Chapter 6

Stochastic Gene Expression and Regulatory
Networks

Genetically identical cells exposed to the same environmental conditions can show
significant variation in molecular content and marked differences in phenotypic
characteristics. This intrinsic variability is linked to the fact that many cellular events
at the genetic level involve small numbers of molecules (low copy numbers). We
have already encountered intrinsic noise effects within the context of stochastic ion
channels (Chap. 3) and biochemical signaling (Chap.5). Although stochastic gene
expression was originally viewed as having detrimental effects on cellular function,
with potential implications for disease, it is now seen as being potentially advan-
tageous. For example, intrinsic noise can provide the flexibility needed by cells to
adapt to fluctuating environments or respond to sudden stresses and can also support
a mechanism by which population heterogeneity is established during cell differen-
tiation and development. Since the demonstration of a functional role for stochastic
gene expression in A-phage [13], there has been an explosion of studies focused
on investigating the origins and consequences of noise in gene expression (see the
reviews [312, 408, 502, 521, 555, 644]). This typically involves establishing the
molecular mechanisms of noise generation at the single gene level and then build-
ing on this knowledge to test and predict its effects on larger regulatory networks.
Gene regulation refers to the cellular processes that control the expression of pro-
teins, dictating under what conditions specific proteins should be produced from
their parent DNA. This is particularly crucial for multicellular organisms, where all
cells share the same genomic DNA, yet do not all express the same proteins. That
is, selective gene expression allows the cells to specialize into different phenotypes
(cell differentiation), resulting in the development of different tissues and organs
with distinct functional roles.

In this chapter we explore the effects of noise on gene expression and protein
synthesis. We begin by reviewing the basic steps in gene expression (Sect.6.1). We
then analyze transcription and translation in some simple unregulated networks and
show how translational bursts in the production of protein can occur (Sect.6.2).
Various simple gene regulatory networks are analyzed in Sect. 6.3 using the lin-
ear noise (diffusion) approximation (see also Sect. 3.2) and Fourier (spectral) meth-
ods. Important examples of nonlinear feedback regulatory networks such as genetic
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switches and genetic oscillators are studied in Sect. 6.4, including the lac operon
and the genetic circuits of the circadian clock. We also discuss some methods for
analyzing the effects of noise on biochemical oscillators. The efficacy of gene net-
works in transmitting information in the presence of molecular noise is investigated
in Sect. 6.5, where some basic concepts such as Shannon information and mutual
information are introduced. We then look at some models of kinetic proofreading,
which is a mechanism for increasing the fidelity of molecular recognition during
protein synthesis, for example, and other cellular processes such as T-cell activation
in immunology (see Sect. 6.7). Finally, the stochastic simulation algorithm (SSA)
introduced by Gillespie to simulate sample trajectories of a gene or biochemical
network is described in Sect. 6.8.

6.1 Basics of Gene Expression

In Fig. 6.1a we show the two main stages in the expression of a single gene accord-
ing to the central dogma.

1. Transcription (DNA — RNA). The first major stage of gene expression is the
synthesis of a messenger RNA (mRNA) molecule with a nucleotide sequence
complementary to the DNA strand from which it is copied—this serves as the
template for protein synthesis. Transcription is mediated by a molecular ma-
chine known as RNA polymerase (RNAP). In the case of eukaryotes, transcrip-
tion takes place in the cell nucleus, whereas subsequent protein synthesis takes
place in the cytoplasm, which means that the mRNA has to be exported from the
nucleus as an intermediate step.

2. Translation (RNA — protein). The second major stage is synthesis of a protein
from mRNA. Translation is mediated by a macromolecule known as a ribosome,
which produces a string of amino acids (polypeptide chains), each specified by
a codon (represented by three letters) on the mRNA molecule. Since there are
four nucleotides (A, U, C, G), there are 64 distinct codons, e.g., AUG and CGG,
most of which code for a single amino acid. The process of translation consists
of ribosomes moving along the mRNA without backtracking (from one end to
the other, technically known as the 5’ end to the 3’ end) and is conceptually
divided into three major stages (as is transcription): initiation, elongation, and
termination. Each elongation step invokes translating or “reading” of a codon and
the binding of a freely diffusing transfer RNA (tRNA) molecule that carries the
specific amino acid corresponding to that codon. Once the chain of amino acids
has been generated a number of further processes occur in order to generate a
correctly folded protein.

