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Second-Order Equations and Planar Systems

Inhomogeneous equation:
y' 4+ a(t)y' + o)y = F(t) (8)
Homogeneous equation:
y' +a®)y +b()y=0 (9)
Inhomogeneous system:

x' = A(t)x + [ F?t) ] (10)

where A(t) = { _bo(t) —al(t) ]

L




4.6

Fundamental Set of Solutions and Fundamental Matrix

Let y1(t),y>(t) be F.S.S for (9)

_ | va(®) y2(t)
= X(”—{ya@) y;@)}

is F.M. of x' = A(t)x, and

41 yo(t)  —y2(t)
X(0) _W(t){—y?’l(w yl(t)}

where W (t) = y1(t)y5r(t) — vy (£)y=2(1).

A matrix-valued function X(t) is a fundamental matrix for the
system x’ = A(t)x if and only if

X' = A(t)X, Xo= X(to) is invertible for some to [lll
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4.6

Variation of Parameters for Systems

Look for a solution of the form

Differentiating it gives
xp = X'v 4+ Xv' = A(t)Xv + Xv' = A(t)x, + Xv'
Xp is to be a solution to x;, = A(t)x, + f(t) provided that

Xv' =f(t) = V=X1f(t) = v(t):/x—l(t)f(t)dt

Inserting v gives the particular solution

wo(t) = X(1) (/x-l(t)f(t)dt> Uy
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Variation of Parameters for Systems (cont.)

Set l z;gg 1 = /X(t)_l l F(()t) ]dt
- [8@ =106 [

at) =~ [ y2<t)VFV((?)dt

vo(t) = /yl(t)‘fv((?)dt

(recall that W(t) = y1(t)y3(t) — y1(t)y2(t)) B




4.6
Particular Solution to System

Particular solution of (10):
_ v1(t)
x(0) = x| 20

[ y1(t)v1(t) + y2(t)v2(t) ]
vy (Dv1(t) + y5 () va(t)

First component is part. sol. of (8):

yp(t) = y1()v1(t) + yo(t)va(t)
v1(t) = — [[y2(O) F (&) /W (8)] dt
v2(t) = [ly(OF@)/W ()] dt

where {




Example

Ex.: Find particular solution of
y' 4+ y=tant
F.S.S. of 4y +y =0:

zggg = gf;stt} W (t) = cos?t+sin?t =1

vi(t) = — [sinttantdt
= sint—In|sect 4+ tant|
va(t) = [costtantdt = cost
= yp(t) = —costlIn|sect 4+ tant|
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