Given K = 20,000, Py =
1000 and P, = P(8hrs) = 1200, find
r, and t* s.t. P(+*) = 3K/4 = 15,000.

1.2(20 — 1)10°

r= (1/8)'n(1(20— 1.2)106
~ 0.0241/hr
P* = KPy/[Po+ (K — Po)e™ "]
o o = (1/r)|ﬂ(%)
B 1 | 15(20 — 1)10°
~0.0241 r](1(20 — 15)106])
~ T72.22hrs [l].l
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Exercise 3.1.14

Ex. 14 (modified): Given Py = 100,
Py = P(20hrs) = 476,
P> = P(40hrs) = 1986, find r and K.

Q

= K =

Q
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1 m(1986(476 —100)

20  °100(1986 — 476)

0.0799

476 -100(1 — ¢~0:08:20)
100 — 476¢0-08-20

10,136

)
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