Final Exam
Introduction to PDE
MATH 3363-25820 (Fall 2009)

Solutions to Final Exam

This exam has 4 questions, for a total of 40 points.

Please answer the questions in the spaces provided on the question sheets.
If you run out of room for an answer, continue on the back of the page.

Upon finishing PLEASE write and sign your pledge below:

On my honor I have neither given nor received any aid on this exam.

1 Rules

Be sure to show a few key intermediate steps and make statements in words when deriving
results - answers only will not get full marks. You are free to use any of the information

given in Section 2, without proof, on any question in the exam.

2 Given

You may use the following without proof:

The eigen-solution to
X"+ 22X =0, X(0)=0=X(L)
is
nmx

e (). ao ()

Orthogonality condition for sines: for any L > 0,
/L , (mm:) , mrx L/Q m=n
sin sm
0 L m#n

A useful result derived from the Divergence Theorem,

// vAvdV:—/ |Vv]2dV+/ vV - ndS
D D oD

for and 2D or 3D region D with closed boundary 0D.
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Solutions to Final Exam

3 Questions

10 points| 1. A bar with initial temperature profile f(x) > 0, with ends held at 0°C, will cool as
t — oo; and approach a steady-state temperature 0°C. However, whether or not all

parts of the bar start cooling initially depends on the shape of the initial temperature
profile. The following heat problem may enable you to discover the relationship:

(a) Solve the heat problem on the interval 0 < x < 1,
Up = Uge, u(0,t) =0=u(l,t), wu(z,0)=f(x),

where

flx) = —3 sin 3wz + 3 sin 7.

Solutoin: Using separation of variables, we let
u(z,t) = X(x)T(t)

and substitute this into the PDE to obtain
X// T//
X T
where A is a constant because the left hand side depends only on x and the middle only

depends on t.
The Sturm-Liouville problem for X (z) is

—A

X"+XX =0; X(0)=0=X(1)
whose solution is (given),
X, (z) =sin(nmz), N\, =n"m", n=12,...

The equation
T" = —\T

gives the solution .
T,(t)=Bpe ™™ ™" n=1,2...,

Therefore, the solution w,(z,t), for n = 1,2, ..., to the PDE is
Un(,t) = X, (2)T,(t) = By, sin(nra)e ™™
for constants B,,. Summing all u,(x,t) together gives

2

u(z,t) = Zun(x, t) = Z B, sin(nrz)e ™
n=1 n=1
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Imposing the IC gives
f(z) =u(z,0) = Z By, sin(nmz)
n=1

Multiplying by sin(mnx), for m = 1,2, ..., and integrating from z = 0 to z = 1 gives

1
0

1 [
/ f(z)sin(mmrz)dx = Z Bn/ sin(nmx) sin(mmrz)dz
0 n=1
Using the given orthogonality condition gives
1
B, = 2/ f(z)sin(mrx)de, m=1,2,...
0

Since the form of f(z), as given, is already a sine series, from the orthogonality of
sin(nmx), we have

3 1 3 1
flz) = 3 Sin(”@‘ﬁ sin(37z) = B = 2 Bs = —5 and B,, = 0 for all other n
Therefore,

—m2t

1
u(z,t) = 2 sin(rx)e” ™" — 5 sin(3mz)e "

(b) Show that for some z, 0 < x < 1, u(z,0) is positive (i.e., warming) and for others
it is negative (i.e, cooling).

Hint: in Figure 1, u(x,to) is plotted for to = 0,0.2,0.5,1. You only need to find some x
for which w; is positive/negative.

Solutoin: Differentiating u(z,t) in time gives
3 9
w(w,t) = —* <§ sin(ra)e ™! — 2 Sin(37r$)e_9“2t)

Setting t = 0 gives

u(z,0) = —gﬂ'g (sin(rz) — 3sin(37x))

1 15 1
Uy (6’0> = ZWQ >0, w (é,o) =612 <0

Thus at = = 1/6, u, is positive and for x = 1/2, u; is negative.

Note that

(c¢) How is the sign of u;(z,0) (i.e., warming/cooling) related to the shape of the initial
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temperature profile? How is the sign of u.(z,t), t > 0 (i.e., warming/cooling), related to
subsequent temperature profiles?

Hint: the PDE gives uy = g, and the sign of u., gives the concavity of u(zx,t).

Solutoin: From the PDE,
Ut = Ugy

and hence the sign of u,(z, ty), for a fixed ¢ty > 0, gives the concavity of the temperature
profile u(x,ty). Therefore, for some x, w;(x,ty) is positive (i.e., warming), we have
Uzz(x,t9) > 0, thus the profile u(x,ty) is concave up; for other z, ui(x,ty) is negative
(i.e., cooling), we have u,,(z,ty) < 0, and the profile u(x, ty) is concave down. At ty = 0,
the sign of u,(z,0) (i.e., warming/cooling) give the concavity of the initial temperature
profile u(z,0) = f(x).