The above simplified picture ignores a major feature of cellular processing,
namely, gene regulation. Individual cells frequently have to make “decisions,” that
is, to express different genes at different spatial locations and times and at differ-
ent activity levels. One of the most important mechanisms of genetic control is
transcriptional regulation, that is, determining whether or not an mRNA molecule
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Fig. 6.1: Transcriptional regulation due to the binding of a repressor or activator protein to a pro-
moter region along the DNA. (a) Unregulated transcription of a gene Y following binding of RNA
polymerase to the promoter region. The resulting mRNA exits the nucleus and is then translated by
ribosomes to form protein Y. (b) Increased transcription due to the binding of an activator protein
X to the promoter. An activator typically transitions between inactive and active forms; the active
form X* has a high affinity to the promoter binding site. An external chemical signal can regulate
transitions between the active and inactive states. (¢) Transcription can be stopped by a repressor
protein X binding to the promoter and blocking the binding of RNA polymerase

is made. The control of transcription (switching on or off a gene) is mediated
by proteins known as transcription factors (see Fig.6.1b, c). Negative control
(or repression) is mediated by repressors that bind to a promoter region along the
DNA where RNAP has to bind in order to initiate transcription—it thus inhibits
transcription. On the other hand, positive control (activation) is mediated by activa-
tors that increase the probability of RNAP binding to the promoter. The presence of
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transcription factors means that cellular processes can be controlled by extremely
complex gene networks, in which the expression of one gene produces a repressor
or activator, which then regulates the expression of the same gene or another gene.
This can result in many negative and positive feedback loops, the understanding of
which lies at the heart of systems biology [5]. In addition to transcriptional reg-
ulation, there are a variety of other mechanisms that can control gene expression
including mRNA and protein degradation and translational regulation.

6.1.1 Intrinsic Versus Extrinsic Noise Sources

Following Swain et al. [164], it is useful to distinguish between contributions aris-
ing from fluctuations that are inherent to a given system of interest (intrinsic noise)
from those arising from external factors (extrinsic noise). In the model of gene ex-
pression shown in Fig. 6.1, intrinsic noise is due to fluctuations generated by the
binding/unbinding of a repressor or activator and mRNA and protein production
and decay—these can be significant due to the small number of molecules involved.
Extrinsic noise sources are defined as fluctuations and population variability in the
rate constants associated with these events. The classification of a noise source as
intrinsic rather than extrinsic is context-dependent, so that intrinsic noise at one
level can act as extrinsic noise at another level. Gene-intrinsic noise refers to the
variability generated by molecular-level noise in the reaction steps that are intrinsic
to the process of gene expression. Network-intrinsic noise is generated by fluctua-
tions and variability in signal transduction and includes gene-intrinsic noise in the
expression of regulatory genes. Cell-intrinsic noise arises from gene-intrinsic noise
and network-intrinsic noise, as well as fluctuations and variability in cell-specific
factors, such as the activity of ribosomes and polymerases, metabolite concentra-
tions, cell size, cell age, and stage of the cell cycle.

An operational definition of gene-intrinsic noise is the difference in the expres-
sion of two almost identical genes from identical promoters in single cells averaged
over a large cell population. This definition is based on the assumptions that the two
genes are affected identically by fluctuations in cell-specific factors and that their
expression is perfectly correlated if these fluctuations are the only source of pop-
ulation heterogeneity. The contribution of gene-intrinsic noise can then be investi-
gated experimentally using two-reporter assays (see Sect. 1.2). These assays evalu-
ate, in single cells, the difference in the abundances of two equivalent reporters, such
as red and green fluorescent protein, expressed from identical promoters, located
at equivalent chromosomal positions. This allows measurements of noise fluctua-
tions generated by the biochemical reaction steps that are intrinsic to the process of
gene expression, and how this is affected by mutations or gene deletions. There are,
however, some potential limitations. For example, contributions from extrinsic fac-
tors, such as imperfect timing in replication and intracellular heterogeneity, might
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be measured as gene-intrinsic noise. Moreover, because increased variability in reg-
ulatory signals might cause cells to adapt distinct expression states, the measured
population-average gene-intrinsic noise and the extrinsic regulatory noise might not
always be independent.

