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Info

e You should have completed Online Quizzes 1, 2 and 3.

e We are starting chapter 3 today.

e [ posted several videos associated with solving problems from chapter 3.
e Assignment 3 is posted.

e The Alternate Assignment for this week will be posted on Friday.

Important: You must read and watch videos outside of the live class meetings.
It is impossible to learn all of the material in 2 hours each week.

Open EMCF03
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1. Give the solution to y'=-3y, y(0)=2.
Then give the value of y(1). Y
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5\0,? Linear Second-Order Differential Equations
W Y+ )y g(x)y = f(x)
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Related Terminology: (C;efﬁmeris] forcmg ermj, hom mogeneous (reduced)
equation, nonhomogeneous equation. K; p
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We will see that the homogeneous differential equation is the key to
solving the nonhomogeneous differential equation.
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Question: Why is :
1

lJ’ "+ p(x)y'+q(x)y = f(x)

called a linear second order differential equation?
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ISuor  ODE

Y+ p(x)y' ey =flx) <« <

| nee

L[y]=»"t p(x)y'+ q(x)y < Aflerential o et

Properties: If # and v are twice differentiable functions and

o 1s a scalar, then
(1): L[y +v] = L[y] +L[«p]
(i): Llau|=aL|u]

These properties
make it possible
to solve these

differential
equations.




Remark: The homogeneous and nonhomogeneous
equations are linked in an important way.
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OnE '+ p(0)y'+q(x)y = f(x) (NH)
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Namely, if you can solve the homogeneous equation, then you
can solve the nonhomogeneous equation.

((Fact: (NH) and (H) have infinitely many solutions.
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EMCFO03

2. Give the number of solutions to y"—xy'+2y =sin (JL)

If the answer is 1, then input 1.
If the answer 1s 2, then input 2. etc...
If the answer 1s infinitely many, then mput 999.
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Py (%) ;C( £ Second Order Linear Initial Value Problem
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Fact: A second order linear initial value problem has
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Fact: The initial value problem above has a unique solution (i.e. exactly one
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EMCFO03
3. Give the number of solutions to

y'-xy'+2y= sin(x),y(0)= 2,y'(0)= —1.

If the answer 1s 1, then input 1.
If the answer 1s 2, then 1nput 2. etc...
If the answer 1s infinitely many, then input 999.
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General Solutions to Linear Second Order Differential Equations
o, GOed, Fixy

kAN - y'+p(x)y'+q(x)y = f(x) (NH)
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The general solution to the nonhomogeneous differential equation is

Yy = c1h + cay2 + 2.

general soln of 4 0 any particular soln
the reduced DE of the nonhomeog. DE
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1 General g;iutions }and Fundamental Sets of Solutions to
Homogeneous Second-Order Differential Equations

y"+p(x)y'+q(x)y =0 (H)
The set {y1,y2} 1s a fundamental set of solutions to (H) provided
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The general solution to (H) is given by y = cqy1 + ¢coy2  provided
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Terms: Linear independence, Wronskian, fundamental matrix.
—

Fact: 2 functions are linearly independent on an interval if and only if
the Wronskian is nonzero on the 1nterva1
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Special Case: y"+ay'+by=0.

[llustrative Example:

Give the general solution t OE+ 4y=0. \
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never zero.
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Give the solution to y"+4y=0, y(0)=1, y'(0)=-1.
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EMCFO03

4. Give the solutionto y"'+4y=0, y(O):L y'(O):—l
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Special Case: y"+ay'+by=0.
Another Illustrative Example:

Give the general solution to y”— y=0.
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Give the solution to y"'~y=0, ¥(0)=1, y'(0)=-1.
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Special Case: y"+ay'+by=0.
Solution Process:
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Show that {e‘z"’, e‘”} 1s a fundamental set of
solutions to y'"'+35y'+6y=0.
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EMCFO03

5. Thesolutionto y”+5y'+6y:0,y(0): 1,y'(0): -1

has the form y = ce ** +c,e”". Give the value of ¢,.
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Give the general solutionto y''+2y'=15y=0.
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Give the general solution to y'"'—4y'+4y=0.

Solbe  FT —Hv+ oA =0
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Back to the general case...