/ t=0.5,1 \

Figure 1.  Plots of u(x,ty) for to = 0,0.2,0.5,1
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=1

0.5

0
-3 =2 -1 0 1 2
X

Figure 2.  Plot of f(x)

2. Consider the quasi-linear PDE

o 0
8_1;+(1—u)a—?;:0, u(.ﬁE,O):f(iﬁ)

where the initial condition f(x) (shown in Fig. 2) is

(1, r<-—1
1, lz| > 1 24z, -1<z<0
fz) = =
2—lz|, |z| <1 2—z, 0<x<1
L 1, r>1

(a) Find the parametric solution using r as your parameter along a characteristic and s

to label the characteristic (i.e. the initial value of z).

Solutoin: To find the parametric solution, we can write the PDE as

ou Ou
L1—wu0)- (&2 1) 2o
(1,1 =0) (at’ax’ ) 0

Thus the parametric solution is defined by the ODEs

ﬁzl, d—le—u, @20
dr

with initial conditions at r = 0,
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Integrating the ODEs and imposing the ICs gives
t(r;s)=r
u(r;s) = f(s)
w(r;s) = (1= fls)r+s=(1—f(s))t+s

(b) At what time ¢y, and location zg, does your parametric solution break down?

Solutoin: To find the time t, and position xy, when and where a shock first forms, we
find the Jacobian:

_ Ot (T ws) R
J_a(r,s)_det(tr ts)—xrts zet, = —xs = fi(s)t —1

Shocks occur (the solution breaks down) where J = 0, i.e. where

The first shock occurs at

to =i (575 = i

Since max(f'(s)) = 1, we have

1
= ()

Any of the characteristics where f'(s) = max(f’(s)) = 1 can be used to find the location
of the shock at ty, = 1. For e.g., with s = —1/2, the location of the shock at ty, = 1 is

()b )

Any other value of s where f'(s) = max(f'(s)) = 1 will give the same zg,.
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(c) For each of s = —1,0, 1, write down the characteristic = as a functions of ¢ and plot
the characteristic in the space-time plane (zt).

Solutoin: The s = —1,0, 1 characteristics are given by

s=—1: z=>1-f(-1)t—-1=-1
s=0: z=(1-f(0)t+0=—t

s=1: z=>01-f)t+1=1

These are plotted in the figure below.

1 I 1 1
shock —
~ 05 g
0 | 1
-3 —2 -1 0 1 2 3

X

Figure 2.c  Plot of characteristics

(d) The tables below are useful as a plotting aid. Fill in the tables using your result
from (a) to obtain u and z at the s-values listed at time ¢t = 1/2, 1.

s= —1 0 1
1 _
t:§ u =
=
s= -1 0 1
t=1 u =
o=
Solutoin:
s= -1 0 1
t:% = 1 2 1
r= -1 —-1/2 1
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S —1 0 1
t=1 = 1 2 1
r= —1 -1 1

(e) Illustrate the time evolution of the solution by sketching the wz-profiles u(x,t) for
t=0,1/2, 1.

[IREZEN

u(x,0)

| ©
N
\
S
\
[\_)_
\
[
o_
I
N_
Y]

u(x,0.5)

==

4 -3 -2 —i 0 1 2 3
2 I I 1 I I
shock ///'
%1
—4 —3 —) —] 0 1 2 3

Figure 2.d  Plot of u(z,tg) for tc =0, 1/2 and 1.

Solutoin: A plot of u(x,1/2) is made by plotting the three points (z,u) from the table
for t = 1/2 and connecting the dots (see middle plot in the figure above). Similarly,
u(z,tsn) = u(x, 1) is plotted in the last plot.
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Figure 3.  Unit square D and Inhomogeneous BCs

3. (a) Solve the Heat Problem on the 2D unit square D = {(z,y) : 0 < z,y < 1}
u = Au, (x,y)eD, t>0,
subject to inhomogeneous BCs

u(z,y,t) =

100, z=0o0orl, O<y<l,
0, otherwise on 0D

and initial condition
u(z,y,0) =0, (z,y) € D.

Hint: first derive the steady-state (equilibrium) solution ug, set v = u — ug, then trans-
form the given heat problem for u into the homogeneous heat problem for v and solve it
forwv.

