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5.3 The Inverse Laplace Transform

@ Basic Definition

o Uniqueness Theorem

o L-Transform Pairs

o Definition of the Inverse Laplace Transform
o Table of Inverse L-Transform

@ Worked out Examples from Exercises:
@ 2,4,6,7,9, 11, 14, 15, 17

o Partial Fractions
o Inverse L-Transform of Rational Functions

o Simple Root: (m=1)
o Multiple Root: (m > 1)
o Examples
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Uniqueness Theorem

Thm.: If f(¢t) and g(t) are piece-
wise continuous on 0 <t < oo and
L(f)(s) = L(g)(s) for s > a, then
f(t) =g(t) forall tin 0 <t < oo at
which f(t) is continuous.




L-Transform Pairs

F(s) = L(f)(s) = L{f(t)}(s), s>a
L—transform pairs:
e f(t) determines F(s) uniquely in
S >a

e ['(s) determines f(t) uniquely in
0 <t < oo except at discontinu-
ity points.




5.3
Definition of the Inverse Laplace Transform

Def.: Given F(s) and f(t) s.t.
F(s) = L(f)(s), then f(t) is called
the inverse Laplace (£) transform of
F(s), and is denoted by

f&) = LTHEF)(t) = LTHF(s)}(t)
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Table of Inverse L£-Transform

F(s) | £7HF(s)}®)
1 ect
1 i1 ¢
(s—c)F h—1)1€ :
1 et sin 3t
(s—a)?+32 B
= - )§‘+ > e cos Bt "




2. Compute the inverse Laplace transform of Y(s) = ﬁ

2. Adjust as follows.

SN S S
VT3 5y T 5 s-3/5
Thus, by linearity,
3 1
) = ——
0= { 5 s—3/5}
2 1
ey
5 {s——3/5}
— %e(s/sn
5 |
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Exercise 5.3.4

5s

4. Compute the inverse Laplace transform of Y(s) =

5249
4. Adjust as follows.
5s s

Y(s) = —5. 0

©) =219 249
Thus, by linearity,

s
H=L"1{5.
y(®) { 52+ 9}

s
=5£"1
{s2+9}
= 508 3¢ [l]-l

Jiwen He, University of Houston



Exercise 5.3.6

6. Compute the inverse Laplace transform of Y(s) =

6. Adjust as follows.

2 1
Y(5) = —r = — -
() 3s¢ 9
Thus, by linearity,
1 3
y@) =L {-
1 31
=L
<7 |
1,
—f
9
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3s+2

7. Compute the inverse Laplace transform of Y(s) = 2%

7. Adjust as follows:

3542
\rL/ 555 s
) 52425
_ 3s + 2
T 52425 ' 52425
s 2 5

=%, z. )
2412575 2525
Thus,

s 2 5
H=r1]3. 2.
y(® [ ﬂ+%+5s“JJ

s 2 5
=3, ol g S
{s2+25}*'5£ {32+25}

2
=3 5t + — sin 5¢.
cos +Ssm [Fl
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Exercise 5.3.9

1 + 3-2s

9. Compute the inverse Laplace transform of Y(s) = 3= 2749

9. Adjust as follows:

¥) = 1L, 3-2s
R VIS BT
_ 1 3 3 2s
T —4 s—3/4 2449 2449
1 1 37
=—__._+_.—
4 s—3/4 7 s24+49
N
ATy
Thus,

1 1 3 7

1 1 3 7
="3f {s—3/4}+7L [s2+49}
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11. Compute the inverse Laplace transform of Y(s) = ﬁ

11. Note the transform pair:
) 2
IR =3
s

By Proposition 2.12,

Thus,

<
=
=
Ko
|
i
N
e, pmA
—
@
+ |
L\*]
&
%
e

5 2

2 (s+2)3}

= eiw)
(s +2)°

Jiwen He, University of Houston



Exercise 5.3.14

4(s—1)

14. Compute the inverse Laplace transform of Y(s) = G0

14. Note the transform pair.

cos2t <

s
s2 44

By Proposition 2.12,

s—1
e’ cos 2t <> m
Hence,
. 4s—1)
Hn=c1y——_"_
YO =L\ G2+

_ ) s—1
=4L {@-1ﬂ+4}

= 4¢' cos2t. [Fl
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15. Compute the inverse Laplace transform of Y(s) = ( 253

