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5.1 Definition Existence

5.1 Definition of the Laplace Transform

Use of the Laplace Transform

o DEs with constant coefficients
o Discontinuous forcings

Definition of the Laplace Transform

Examples

L(1)(s)=1/s,s>0
L(e*)(s)=1/s—a,5>a
L(t)(s) = 1/s°

L(t")(s) = n!/s"H
L(sinat)(s) and £(cos at)(s)
L(f)(s), f being discontinous

@ Piecewise Continuous Functions

@ Functions of Exponential Order

o Existence of the Laplace Transform [H
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Use of the Laplace Transform

e Technique for solving linear DEs with constant coefficients
e Useful for discontinuous forcings

l Differential Equation ‘ — l Laplace Transform ‘*} l Algebraic Equation ‘

l Solve Algebraic Equation ‘ — l Inverse Laplace Transform ‘*} Solution
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Definition of the Laplace Transform

Def.: Given a real or complex func-
tion f(t), the Laplace (£) transform
of f is the following function of s:

F(s) = /Oooe—stf(t)dt
T

= lim e st t) dt
T—o00JO f( )
Notation:

F(s) = L(f)(s) = L{f (@)} (s) "




5.1

Example 1: £(1)(s) =1/s, s >0
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5.1

Example 2: L£(e%")(s) = 1/5 —a, s>a

T—o0
r T
= im |- el
T—o0 i s—a t=0
) 1 1
= lim |— e (=T 4 = fors > a
Too| S—a s—a s—a
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5.1

Example 3: L(t)(s) = 1/s?

o
L(t)(s) = /0 te ' dt Integration by parts

T /teSt dt
= Iim/ te St dt
0

T = 1 (te“ - / e st dt>
— fim (=fest— le_“ °
T—00 s 52 =0
- 1
_ _Ee—st st
= 2
= lim —Ie’ST ie*ST + I R > °
T 00 s 52 52 52
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5.1

Example 4: L(t")(s) = n!/5n+1

o0 Integration by parts
L) = [ e
0 —
/t”e St dt
-
= lim / t"e St dt .
T—oc0 0 _ _7tne—st
s
-
t" n!
= lim [——e % — —st N
T—o0 < s gn+l1 o " /t”l o5t gt
a S
H T —sT n! _sT nl
N Tlinoo <_Se o 5n+1 e + 5n+1 -
n! = —t—ne_St e n! e~ st
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Example 5: L(sin at)(s) and L(cos at)(s)

) 00 ) . 3

£sinat)s) :/o sinate™dt=- =55
[o¢] . s

fleosat)(s) :/0 cosate b= g
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Example 6: L£(f)(s), f beihg discontinous

Compute the Laplace transform of the step function

1, 0<t<l
f(t):{o t>1

1

1
1
L(F)(s) = /O lestdt= Lot

S t=0
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5.1

Piecewise Continuous Functions

Def.: f(t) is piecewise continuous if

e in any finite interval 0 < t < T
there are at most finitely many
discontinuities

e at any point of discontinuity ¢4
the left and right limits f+ exist:

J-(ta) = im f(0), f4(ta) = Jim f(2)
. . 0 if 0<t<«<1

Ex.: f(t) = -1 if P> 1 } has

a discontinuity at ¢t; = 1:

F()=0, fr(1)=1 |



5.1
Functions of Exponential Order

Def.: f(t) is of exponential order if
there are constants C,a s.t.

I f(D)] < Ce™ for all t

Meaning: f(t) grows at most
exponentially if t — oo

Ex.: et is not of exponential order
Ex.: e10:000t s of exponential order




5.1
Existence of the Laplace Transform

Thm.: If f(t) is piecewise continu-
ous in 0 <t < oo and of exponential
order, then L(f)(s) exists for s > a.
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