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Fundamental Matrix

X' =Ax, A:nxn (1)

Def.: If x1(t),...,xn(t) is a

fundamental set of solutions Thm.: If X(¢) is a F.M.
(F.S.S.) of (1), then for (1) and C is a constant
X(#) = [x1(2), . .., %xn(t)] (nx ) nonsingular matrix, then X (¢t)C

. . is also a F.M.
is called a fundamental matrix

(F-M-) for (1) Proof: Each column of X (¢)C is a

linear combination of the columns of

General solution: X (t) and so is a solution of (1), and
(c = [eq,... 7C”]T) X (0)C is nonsingular.
x(t) = c1x1(t) + ...+ enxn(t)

= X(t)c
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Example

Ex.:A:{_A' 2}

-3 1

Eigenvalues and eigenvectors:
M=-1 < vi=[2,3]T
A=-2 < vy=][1,1]T

F.S.S.:

Y =
x1(t) = et { 2 ] () = e 2 { . ]

FM.: X)) = {

If we set

y1(t) = 2x2(t), ya(t) = 3x2(t),
yi1(t),y2(t) are also F.S.S. with F.M.

2671 672[
Zet e 2
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Matrix Exponential

Consider IVP:
x' = Ax, x(0) = xg 2)

Solution of IVP: If X (t) is a
F.M., the general solution is
x(t) = X(t)c
Match c to IC:
x(0) = X(0)c =xg
= ¢ = (X(0) 'xo
= x(1) = X()(X(0)) 'xg

Jiwen He, University of Houston

Def.: Given a F.M. X (t), then

A Y x (1) (x(0))1

is the matrix exponential of At.

Thm.: The solution of (2) is

x(t) = eAtxo



9.6

Example: Matrix Exponential

FM.: X() = {

xo =3 1] xonr=| 3 3

el = X()(X(0)!
- [0 = ]s 2]

e 2t _ Qe t Det D2t
e 2t — 37t 3t —De %
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Example: IVP

=N

i / B _4 S 2
IVP: X—[ 3 ]X,X(O)—[1]
Solution:

e 2t — Demt et — D=2 2
x(t)= e — 3¢t 3et — Qe 1

4e=2t — et
4e=2t — et
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9.6

Properties of the Matrix Exponential (1)

o If D = [d;;] is a diagonal
matrix (d;; = 0 for i # j),

e Exponential series (A°=1): then Pt is a diagonal ma-

o0
3 (AD)™/m! trix with entries e®it. Ex.:
, ex(a0t>_eat0
Convergence for any matrix A p 0 b = 0 ebt

d At — ppAt — At
° = Ae etA .
dt® e Special case (d;; = r):

e(rI)t — ety
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9.6

Properties of the Matrix Exponential (I1)

e If AB = BA, then

(A+B)t _ At Bt _ Bt At e If V is nonsingular, then

Note: If AB # BA, then in e(VAV‘l)t = veAty—1
general
e(ATBI £ At Bt £ BtoAt e If v is an eigenvector for an
eigenvalue A, then
e ¢4t is nonsingular, and P \

e 'v=e¢e 'V
(eAt)—l — e—At
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9.6

Matrices With Only One Eigenvalue

Use this to compute e4t as fol-
lows. Write A = Al + (A — \I).
Then

Thm.: If A has only one eigen- oAt —  JODH(A-AD

value ), then there is an integer (Dt (A—ND)t

k, 0 < k <n, such that e e

M (A=A

k—1

= MY (A- DI /)

j=0

= only k£ terms of exponential
series required

Il

(A-ADF =0
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Example

2 4
A+T = {71 72}
2 4 2 4
A+n? = {—1 —2“—1 —2]
1 4
Ex.: A= T=-2, D=1 _ |00 _
{*1 *3} = {0 0} (k=2)
p(A) = XN —TA+D
— 2
= )\ +2)\2+1 = e(A+I)1‘ — I+(A+I)t
= (41D (142t a4t
= only one eigenvalue A = —1 - —t 1-2t
= e"“ — efte(AJrT)l
—t| 12t 4
-t  1-2t
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Generalized Eigenvectors

If A has repeated eigenvalues, n linearly independent eigenvectors
may not exist = need generalized eigenvectors.
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Generalized Eigenvectors: Definition

Def.: Let )\ be eigenvalue of A.
(@) The algebraic multiplicity,
m, of XA is the multiplicity of

A as root of the characteristic
polynomial (CN Sec. 9.5).