(s—1)2+5
15. Note the transform pairs: Thus,
2s —3
s )’(’) :L_l {—J'-Z—]
cos +/5t = (s—12%45
s2+5 _ = { 2s —2 1 }
sin /51 <> zﬁ - G—1245 (s-D2+5
5245 { 1
I P et
- —_1)2
By Proposition 2.12, (s—1)2+5
L5
e’cos«/gtqzyi V5 (s—-12%+5
(s—12+5 _2£_,{ s—1 }
e’sinﬁt{:}-ﬁ-—— s — 1) 3
s e
V5 (s—1)2+5

1
=2e' cos /5t — —e" sin /5t
V3
5
=e'(2cos /5t — % sin+/51).
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17. Compute the inverse Laplace transform of Y(s) = >5+2

s24+45+29
17. Complete the square. Thus,
Y(s) = = _ p-l s +
Rl N P Rl P yoH ==L {m}
Note the transform pairs. s 3s+6 4 }
s - +2)2425 (s+2)*+25
cos 5t <=
52425 P { s+2
5 = s +2)2 125
sin5t &= ——— (s +2)*+25
s2+25 4 5
By Proposition 2.12, T 5 G+2)2+25 }
2
—21 s+2 =3£‘1{7S+ }
CTSN S r 2 (s +22+25
5 4 _ 5
—28 &k o s s iy -
S TR 5 {(s+2)2+25}

4
=3¢ % cos 5t — ge“z' sin 5¢

=e¢ ¥ (3cos5t — ;1 sin 5¢).
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5.3
Inverse L£-Transform of Rational Functions

Inverse £L—Transform of Partial Fraction
Rational Functions Decomposition (PFD):
Form: F(s) = £() F(s) =Y F\(s)
Q(s) Iy

e P(s), Q(s): polynomials

e degree of P < degree of Q F\(s): contribution from root A

Linearity =

LTHP@) =Y LTHFED®)
(A}

Assume Q(s) has k distinct roots

Let m be the multiplicity of A\. Set Q\(s) = Q(s)/(s —A\)™ = Q\()\) 0

L
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Simple Root: (m = 1)

Simple Root: (m=1)
A P(X)
DO =25 AT oo

— LU R () = AeM

Real version: let A=a+ b

Complex Case: Assume A\ = a +if3,
A = a —1if are a complex conjugate 2a(s —a) — 2b8
pair of simple roots . = F\(s) + F5(s) = (s—a)2+ 32
= I\(s) + I5(s) = PR UL = LN+ F)(t) =
= AeM 4 A 2e™(a cos Bt — bsin Bt)

= LTYB+ )@ =

= 2Re(A4eM)
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Multiple Root: (m > 1)

Multiple Root: (m > 1)

A,,, Amfl

F\(s) = m+(s_/\)2+--- N
A + Ay Coefficients: )
+ i :
(S_)\)m—l (S—)\)"’ Aj: . 1 [d (P(S) )]
G — D! Ldsi=1 \Qx(s)/ Js=a
= ﬁ_l(FA)(s) = M [Am + Apat+ -
+A1t’”’1/(m — 1)1
For multiple complex pairs \, \: For m = 2:
-1 1 — >
LTHE+ (1) = A= PN ={i ( P(s) )}
2|:Re(A”YCM) + tRe(Am—lc)\f) + tee Q/\()\) dS Q)\(S) s=A

tm—2Re(AxteM) |t~ 1Re(AjteM)
(m —2)! (m — 1)!
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s+ 9
A= =-2
Ex. 1 F(s) = o240, = =49 - s—3l=11
RoOts: A\; = —1, A\p = 3 — Q3(S):w=s+1
s—3
F(s) = F_1(s) + Fs(s)
A B = B = ik =
F_1(s) = PnEE F3(s) = T3 s+ ; 5=3 .
1)(s—3 -__<
Q—1(5)2M25—3 = F(s) s—|—1+s—3

s+1
= L£71(t) = —2et 4+ 33
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Example 1(cont.)