6.1.2 Biological Significance of Stochasticity

Stochasticity in gene expression is generally believed to be detrimental to cell func-
tion, because fluctuations in protein levels can corrupt the quality of intracellular
signals, negatively affecting cellular regulation. One possible benefit of randomness,
however, is that it can provide a mechanism for phenotypic and cell-type diversifi-
cation:

1. Stochasticity in gene expression that generates phenotypic heterogeneity is ex-
pected to be particularly beneficial to microbial cells that need to adapt efficiently
to sudden changes in environmental conditions. Fluctuations in gene expression
provide a mechanism for ‘sampling’ distinct physiological states and could there-
fore increase the probability of survival during times of stress, without the need
for genetic mutation. A classical example is the infection of E. coli by a bac-
terial virus known as lambda phage. Infection is governed by a particular ly-
sis/lysogeny decision circuit, in which only a fraction of infecting phage chooses
to lyse (break down) the cell. The remainder become dormant lysogens, in which
the bacteriophage nucleic acid is integrated into the host bacterium’s genome,
awaiting bacterial stress signals to enter the production phase of their life cycle.

2. Switching between phenotypic states with different growth rates might be an im-
portant factor in the phenomenon of persistent bacterial infections after treatment
with antibiotics. Although most of the population is rapidly killed by the treat-
ment, a small genetically identical subset of dormant ‘persistor’ cells can survive
an extended period of exposure. When the drug treatment is removed, the surviv-
ing persistors randomly transition out of the dormant state, causing the infection
to reemerge.

3. The primary purpose of the Saccharomyces cerevisiae (yeast) galactose-
utilization network is to increase the uptake and metabolism of galactose. It
involves several positive feedback loops that generate bistability in the network,
which endow cells (and their progeny) with long-term epigenetic memory of
past galactose-consumption states. It has been suggested that the existence of a
negative feedback loop (which appear spurious from a deterministic perspective)
reduces this memory by increasing the rate at which cells randomly switch be-
tween different phenotypic states that are associated with different expression of
the galactose-utilization genes. As a result, the biological function of negative
feedback might be to prevent cells from being trapped in suboptimal phenotypic
states.
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4. Stochasticity may also play a constructive role in development and cellular dif-
ferentiation in higher organisms. For example, during Drosophila melanogaster
development, stochastic fluctuations in the turnover of two proteins, Notch and
Delta, might underlie the random emergence of neural precursor cells from an
initial homogeneous cell population.

6.2 Unregulated Transcription and Translation

The key steps in transcription are binding of RNAP (P) to the relevant promoter
region of DNA (D) to form a closed complex (PD,), the unzipping of the two strands
of DNA to form an open complex (PD,), and finally promoter escape, when RNAP
reads one of the exposed strands

ky k Kes o
P+D kﬁ PD. 25 PDy =X transcription.

Once the RNAP is reading the strand, the promoter is unoccupied and ready
to accept a new polymerase. The binding/unbinding of polymerase is very fast,
k+ > kopen so that the first step happens many times before formation of an open
complex. Hence, one can treat the RNAP as in quasi-equilibrium with the promoter
characterized by an equilibrium constant Kp = ky /k_. The rate of transcription will
thus be proportional to the fraction of bound RNAP, k / (k4 + k_). The production
of mRNA from a typical gene in E. coli occurs at a rate around 10 per minute, while
the average lifetime of mRNA due to degradation is around a minute. This implies
that on average there are ten mRNA molecules per cell. Generation of the mRNA
molecule occurs at a rate of 50 nucleotides per second. Hence, a typical gene of
around 1,000 nucleotides will be transcribed in about 20s. Thus, there are around
three RNAP per gene at any one time, suggesting the number fluctuations will be
significant.

First, suppose that we ignore any regulation of the promoter as in Fig. 6.1a, and
collapse the various stages of transcription into a single step with mRNA production
rate k. Letting y denote the rate of mRNA degradation and m(¢) the number of
mRNA molecules at time ¢, we have the reaction

k
m—m+1, m—"Lsm—1

with corresponding kinetic equation for the concentration x = m /€, where  is cell
volume

E:k—}/x

Clearly, given that m is of order 10, the law of mass action breaks down and we have
to consider the corresponding birth—death master equation
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dpm(t)
dt

= —Qkpp(t) + Qkppy—1(t) — ympp(t) + y(m ~+ 1) py1 (1) (6.2.1)

for m > 0 and P_; = 0. This is identical to the autonomous version (3.6.3) of the
master equation for a stochastic gating model (Sect. 3.6). We immediately deduce
that the resulting probability density is given by the Poisson distribution (3.6.7).
Hence, in the limit # — oo we obtain a stationary Poisson process with

lm

m!’

pm=e" A =Qk/y. (6.2.2)

It follows that
(m)=A, var[m|=A.

