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5.2 Basic Properties Examples

5.2 Basic Properties of the Laplace Transform

@ Properties of the Laplace Transform

o Linearity
o Reality

o Derivatives
o Multiplication by e
o Multiplication by t*
@ Examples

o L-Transforms of Functions Encountered in ODEs
o Table of £-Transforms

@ Worked out Examples from Exercises:
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Linearity

1. Linearity:
L(af 4 bg)(s) = aLl(f)(s) + bL(g)(s)




Reality

2. ‘Reality’:
f(t) real = L(f)(s) real
Consequence: f(t) complex =
Re(L(f)(s)) L(Re(f))(s)
Im(L(f)(s)) L(Im(f))(s)




Derivatives

Y(s) = L{y(t)}(s)

3. Derivatives:
L(y)(s) = sY(s) —y(0)
L(y")(s) = %Y (s) — sy(0) —4/'(0)
L") (s) = 'V (s) - k‘ly(0> -
s 72y/(0) — -+ =y (0)




Proof 3

Proof 3. for k = 1: Use partial
integration: fuv’ dt = uv — fu’v dt

T T T
/ sty (4) dt = e_Sty(t)’ 45 / ety (t) dt
0 0 0

= e *y(T) — y(0)
T

+s [ e Sty(t) dt

For T — oo: 0

T
e Ty(T) — 0, /o e Sly(t) dt — Y (s)
= L(y)(s) = sY(s) —y(0) ¥




5.2 Exercises

Multiplication by e

F(s) = L{f(2)}(s)

4. Multiplication by e? (c € C):
L{e”f(t)}(s) = F(s —c)




Proof 4

Proof 4.: -
L{MF(D)(s) = /O et £ (1) dt

/OO e~ = F (1) dt
0
= F(s—c¢)




5.2 Exercises
Multiplication by t¥

F(s) = L{f(t)}(s)

5. Multiplication by t*:
(k=0,1,2,...)

L{tFF(1)}(s) = (—1)FFWR(s)




Proof 5

Proof 5. for k = 1:
F(s) = fooo e SULf(t)dt =

Fi(s) = /O TCOF@) dt = —L{LFD)(5)
2




L-Transforms of Functions Encountered in ODEs

ODEs with constant coefficients
— functions tFet, k =0,1,2,...




L-Transforms of Functions Encountered in ODEs (cont.)

Property 5 = .
LR (5) = (~DM L) (5)
Property 4 =
L{e"}(s) = L{e"1}(s) = L{1}(s — ¢)
1

S —C

= L{the"}(s) = (-1)

k!
(s —c)kt1 L |

pdt 1

dsk s — ¢




L-Transforms of Functions Encountered in ODEs (cont.)

(1) = Special Transforms:
e k=0, ceR = L{e}(s) = L
e k=0, c=1w =
L{e(s) = Az = 2 =

s24w?
L{coswt}(s) = Re(sif;‘g) = 2




L-Transforms of Functions Encountered in ODEs (cont.)

e k=20, c—oz—l—zﬂ:>

E{eatezﬂt}(s) =L zﬁ — (58_5);'-—:—562

= E{eat COS 5t}(8) = m
L{e*sin Bt}(s) = =77




5.2 Exercises

Table of £-Transforms

Table of L—Transforms:

f@) [ L{f@)}(s)
! 5
th p
et ﬁ
¢k et (S_A;!) _
coswt = iwz
Sin wt = iwz
e cos 3t e
e sin B3t —(Sfaf)i mE [ll'l
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5.2 Exercises
Exercise 5.2.3

3. Using linearity and Table 1,

L{% + 4t + 5)(s)
= L{*}(s) + 4 L{t}(s) + 5 L{1}(s)

2! 1 1
= +4f=)+5{=
s+e(z) 45 ()

2 4 5
TS e2 s
2445+ 552
§3 ’
provided s > 0. [l],l
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5.2 Exercises
Exercise 5.2.5

5. Using linearity and Table 1,

L{—2cost + 4sin 3t}(s)
= —2 L{cost}(s) + 4 L{sin 3t}(s)

s 3
= -2 4
(55) 4 (+5)

_ —25(s2+9) + 12(s2 + 1)
B (s2+1)(s2+9)
—2s53 4+ 1252 — 185 + 12
(s24+1)(s24+9) ’

provided s > 0. [ll'l
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5.2 Exercises
Exercise 5.2.19

19. Ify —5y = e~ %, with y(0) = 1, then
LY = 5y}(s) = L{e > }(s)

1
L'}s) = 5L{y}s) = 12

1
s L{Yy}(s) — y(0) = S L{y}s) = —.

s+2
If we let Y (s) = £{y}(s), then
sY(s) —1—5Y(s) = E"Jlr'i
G- =1+—
Yo =5+ (s—5)1(s+2)
i i
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5.2 Exercises
Exercise 5.2.22

22. If
y'+y=sindt, y0)=0, y(@0) =1,
then, letting ¥ (s) = L(y)(s),

s> L)(s) — sy(0) — y'(0) + L(y)(s) = SQ;L“Z
s?Y(s) =1+ Y(s) = TS
Solving for ¥ (s),
(*+ DY) =1+
>+ DY(s) = ;—}f—g—
YO = YDA TS P
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5.2 Exercises

Exercise 5.2.39

39. If y" 4+ y' + 2y = e cos2t, with y(0) = 1 and
¥/(0) = —1, then with Y (s) = L{y}(s),
L+ +2y)9)
=52 L{y}(s) = sy(0) — ' (0)
+ 5 L{y}s) — y(0) + 2 L{y}(s)
=52 (s) —s+1+5Y(s)— 1 +2Y(s)
= (2 +5s+2Y(s) —s.

Jiwen He, University of Houston

Because the transform of f(z) = cos2t is F(s) =
5/(s? 4 4), the transform of e~ cos 2¢ is

s+1 s+1

F 1) = = .
CHD =G - T2 45
Equating,
2 s+1
DY (@) —5s = —7—0.
s+ DY~ = o+
Solving for Y
s+1

Y(s)=

s2+s+2+(s2+s+2)(s2+2s+5)
s+ 25+ 5 +s+1

T (2 Hs+2)(2+25+5)

_ 4252+ 6541

T (524 s5+2)(s2+25+5)°

L
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