(b) The geometric multiplicity,
mg, Of X is dimnull(A — XI).

Need: m linearly independent solu-
tions of x’ = Ax associated with .

o If my = m = m linearly indepen-
dent eigenvector solutions.

e What if my <m?

Jiwen He, University of Houston

Thm.: If X\ is an eigenvalue
with algebraic multiplicity m,
then there is an integer k,
0 < k£ < m, such that
dimnull((A = ADF) = m
dimnull((A=ADF1) < m

Def.: Any nonzero vector v in
null((A — XI)¥) is a generalized
eigenvector for .

Solution associated with v:
(A-ADFv=0 =

eAlv =M ST (/51 (A - M)v
7=0



9.6

Generalized Eigenvectors and Associated Solutions

Thm.: Let vq,...,vy, be a ba-
sis of null(A — AI)*. Then the

k—1
x;(t) =M ST (#7 /i (A=A v,
j=0
1 << m, are m linearly inde-
pendent solutions of x’ = Ax.




Example: 2d Systems

(b) If A% AT = my=1:

2d Systems: (Sec. 9.2) e Compute eigenvector v
Az{a b} {T = a+d } e Pick vector w that is not
c d D = ad-bc a multiple of v

= (A-— XM D)w=av
for some a#0 (any w € R2
is generalized eigenvector)

Assume T2 —4D =0 =
P = (A= A1)?, A =T/2

@) If A=M\T = my=2

= X(t) — e)\ltx(o) e = F.S.S.: ALt
(any vector is eigenvector) x1(t) = e/\ fV
x5(t) = e Y (w + avt)

Jiwen He, University of Houston



Example 1

R I S _
Ex..A_[_1 _3].T_ 2, D=1
= T2 - 4D = 0 = eigenvalue A\ = —1

2 4
A+1_{—1 —2}

= eigenvector v = [-2,1]"

Jiwen He, University of Houston

Choose w = [1,0]” (simple form) =

LR EER

= F.S.S.:
x1(t) = etv=e'[-2,1]"
x2(t) = e '(w—vt)
= e '([1,0]" = t[-2,1]")
= e '[142t, )7

Other Method: Compute (c.f. p.4)

1+2¢t 4t
—t 1-2t

Columns of e4! are also F.S.S.

e = et (I+(A+DE) = e [

L



Example 2

-1 2 1
Ex.: A= 0 -1 0
-1 -3 -3
—-1-A 2 1
p(A) = 0 —1-2 0
-1 -3 -3-A
_ —1-x 1
= (_1_’\)‘ ~1  —3-2A

(“1-M[A+XNE@+A) +1]
A+ 1D\ +4x+4)
= - +1)(+2)?

Jiwen He, University of Houston

= eigenvalues \1 = -1, my =1
)\2 = —2, mp = 2

Compute A — I = A+ 1.

0 2 1 1 0 1/2
A+I=|0 0 o] =0 1 1/2

-1 -3 -2 0 0 0
Set 23 = -2

= eigenvector vi = [1,1,-2]"

Since m; =1
= one (eigenvector) solution:

x1(t) = e '[1,1,-2]"



Example 2 (con

mo =2 — check A — X\oI, (A — X2D)2:

1 2 1
A+2I=|0 1 0| —

-1 -3 -1

0 10
(A+20)2%=1|0 1 0| —

0 -2 0

A+ 2] — eigenvector vo = [1,0,—-1]"

= eigenvector solution:

x2(t) = e721,0,-1
For x3(t) use generalized eigenvector

]T

Oo0O0O oo

v3 that is not an eigenvector.