This is an important result because both the mean and variance in the number of
mRNA molecules can be measured experimentally. One commonly used measure
of the level of noise in a regulatory network is the so-called Fano factor:

(m?) — (m)?
CONE

For the unregulated process, the Fano factor is one.

Fano factor = (6.2.3)

6.2.1 Translational Bursting

In addition to transcription, other steps in the central dogma are also subject to
variability including protein translation, which often occurs in bursts [36, 89, 199,
427]. One could add the translation step (mMRNA — protein) to the previous model.
However, it is simpler to proceed by exploiting the fact that a single mRNA molecule
has a much shorter lifetime than a protein. First, consider a single mRNA molecule
with a degradation rate 7y, which starts synthesizing a protein at time # = 0. Let
po(n,t) (pe(n,t)) denote the probability that there are n proteins at time ¢ and the
mRNA has not (has) decayed. Neglecting protein degradation, we have the master
equation

d

I?ocgi o —ypo(n,t) +r(po(n—1,1) — po(n,1)] (6.2.42)
dpe(n,

pcgf - =Tpo(n;1), (6.2.4b)

where r is the rate of protein production and po(—1,7) = 0. Let
P(n) = lim pe (n.1)

Note that lim,_.. po(n,¢) = 0 due to the decay of mRNA. Integrating Eq. (6.2.4b)
with respect to time gives
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Py =7 [ poln.r)ar

since p.(n,0) = 0. In order to compute po(n,t), integrate Eq. (6.2.4a) with respect
to time using po(n,t) = 8,0:

~8u0=—P(n)+ % [P(n— 1) — P(n)].

Setting n = 0 gives

Y
PO)=

For n > 1, we have the recurrence relation

n
P(n)= —P(n—1) = P(n):( ’ ) r_
r+vy r+y) r+vy
An important quantity is the so-called burst size b, which is the mean number of
proteins produced per mRNA. Using generating functions it can be shown that (see
Ex.6.1)
b=—.
Y
The idea of a translational burst refers to the observation that a single mRNA gen-
erates a burst of protein production before it decays (see Fig. 6.2a).

Now suppose that there are m mRNA molecules and that translation of each
mRNA proceeds independently. The probability of producing N proteins due to
bursts from each mRNA molecule can be expressed as a multiple convolution [509].
For example, if m = 2, then

N
P(N) = ZOP(H)P(N— n,
and N .
P5(N) = %P(n) Y, P(n')P(N—n—n').
n= n'=0

Assume that the number of proteins is sufficiently large so that we can approximate
the sums by integrals, for example,

The advantage of the integral formulation is that one can use Laplace transforms
and the convolution theorem. Thus, setting

Pus) = [ Puln)e™"dn,
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Fig. 6.2: Effects of noise in gene expression. (a) Schematic illustration of translational bursting.
Each arrow represents a burst event where an mRNA transcript releases a burst of proteins of av-

erage size b, and proteins decay between bursts. (b) Illustration of how negative feedback in an

autoregulatory network reduces the mean number of proteins but also reduces the size of fluctua-
tions

we have
Pu(s) = [P(s)]m
Calculating B, (s) and then inverting yields the result (see Ex. 6.1)

wor (%) () o

For n,b > 1, we can make the approximation

b n
_ e—nln(l—i—b’l) ~ o /b
1+0b ’

which leads to the gamma distribution for n with m fixed:

nm—le—n/b

Pu(n) = F(n;mb™ 1) = )

(6.2.5)

From properties of the gamma distribution, we immediately note that for a given
number of mRNA molecules,

(n) =mb, var(n) =mb>.

Hence, under the various approximations the Fano factor is of the order of the burst
size b. Finally, an estimate for m is m ~ k/y where k is the rate of production of

mRNAs and 7}y is the frequency of the cell cycle (assuming that it is higher than the
rate of protein degradation).
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An alternative approach to analyzing protein bursting is to start from the
Chapman—Kolmogorov (CK) equation [199]

dp(x,t) )

or a[yoxp(x)] ‘HC/O wlx —xp(X,t)dx (6.2.6)

where p(x,?) is the probability density for x protein molecules (treating x as a con-
tinuous variable) at time ¢, and

w(x) = %e‘x/ b —5(x). (6.2.7)
The first term on the right-hand side of the CK equation represents protein degra-
dation, where the second term represents the production of proteins from exponen-
tially distributed bursts. The gamma distribution (6.2.5) with n — x is obtained as
the stationary solution of the CK equation, which can be established using Laplace
transforms (Ex. 6.2). It is also possible to incorporate autoregulatory feedback into
the CK equation by allowing the burst rate to depend on the current level of protein
x, which acts as its own transcription factor [199]:

ap(x,t) 0

5 = o]tk /0 (= )e()p(d, 1) (6.2.8)

