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1. Give the solution to y'=2y, y(0)=-3.
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e. None of these.




inear Second-Order Differential Equations

»

Cd/ N L {_}/ﬁ@réhwg‘

\J?"Jr;_(__f)y '+ Q(Tx)y =f(x) vy

9 s p&])%ml-c&) afe
unkn - Rnhin .

S

Related Terminology: Coefficients, forcing term, homogeneous (reduced)
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equation, nonhomogeneous equation. = —
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)’J%We will see that the homogeneous differential equation is the key to
solving the nonhomogeneous differential equation. F
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Question: Why is

Y'+p(x)y'+q(x)yF f(x)

called a|linearfsecond order)differential equation?
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Y'+ p(x)y'+q(x)y = f(x) c
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Properties: If # and v are twice differentiable functions and
o 1S a scalar, then

These properties
(1): L[u +v] = L[u] +L[v] make it possible
to solve these
(i): L[eu]=aLlu] differential
equations.
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Remark: The homogeneous and nonhomogeneous
equations are linked in an important way.

@(,x)'y +q(x)y :@ (NH)

v"+ p(x)y'+q(x)y=0 (H)

Namely, if you can solve the homogeneous equation, then you
can solve the nonhomogeneous equation.

Fact: (NH) and (H) have infinitely many solutions.
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2. Thereis onlyonesolution to y''—2e™*y'+ = y = cos(x).
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Second Order Linear Initial Value Problem
y'+p(x)y'+qx)y = f(x)

y (x0) =b

y'(x,) =m

‘H‘{ﬁr‘\dj\
ok

Fact: A second order linear initial value problem

has exactly one solution.
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3. There are@ast two solutiong to
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a. True

False
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General Solutions to Linear Second Order Differential Equations
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y'+ p(x)y'+q(x)y = f(x) (NH)
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The general solution to the nonhomogeneous differential equation is

Y=\ +cay + z.

general soln of [ 1 particular soln
the reduced DE of the nonhomog. DE

’E’Memoymwus \f”+ ?6407 'y %ij = A (\"D

Term: Particular solution.

Question: Why does the solution break up this way?
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General Solutions and Fundamental Sets of Solutions to
Homogeneous Second-Order Differential Equations

y"+ p(x)y'+g(x)y=0 (H)

The set {yi,12} is a fundamental set of solutions to (H) provided
V. solwe /Y)
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The general solution to (H) is given by v =cy, +cyy» provided

' men ®
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Terms: Linear independence, Wronskian, fundamental matrix.

Fact: 2 functions are linearly independent on an interval if and only if
the Wronskian is nonzero on the interval.
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Special Case: y"+ay'+by=0. cimstant coef.
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Give the general solution to y''—4y =0.
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EMCFO03b

4. Give the solution to y"—4y =0, y(O)z Ly

atx =1.
2 Q"-?{
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d. e

e. None of these.
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Special Case: y"+ay'+by=0.
Another lllustrative Example:

Give the solution to y"'+y =0
s —
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Give the solution to y"+y =0, ¥(0)=1. y'(0)=2.
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Special Case: y"+ay'+by=0. X e~d &
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Give a fundamental set of solutions to y'"+3y'—4y =0,
and then give the general solution to this differential
equation.

Characteistic pharial:
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EMCF03b
5. Thesolutionto '+ 5y'+6y:0,y(0): 1,y'(0): —1

has the form y = ce”™ +c,e". Give the value of ¢,.
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Give the general solution to y"-2y'+4y =0.

Solve o2 y4y4=20
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Give the general solution to y''—-2y'+y =0.

Solve - —20xl = 0.
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Back to the general case.. \07 + P &\3

)y = 0.
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Definition: (recall)
W v,y.]= ‘J\“;]zj“ ‘Jw/‘gz

Special case - when y, and y; solve
————————
'+ p(x)y'+q(x)y =0 (H)
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Summarizing the Wronskian Information

Theorem

Suppose that y, and y, are solutions of y” + py’ + qy = 0, and let
W = Wly1,y2]. Then:

i. W =—-pW
i. W= Qe Jrta)
ii. Wi(xz) # 0 for all z € Z when y,, y, are linearly independent;
Wi(x) =0 for all x € T when y;, y2 are linearly dependent.
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Give the general form of the Wronskian of any pair

— —

. 3
of solutions to y"+xy'-—y =0.