Other methods for finding A, B:
(see text, Sec. 5.3, Example 3.6)

s+9 A B
(5—|—1)(5—3)_s+1+8—3
= s+9=A(s—-3)+B(s+1) (2)

Substitution method:
Substitute two values for s in (2):

s=3 = 12=4B = B=3
s=-1 = 8=-44 = A= -2

Jiwen He, University of Houston

Coefficient method: Rewrite (2) as

s+9=(A+ B)s+ (-3A+ B)
Equate coefficients of powers of s:

:>{ A+B }

1
9 —-3A4+B
-

3°

Sy S



Ex. 2:
s — 2 s — 2
YO) = 55, 3T Gr063)
A B
o s—|—1+s—3
A = s—2 =§
s — 3ls=-1 4
B = s—2 :1
s+ 1ls=3 4
1, 3 1
jy(s)_2<s+1+s—3)
= L0 = 3@ + ) L
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L] — 1 — 1
Ex. 3: F(s) = s2+4s+13 — (s+2)249

This is of the form

1
Goaptp T2
with inverse transform (see table)
(1/3)e* sin Bt

= L YF)(t) = (1/3)e ?sin3t

See text, Sec. 5.3, Example 3.6, for
coefficient and substitution methods.

L




Example 4

. 2\ — 2s%+4s+13
Ex. 4: F(s) = =Dt oral
(see text, Sec. 5.3, Example 3.9)

(s+1)24+4=(s+14+2i)(s+1-2i)
= roots of Q(s):

M =1, =—-142i A3=2X
A 2524+ s+ 13
F — A= =
W) = GG+ 12 + 4l
= L7Y(F)(t) = 2¢!
Work on Az: Fy,(s) =

s+1 2i
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2524+ s+ 13
(s=1)(s+ 1+ 2i)ls=—1+2i
2(1—4i—4)+ (=1 +2i)+ 13
(—2 + 20)4i
6-6i  31—i 3
—8-8i  41+i 4
= F\(s)+F5,(s) =

B =

3<m—m>
= L7H(Fy, + F5)(t) = —2e!sin2t
= L7YF)(t) = 2¢' — (3/2)e 'sin 2t




= L1V, 4+ Y5)(t) = 2Re(Ae™)

Ex. 5: Y(s) = («-ﬁ—)% = %(cost + 3sint)
241 = —1)(s ] B
3214 = (s(i zggsi%)} Rl Yau(s) = —
Al =1, Ao = —i A3 = 21, \g = —2i A = s2+s+4
i (s) = A (52 4+ 1) (s + 2i) ls=2i
‘ s—i 2 1
4 = _SHsta T (34 6
(s4+1i)(s2+4)ls=i
3+i_ 3(1 30 = LYy, +Y5)(t) = 2Re(Be*")
61 6 1
= —5cos2t

L7Y(Y)(t) = (1/3)(cost+3sint—cos 2t)
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Example 6

Roots: M1 =—-1, Ao =1 (m=2)
A 1

Y. = — A= —

) =7 (s—1)2

B B

Yi(s) = 1 2

GoD2 Ts-1
1

1

1
szfl_ 4

B =

s+ 1lls=1 2

Bz = (%s+1),<:1 4

11 1 1 1
Y(s) = = _ =
=z577 3517

S

1
2 (s—1)2
L)) = %(e*t _ et 4 2t
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Ex. 7: Y(s) = ) gy

(2(9) = [(S+ 1)2 + 1](g2+4) factorize (s+ 1)2+ 1= (Q—’— 1_ 7)(g+ 1 +1)’
24+ 4=(s—2i)(s+2i) = roots Ay = —14+1i, Ao =1, A3 =24, \g = A3

B =y A= __ 4
A GRS DD
__—14d _1-14d_ 11 - a
T 2i(4—2i) 41+42i 45( 1+49)Q1 2:)_ (1+31)

= L7, +Y5)() = 2«{*’Re(2—0(1 + 3i)eit) = %e”(cost — 3sint)

B s 24
W == B= (2 + 25+ 2)(s + 20) lo=2 (=2 + 40)44
11 1
-z = —(1+2i
212~ ot

= LYY+ Y5)() = 2Re(f%(1 + 20)e?it) = 7%@05 2t — 2sin 2¢)

= L7YY@) = %(«”cost —3e 'sint — cos 2t 4+ 2sin 2t) [Fl
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