Solutoin: First, let ug(z,y) be the steady-state (equilibrium) solution. Then up satis-
fies Laplace’s equation on the 2D unit square

Aug =0, (x,y) € D,
subject to 2 nonhomogeneous BCs and 2 homogeneous BCs

( 100, z=0o0rl, O0<y<l,
up(z,y) =
By 0, otherwise on 9D
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Apply the principle of superposition and break the problem into two problems each
having one nonhomogeneous BC. Let

where each u';(z,y) satisfies Laplace’s equation with one nonhomogeneous BC and the
related three homogeneous BCs,

Auk, =0, (z,y) € D, Au%t =0, (z,y)€ D,

L) 100, z=0, O0<y<l, > (2 4) 100, z=1, O0<y<l,
U x) pr ’LL ZL", -

s\ Y 0, otherwise on 0D sy 0, otherwise on 0D

The method to solve for any of the u%(x,y) is the same; only certain details differ.

Furthermore, by the argument of symmetry, we have u%(z,y) = uL(l — z,y), thus we

only need to solve for uk(z,y).
We proceed via separation of variables: ukL(z,y) = X (2)Y (y), so that the PDE becomes

X// Y//

—-A
X Y

where A is constant since the l.h.s. depends only on x and the middle only on y. The 3
homogenerous BCs are

and
X(0)Y(y) =100, 0<y<1,

We first solve for Y (y), since we have 2 easy BCs:

Y'4AY =0, O<y<1, Y(0)=Y(1)=0
The non-trivial solutions (given) are

Y,(y) =sin(nmy), A\, =n°m", n=1,2---

Now we consider X (z):
X" —n*r*X =0

and hence
X(x) = c1&"™ + coe™ "™

An equivalent and more convenient way to write this is

X(x) = ¢cgsinhnm(l — x) + ¢4 coshnr (1l — z)
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Imposing the BC at x =1 gives
X(l) = C4 = 0

and hence
X(x) = cgsinhnm(1l — x)

Thus the solution is

up(z,y) = Z B, sinh(n7(1 — z)) sin(nmy)

n=1

which satisfies the PDE and the 3 homogenerous BCs on x = 1 and y = 0, 1. Also, from
the nonhomogenerous BC on x = 0, we have

ugp(0,y) = Z B, sinh(nm)sin(nry) =100, 0<y<1

n=1
Multiplying both sides by sin(mmy) and integrating in y gives

o) 1 1
Z B,, sinh(n) / sin(nmy) sin(mmy)dy = 100/ sin(mmy)dy
- 0 0

From the orthogonality of sin’s (given), we have

1 ! 1— 1— (-1
B,, sinh(mm) = = 100 / sin(mary)dy = 10— _ gL = (=™
2 0 mm mm
Thus
200 0 m even
Bp=—— (1—(-1)")={
m7rsmh(m7r)( (=0") { —mwsﬁﬂ?(mﬂ), m odd
In other words,
400
BQnIO, Banlz n:1,27..._

(2n — 1)7sinh((2n — 1)7)’
and the solution becomes
h (2n — 1)m(1 —
ul Z sinh((2n — 1)m(1 — x))
— (2n —1) smh((Qn — 1)7T)

1

sin((2n — 1)7y)

Thus the steady-state (equilibrium) solution is

up(,y) = up(z,y) +up(r,y) = upz,y) + up(l - ,y)

_ 400 > Sinh((2n —1)r(1 — x)) + sinh((Qn — 1)7m)
u (2n — 1) sinh((2n — 1))

n=1

sin((2n — 1)7y)
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To solve the transient problem, we define

U(l'a yvt) = U(i’, y7t) - U'E('Ia y)
so that v satisfies
v =Av, (z,y) €D, t>0,
v=0, (xr,y) € 0D, t >0,
v(x,y,0) = —up(z,y), (z,y) € D.

This is the heat problem with homogeneous PDE and BCs. We separate variables as

v(z,y,t) = ¢z, y)T(¢)
The 2D heat equation implies
T A¢
T ¢
where A is a constant since the 1.h.s. depends solely on ¢ and the middle depends solely
on z. On the boundaries,

—-A

¢(z,y) =0, (v,y) €D
The Sturm-Liouville Problem for ¢ is

Ap+rp=0, (x,y)€ D; ¢(x,y) =0, (x,y)€dD.

or more precisely, on the unit square D

¢ 0%¢ B
@—f‘a—w"—)\(ﬁ—o, 0<x,y<l,
¢0,9) =¢(Ly) =0 0<y<l;  ¢z,0)=¢(z1)=0 0<z<l

We employ separation of variables again, this time in x and y: substituting ¢(z,y) =
X (2)Y (y) into the PDE and dividing by X (z)Y (y) gives

where 1 is constant since the l.h.s. depends only on y and the middle only depends on
x. The homogeneous BCs imply

