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Row Reduced Echelon Form
(RREF)

@ Motivating Example:
MS
2x, +3x, +3x, —x, =2 3

x, —2x,+4x, +x, =-1 l’f un/L/IrtMﬂj

-x, +3x, +2x, =1

2 3 3 -1 2

@ﬂémw —> |1 24 1 1

-1 0 3 2 1

2, 3, 3, -1, 2;
1, '2’ 4’ la 'la

'1’ 0’ 33 23 1’
R1 <-> R2 gives
1, '2’ 4’ la 'la
D 3 3 -1,

'1’ 0’ 33 23 1’
(-2)R1 + (1)R2 -> R2 gives
1, '2’ 4’ la 'la
0’ 7’ '5’ '3’ 43
0, 3, 2, I;
(DR1 + (1R3 -> R3 gives
1, '2’ 4’ la 'la
0’ 7’ '5’ '3’ 43
0’ '2’ 7’ 33 03
(1/7)R2 -> R2 gives
1, '2’ 4’ la 'la

0, &2) 507, 317, 417; 0
0o, 2 7, 3, o l/M
(2)R2 + (1)R3 -> R3 gives \\p_, ~pF0Wl
1, 2, 4, 1, -1; w an <9
0, 1, -5/7, -3/7, 4/7; ?O /
0, 0, 3977, 15/7, 8/7;
(7/39)R3 -> R3 gives a\ﬁvﬂj Cé NQSP'
L2 4 1 I vo e &5
0, 1, -5/7, -3/7, 47, @ —> NI R < qso
0, 0, 1, 513, 8/39; %1

\ <

L
Yl soluion.



1, -2, 4, 1
0, 1

, -1,

=577, =317, 47,
0, 0, 1, 5/13, 8/39;
(2)R2 + (1)RI ->R1 gives
1, 0, 18/7, 1/7, 1/7,
0, 1, -5/7, -3/7, 417,
0, 0, 1, 5/13, 8/39;

> > >

(5/7)R3 + (1)R2 -> R2 gives

2

2

> >

2

1.0, 18/7. /7. 1/7.

0. 1. 0, -2/13. 28/39;

0. 0. 1. 5/13, 8/39;

(-18/7R3 + (1)R1 > R1 T
1. 0.0,

0. 1. 0.

0. 0. 1




The augmented matrix is
2. 3, 3, -1, 2

1, -2, 4, 1, -1;

-1, 0, 3, 2. 1:

R1 <-> R2 gives

1, -2, 4, 1, -1;

2. 3, 3, -1, 2

-1, 0, 3, 2. 1:

(-2)R1 + (1)R2 -> R2 gives
1, -2, 4, 1, -1;

0, 7. -5. -3, 4

-1, 0, 3, 2. 1

(1RI + (1)R3 -> R3 gives
1, -2, 4, 1, -1;

0, 7. -5. -3, 4

0. -2, 7. 3. 0:
(1/7)R2 -> R2 gives

1, -2, 4, 1, -1;

0, 1, -5/7, -3/7, 4/7,
0. -2, 7. 3. 0:

(2)R2 + (1)R3 -> R3 gives
1, -2, 4, 1, -1;

0, 1, -5/7, -3/7, 4/7,
0, 0, 39/7, 15/7, 8/7,

[ used the Matrix Calculator linked from http://online.math.uh.edu

(2)R2 + (1)R1 -> R1 gives
1, 0, 18/7, 1/7, 1/7;

0, 1, -5/7, -3/7, 4/7,

0, 0, 39/7, 15/7, 8/7;
(7/39)R3 -> R3 gives

1, 0, 18/7, 1/7, 1/7;

0, 1, -5/7, -3/7, 4/7,

0, 0, 1, 5/13, 8/39;
(5/7)R3 + (1)R2 -> R2 gives
1, 0, 18/7, 1/7, 1/7;

0, 1, 0, -2/13, 28/39;
0, 0, 1, 5/13, 8/39;
(-18/7)R3 + (1)R1 -> R1 gives
1, 0, 0, -11/13, -5/13;
0, 1, 0, -2/13, 28/39;
0, 0, 1, 5/13, 8/39;



Row Reduced Echelon Form
(RREF)

General Process: Apply elementary row operations to a matrix until

—
e

1. The first nonzero entry in each row (if there 1s one) 1s 1.
(These are called leading entries.)

2. The leading entry in a row is to the right of a leading entry in a row
above.

3. The entries above and below leading entries are all 0.



Examples: Which of the following augmented matrices are in
RREF?
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Example:
The RREF of the augmented matrix for the linear system
—x, +4x, +x, =0
2x, —9x, —6x, —3x, =1

x,—4x, -2x,+x, =—4

is _
1 00 27 64 X 42Ty b
% 010 7 17| +  »_ +7x,=-1)
001 -1 4
Xy = Xy =Y
Solve the system.
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Computing the Inverse of an Invertible Matrix Using RREF

ProcesS: 1(: A \a
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A = C’, C'z o ! './(C',,‘B i| [ acal o
v ( t et
Calnmas o ¥ 9
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Let Ae R™" and x € R”. Denote the columns of

Aby c,...,cn and suppose x = (x;). What is Ax?