The Wronskian N 9'(' 9 l
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EMCFO03

6. W[ezx,e_x]: Aot (

p

(2) -€

3) €
4) -4e'

(5) None of these.
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Summarizing the Wronskian Information

Theorem

Suppose that y; and 1, are solutions of ¥ + py’ + gy = 0, and let
W = Wy, y2]. Then:

. Wi =—-pW
i. W= e Jr@)e
iii. W(xz) # 0 for all x € T when y,,y> are linearly independent;

W(xz) = 0 for all € Z when y,, y> are linearly dependent.
\___,./'_Y—--—————/

e—
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Give the general form of the Wronskian of any

. . 2
pair of solutions to y"+—y'—=4y=0.
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EMCFO03
7. Give the general form of the Wronskian for any pair

of solutions to y"+ 2y'—3cos(x)y =0. _ (zdr

WS\Q’JULX: CQ/
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_de

(3) CgSsin(x)
(4) None of these.
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It can be very difficult to find a fundamental set of
solutions to

y' p(x)y'+q(x)y =0 (H)
when p and ( are not constants.
However, sometimes one nontrivial solution can

be found. When this is the case, a fundamental
set can be obtained by using a process called

% Reduction of Order %
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Reduction of Order - Used to find a second linearly independent
solution to a homogeneous linear second-order differential equation from
a given nontrivial solution.

Idea: Suppose y1 is a nontrivial solution to

'+ p(x)y'+g(x)y =0 (H)

and we want to find another nontrivial solution so that { y1,2 } isa
fundmental set of solutions.

Process: we  Rabw AN {‘Y” D=z } C—« &
Lc.e._ Sc C‘

S‘s(:t\ Ay

- ).

(D)

_ g?(v-\fk-x-
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Show that e** isasolutionto y''—4y'+4y=0.
Then use reduction of order to find a second
linearly independent solution.

(Note: Two more examples of reduction of order are given in a posted video.)
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We already knew this. | just wanted to show you the method in action.

Solving the Nonhomogeneous Problem
The Method of Variation of Parameters

Y+ p(0)y'+q(x)y = f(x) (NH)
Idea:
lo Suppose { Vis yz} 1s a fundamental set of solutions to
Y+ p(x0)y'+q(x)y =0
2. | Then a particular solution to

'+ p(x)y'+q(x)y = f(x)

can be written in the form

= H(.X')yl +V(I)y2

The(n:ethod of variation of parameters erile_:s a mechanism for finding a_
particular solution from 2 linearly independent solutions y; and y to the
associated homogeneous equation (i.e. the reduced equation).

i.e. the homogeneous problem RULES!!
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Theorem Let y; and y2 be linearly independent solutions of
v +py +aqu=0,
and let W = Wy, y2] = y1ys — yiy2. If u and v satisfy

i_ o
u = Wf and v w

then
Z=up +vy2
is a solution of
y' +py +ay=1f.

(i.e. z is a particular solution)

/ N =
2 Y gapnad  Soln N (w1 s

\0’1 — C\\Q\*C’z\al + Z
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Give the general solutionto y''+ y=csc (x) (NH)

Process:

1. Get a fundamental set of solutions to y"+ y =0.

Solwe K‘z*\' \ =0 == T = * A 2_005“ L= r\/x.ix s A
. . %
2. Get a particular solution of the form z=uy, + vy2 /
cos (1] Shah)
\Ng_\,f- ‘?Z'l = G!l-)i' ~ J
'—__ yl ! -stalx| Cosh)
where u f and ' f et v A
L/‘,!: -_T__Efi-CSf(?‘-) = "\ V; - C{JS@.] ceclx\ = CD—\'(\‘-\
\ = u=-x | N = \,\\‘Sf\(‘ﬂ\‘
3. Write the general solution of (NH). ) )
L. F = =% Coslw) +( \‘3""”‘\1 S

\ 1 . = ¢
— Mae qemenk  sol'n Solla oyt e

.]S

s e
- Cocasley + C,Sialk) + (»«aﬁ-“‘\ v i lal s \IB.
- \

J
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Remark: There is a process that can be used to solve the
nonhomogeneous problem in the SPECIAL CASE

y" +ay' + by = f(x)

where a_and b are real numbers AND f(x) is made up of sums and

products of

________._-—--""ﬁ
e —

—

exp(kx), sin(_mi), cos(nx), x, 1

Thefm is called the r;:ethod of undertermined cocfﬁcients.s
(see the text)
K‘ GLL‘QCQ: n % W\W '
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Read the Online Text, Watch the Embedded
Videos, and Look at the Posted Videos
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