X
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EMCF03b
7. Give the general form of the Wronskian for any pair

of solutions to y"+2y'-3 cos(x)y =0.

a. Ce™ ‘P(ﬂ -2

@ Ce™* - S\Z‘l’"
c. Ce ) \N[‘%.,\;{z:) - C, €.
d Cemn(x)
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e. None of these. _ C e,
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It can be very difficult to find a fundamental set of
solutions to

y'+p(x)y'+q(x)y =0 (H)

when p and ¢ are not constants.

However, sometimes one nontrivial solution can
be found. When this 1s the case, a fundamental

set can be obtained by using a process called -3 o
o #a'/‘;m
Reduction of Order A AW
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Reduction of Order - Used to find a second linearly independent
solution to a homogeneous linear second-order differential equation from
a given nontrivial solution.

Idea: Suppose y; is a nontrivial solution to

y"+p(x)y'+q(x)y =0 (H)

and we want to find another nontrivial solution so that { y;,»> } isa
fundmental set of solutions.

Process: Su ]&5 )L pd-sﬁ"
--""-'""'4___:_____,_.—-—'
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The differential equation y"+2y'+y =0

é:‘"'——’/\j )

has linearly independent solutions ¢~ and

xe”". Pretend you only know that e ™ is a

solution, and use reduction of order to find a

second linearly independent solution.

(Note: Two more examples of reduction of order are given in a posted video.)
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Solving the Nonhomogeneous Problem
The Method of Variation of Parameters

2.
B
AV

qﬂ Y PRy a(x)y = £() (NH)
! Goveral sd’n 12
Idea: YT c\?‘;.c_b\a.bﬁ- A

L,J]r\p(‘Q- { yl,}z} 1s a fundamental set of solutions to

n ] ( z

Y+ p(x)y'+g(x)y=0 omd "iﬁl. it

<o “.\

n ] N =
'+ p(x)y'+gx)y = f(x) (

can be written in the form

z=u(x)y, +v(x)y,

Then a particular solution to

The method of variation of parameters gives a mechanism for finding a
particular solution from 2 linearly independent solutions y; and y> to the
associated homogeneous equation (i.e. the reduced equation).

i.e. the homogeneous problem RULES!!
—

——— e — | —
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Theorem Let i, and y2 be linearly independent solutions of
y' +py +qy =0,
and let W = Wy, o]l = 1hvh — ¥iya. If u and v satisfy

' Y2 / Hh
L — d 1 —_— 1
w'=-=f and v = =

then
2=uy + ey
is a solution of

y' +py +ay=[.

(i.e. z is a particular solution)
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Give the general solution to y"'+y =tan(x).  (NH)
L N

—

z —
Process: Co s (%) s'mdc\.j — ¥ ¥ 1=0
) @ r=82

1. Get a fundamental set of solutions to y"+y =0.
2 I~
Ec’j.(.x)s 'sﬂ\ét) % '
2. Get apaﬂmmm zZ=uy,+vy,

where % and

W [Cos(x})sim’m =wis = |
3. Write the general solution of (NH).

\}/j‘:;c_?_;:.{i\a‘){@kﬂ
\
W )
L = amt
___5@\1()'- ‘V - S'\
s
U _f-—f:h‘/)ﬂ Coh‘ N = — Cos 6]

st R
Cos (X))
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L = < nl¥) — ln |%¢c(1<14--\-aa(y]]

(= —Cos )
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Remark: There is a process that can be used to solve the
nonhomogeneous problem in the SPECIAL CASE

y" +ay' + by = f(x)

where a and b are real numbers AND f(x) is made up of sums and
products of

exp(kx), sin(mx), cos(nx), x, 1

The method is called the method of undertermined coefficients.
e — e
(see the text)
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Read the Online Text, Watch the Embedded
Videos, and Look at the Posted Videos
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