> A N — —
4
ﬁ K - Cf] X\ ¥ Qz_\bz N ' Cn X"\ :X\cl*xxczi- X”C{n
Key phrase: linear combination.
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Important Note: You can only solve Ax=5 if b isa

linear combination of the columns of 4. %,
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Homogeneous vs Nonhomogeneous
Linear Systems
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Definition

Let 2'1,...,;" e R". The set {;,...,En} 15 linearly imndependent

m———

if and only if with x, € R, implies x, =0

forall i =1,..., n. Otherwise, we say the set 1s linearly

dependent.
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Question

How 1s linear independence related to solving Ax =07

/H/\,Q_, columos 94 & ace Lﬁaear(l; AR
A C""{a S 15 =0 .
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1Y (-1
Deternune whether the set IJ,{ 1 1s linearly
2)\3
independent.
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Example

Iy (-1 (1
Determine whether the set <[ 1 |,| 1 |,| 3| 1s linearly
2/ 1-3) 11
mdependent.
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1. Determine whether the set 2 LI}

1s linearly independent or linearly dependent.

linearly independent
b. linearly dependent

c. there 1s not enough information

Splv¥ iy ] 0 X,
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Determinants

How do we take the determinant of a 1x1 matrix?
A= ("‘B = det (A= =

How do we take the determinant of a 2X2 matrix?

(A= (0; :\\ = deof (A\: ad-bc

How do we take the determinant of an 7x matrix?
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Ob%ﬂmd \7 Wt+‘né PO—M) ;L a"w(

t/lrwﬂ \_\'

Ei.‘p\C \@\ \2;




These methods all produce the same value. They are all called the
determinant of the nxn matrix A.
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K=1

. Ah
E%Pﬂ'npd oun,Jn ana celumn. E< %\L | — Ca(umn.

gy 2 a, (1 det ()

K=



Eupma( dawn Columa 3

3+3
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Example
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-1 2 |1
A= [' 1 -1 % Calculate det(A4) X different ways.

I 2
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242

gt fav= 0NN det (A Yo ENED (8, ) 0l

= () Aﬁ*(i 1)) %—(-—1\&*(’: _‘2\ + O
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Questions (cont.)

Is there a geometric interpretation of the
determinant of an nxn matrix?
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Question

How do elementary row operations effect the
determinant of a matrix?

c oy . " b (
S S — mulYidlie ~
O<Qj, —2 R;L =< F0 = MHH;‘O,;fg % N4
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«R; + RA = QJ (84 0 Cl/lamagr

/”/115(*5 N o@t@/lm‘imbts 2R cmmﬂ]f{p( L;
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Do elementary row operations until all entries below the diagonal are
zero. Keep track of the row operations, and use this information along
with the product of the entries on the diagonal of the final matrix to get
the determinant.

C
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Row 005 om  axn meihx = o % sperdions
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Question

How is the determinant of a matrix related to the
determinant of the transpose of the matrix? Of
the inverse of the matrix (if it exists)?

AranposL > <suwitoh MWs ¥ celumm <.

-
il (\wnéﬁ)g% a{ ﬁq = Q

dot (AN = det ( m

(7(2* (A X ﬂla{tsamr;% tli[lxuji t(i)St e fact

Ol@* (A\ invertible if and only if its
determinant 1s nonzero.
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Question

Suppose A and B are@matrices andais a
scalar. Determine which of the following are
true:
. det(A + B) = det(A) + det®) [Jot woleEs G s )xl.

—

* det(AB) = det(A) det(B)  Yos ﬂ(jma ¢
- det(a A) = o det(A) ”'”’H

(s

' det(p\ = oot (< 0\
%

21



Questions (cont.)

How is the idea of determinant related to linear
independence?

EESENC B en e S (Y
C@(an*b 9’@ @( e frmwré

det (A F0-
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Definition

An nxn matrix A is nonsingular if and only if

_—
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-1 0 1
2. @Give the determinantof | O 1 1.
1 -2 0

Erpard  actots b |

@. -3 1+ 3

(R

d. None of these

= (-\\(z\ (Y= 73

A x A 5 .G

o |
|l -2
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ot Eigenvalues and Eigenvectors
A=

\ Definition — Part 1

Suppose 4 € R™". We say that a number 4 € R

isa realof A if and only if there is a nonzero

vector x € R” so that I%x = ,%x?. In this case, the vector

x 1s referred to as an e_ig@with the real
-

eigenvalue A.
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r;b\'(ﬁ%
o " Definition — Part 2 Coplex FS

Suppose 4 € R™". We say that a number A € C with im(4)# 0

1s a complex eigenvalue of 4 1f and only if there 1s a nonzero

/m C" 80 thatln this case, the vector
Wf\kvf x 1s referred to as an eigenvector associated with the complex

r eigenvalue A.
\J"Jk@
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Rowride O -

Ax = O

Ax->T x=70
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So, to find the eigenvalues of an nxn matrix A, we first find the
characterstic polynomial given by det(A - X).

Then we find the roots of this polynomial. These are the eigenvalues.
Once we have these, we look for the nonzero solutions to

(A - xD)x=0. These are the associated eigen vectors.

d
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Question: How do we find the eigenvalues
and associated eigenvectors of a real square
matrix A?

Definition: Characteristic Polynomial

27



Example

Find the eigenvalues and associated eigenvectors

for the matrix A = [ 79 _68]_ —
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Example

Find the eigenvalues and associated eigenvectors

0 -1
for the matrx 4 = [1 0 ]

st

Vs ohf;;f "’f ’
dox (A-> T\ = oot (7] e 3

-+ ugall pact
Colve 2yl o & 2T T (o f
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Example

Find the eigenvalues and associated eigenvectors

2 =2 1
forthematnx 4= 1 -1 1
-3 2 -2

30