X0)=X1)=Y(0)=Y(1)=0
The problem for X (z) is the 1D Sturm-Liouville problem

X'+pX =0 0<z<1; X(0)=X(1)=0
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The non-trivial solutions (given) are

X, (z) = sin(nzwx), p, =n’7* n=12---

The problem for Y (y) is
Y'+vY =0, 0<y<l, Y(0)=Y(1)=0
where v = X\ — p. The non-trivial solutions (given) are
Y, (x) =sin(nmy), v, =n’7*, n=12---.
The eigen-solution of the 2D Sturm Liouville problem is
Gmn(x,y) = X ()Y, (y) = sin(mnz) sin(nry), m,n=1,2,--,

with eigenvalue
Amn = Mo, + U = 7T2(m2 + TL2)

The problem for T'(t) is
T = -\T

with solution
Ton(t) = B, e mnt

Thus

—Amnt

Vi (T, Yy 1) = P (T, Y) T (1) = By sin(mmrx) sin(nmy)e

To satisfy the initial condition, we sum over all m, n to obtain the solution, in general
form,

oo o e.9] o0
(x,y,t) g E U (2, Y, t g E By sin(mmz) sin(nmy)e
m=1n=1 m=1 n=1

Setting t = 0 and imposing the initial condition v(z,y,0) = —ug(x,y) gives

v(x,y,0 Z Z B sin(mmz) sin(nry) = —ug(x,y)

m=1 n=1

Multiplying both sides by sin(m’mz) sin(n/7y) and integrating in z and y gives

oo o0 1 1
Z Z ' / sin(mmz) sin(m/7x)dz / sin(nmy) sin(n'7y)dy
—1 0 0

1
—/ / ug(z,y) sin(mmx) sin(n'ry)dzdy
o Jo
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From the orthogonality of sin’s (given), we have

1l
B, = —4/ / ug(z,y) sin(mnrx) sin(nmy)drdy
o Jo

(b) Prove the solution to (a) is unique.

Hint: you’ll need to use a result derived from the Divergence Theorem (on the given
page).

Solutoin: Take two solutions u; and wuy. Define the difference w = u; — us. Note that
w satisfies
wy = Aw, (x,y) €D, t>0,

subject to the homogeneous BCs
u(z,y,t) =0, (x,y) € 0D, t>0,
and the homogeneous initial condition
w(r,8,0) =0, (z,y) € D.

Define the mean square difference between solutions,

E(t) = //Dw(t)2dV >0

Differentiate in time and apply the Divergence Theorem

dE(t
—():// 2wwth:2// wAwdV
dt D D
= —2// |Vw|2dV+2/ wVw - ndS
D oD

But w = 0 on the boundary 0D, so that

dE(t) _ _2// Vwl?dV <0
di i

E(0) = //Dw(O)QdV =0

Thus, E(t) is a non-negative, non-increasing function , that starts at zero. Hence E(t) =
0 for all time, which implies by continuity that w(r,,t) = 0 for all r, 6, t. Hence v; = v,,
and the solution to 2 is unique.

Note that at t =0
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4. Consider the Boundary Value Problem

Au=0 inD
u=f ondD

where D is a simply-connected 2d region with piecewise smooth boundary 9D.

(a.1) State the Maximum Principle for v on D.

Solutoin: Maximum principle: solution to laplace’s equation takes min/max on bound-
ary

min f < v < max
an_ — 9D !

(a.2) If f = 25 at each point on the boundary 0D, what is v in D? Explain your answer.
Solutoin: If f = 25,

min f =max f =25 = 25<u<25

oD oD

Thus u = 25.

(b.1) Now let D be the disc of radius R centered at the origin,
D= {(z,y) : " +y* < R*}.

Name and state (without proof) another property of u which gives the value of u at the
center of the disc in terms of the values of u on the boundary

0D = {(x,y) cat 4y = R2}.

Solutoin: Mean value property: Let u(z,y) be solution to laplace’s equation. Then,
the value of u at any point (xg, o) € D equals the mean value of v around any circle of
radius 7 centered at (zg,yo) and contained in D,

1

21
u(xo,Yo) = %/ u(zg + rcos b, yo + rsinf) do
0

Applying the mean value property gives the value of u at the center of the disc in terms
of the values of u on the boundary of the disc

u(0,0) = %/0 " F(0)do
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(b.2) Use this result to find u(0,0) if on the boundary, u takes the values

25, —m/2<60<m/2,
u(R,0) =< 26, 7/2<60<m,
24, w<6<3m/2.

Solutoin:

u(0,0) = - :ﬂ £(0)do

1
=3 (257 + 267 /2 + 247 /2)
™

1
= 5(25+13+12)
=25
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