Basis of null((A+21)2): {3;

Jiwen He, University of Houston

oOor OO

OO0O0O oo

Note: vo = u; — up

(A4 2Du; = (A+2Duy
v3 can be any vector ciuj + cous s.t.
(A+20)(crur+cu2) = (c1+e2)v2 # 0
Choose vz = up = [0,0,1]7 (text: ui)
= x3(t) = e ?(Ivz+t(A+20)vs)
e 2 (vz + tva)

e 2[t,0,1 —t]T



Example 3

6 6 -3 2
-4 —4 2 0
8 7 -4 4
1 0o -1 -2
Matlab — p(\) = (A +1)2+1)2
= single complex pair of eigenvalues
M=—-144 =X (m=2).

Ex.: A=

1. Check B= A—X\I = A—(—1+4i)I:

7—-i 6 -3 2
_| -4 —3-i 2 0
B=1 s 7 -3-i 4
1 0 -1 —1-i

Matlab — basis for null(B):
vi=[2,0,4,—-1 44"

= Complex eigenvector solution:

z1(t) = 2, 0,4, -1 447

Jiwen He, University of Houston

2. Check B2 = (A — AI)2:

2-14i 3-12i -2+46i —4i
Bo_| 8 —246i —4i 0
=|8-16i 6-14i —6+6i —8i
—2-2; -1 142 -2+42i

Matlab — basis for null(B?):
[2,0,4,-1+4]" =w
[-3—14,4,0,—2 4 24]!

u;

u2

= uy is generalized eigenvector that
is not an eigenvector.

Pick vs = up = [-3 —,4,0, -2 + 2i]7
Need: Bvs =[-2,0,-4,1—i]T = —v,
Complex solution associated with vs:
z2(t) = eCMD(Ivs+ tBvs)

= 6(71+i)’(V3 — tV2)

= N3 2t 4,41,

—242i+ (1 -)7" H



Example 3 (con

3. Take real and imaginary parts of z1(t) and z(¢) to obtain F.S.S:
x1(t) = Rez1(t) = e~*[2cost,0,4 cost, — cost — sint]?
x2(t) =Imz1(t) = e [2sint,0,4sint, cost — sin ]
x3(t) = Rezo(t) = e ![sint — (3 4+ 2t) cost, 4 cost, —4t cost, (t — 2)(cost 4 sint)]”
x4(t) = Imzo(t) = e ![—cost — (34 2t) sint, —4sint, —4tsint, (t — 2)(sint — cost)]”
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Example 4

7 5 -3 2 Associated eigenvector solution:
. _ 0 1 0 0 B -
Ex:A=| 15 15 .5 4 x1(t) = e[1,0,2, —1]"
-4 -4 2 -1 For A\, =1 — check powers of A — I:
Matlab — p(A) = (A +1)(A —1)3 6 5 -3 2
= eigenvalues A\;1 = -1, m; =1 B=A-1= 0 0 0 0
_ - 12 10 -6 4
=1 my=3

—4 —4 2 -2

Find eigenvector for Ap: .
Matlab — basis of null(B):

g g *8 g va = [1,0,2,0]7
A+I=1 15 10 —2 a vz = [1,-2,0,2]"
—_4 —4 2 0 Associated eigenvector solutions:
— t T
Matlab — eigenvector (basis vector x2(t) : et[l’O’Q’ 0] -
for null(A+1)): vy = [1,0,2,—1]7 x3(t) = €'[1,-2,0,2]
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Example 2 (cont.)

To find 4th solution check B2:
-8 -8 4 —4
0 0 0 0
—-16 -16 8 -8
8 8 —4 4
= RREF(B?) has only one nonzero
row [1,1,-1/2,1/2].

B? =

Construct basis of null(B?) by setting

2,23 =0,24 =2 — u; = [-1,0,0,2]"

xo, 4 = 0,23 =2 — up = [1,0,2,0]”

23,24 = 0,20 =1 — uz = [1,—1,0,0]"

Check which are not eigenvectors:
Bll1 = 72V2, BUQ = 0, BU3 = V2
= Can choose v4 = uy (simple).

Jiwen He, University of Houston

Associated solution:
x4(t) e'(Iva + tBva) = e'(ug — 2tva)
= el[-1-2t,0,-4t,2]" _

Il
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