One possible form of the response function ¢(x) is a Hill function

kS
C(_x) = —ks _|_xS’
with s > 0 (s < 0) corresponding to negative (positive) feedback. In this case, the
stationary density takes the form (Ex. 6.2)

p(x) :Axm(l-l—e)—le—x/b[l + (x/k)s]—m/s.

A more general mathematical analysis of bursting in discrete and continuous models
can be found in [407].

6.3 Simple Models of Gene Regulation

One of the simplest gene regulatory networks consists of a gene that can be in one
of two states, active or inactive (see Fig. 6.3). In the active state the gene produces
protein X at a rate r, which subsequently degrades at a rate ¥, whereas no protein is
produced in the inactive state. For simplicity, the stages of transcription and trans-
lation are lumped together so we do not keep track of the amount of mRNA. More-
over, the transcription factor Y that switches on the gene is independent of protein
X, that is, there is no feedback. Since the rate of activation k will be proportional
to the concentration ¢ of Y in the nucleus, this simple network can be viewed as an
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input/output device that converts the input signal ¢ to an output signal given by the
concentration x of protein X. Moreover, if X is a green fluorescent protein, then the
output response can be measured. In Sect. 6.5, we will consider how effective such
a feedforward networks is in transmitting information in the presence of molecular
noise, following the work of Tkacik et al. [631, 632, 634, 665]. Here we will focus
on calculating the level of noise.

6.3.1 Transcriptional Bursting in a Two-State Model
The reaction scheme of the regulatory network shown in Fig. 6.3 is

ky
1=a-5p-Lso,
where A and I denote the active and inactive states of the gene. We first consider the
case in which the number of X proteins is sufficiently large so that we can represent
the dynamics in terms of a continuous-valued protein concentration x [318]. The
latter evolves according to the (piecewise) deterministic equation

% = rn(t) — yx, (6.3.1)
where the discrete random variable n(¢) represents the current state of the gene with
n(t) =1 (active) or n(t) = 0 (inactive). We thus have another example of a stochastic
hybrid system. Let p;(x,t) denote the probability density of the protein concentra-
tion for n(z) = j, j =0, 1. We then have the differential Chapman—Kolmogorov (CK)
equation

T T e g

Fig. 6.3: Simple example of a two-state gene regulatory network. The promoter transitions between
an active state (bound by a transcription factor protein ¥ and RNA polymerase) and an inactive state
with rates k4. The active state produces protein X at a rate r and protein X degrades at a rate y
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J d
% = — 5 (=rpo(x 1)) +k-p1(x,1) = ke po(x,1) (6.3.2a)
) d
% = — 5 (r=wp1(x0)) +kepo(x8) — k-pr(x,1), (6.3.2b)

supplemented by the no-flux boundary conditions Js(x) = 0 at x = 0,r/y, where
Jo(x) = —yxpo(x) and J1 (x) = [r — yx|p1 (x). In the limit that the switching between
active and inactive states is much faster than the protein dynamics, the probability
that the gene is active rapidly converges to the steady state k. /(k;+ +k_), and we
obtain the deterministic equation

dx rk
a T e

— x. (6.3.3)

Following [318], we will characterize the long-time behavior of the system in terms
of the steady-state solution, which satisfies

L (pepol) =k () — ke po() (63.42)
%(V— 1alp1(x) = kspo(x) —k-p1 (x). (6.3.4b)

The no-flux boundary conditions imply that po(r/y) = 0 and p;(0) = 0. First, note
that we can take x € [0, r/7] and impose the normalization condition

r/y
/0 [po(x) + p1(x)]dx = 1.

Integrating Eq. (6.3.4) with respect to x then leads to the constraints

I o
Polx Tk +ky Pi(x Tkt kg

Adding Egs. (6.3.4a) and (6.3.4b) we can solve for po(x) in terms of p;(x) and then
generate a closed differential equation for p;(x). We thus obtain a solution of the
form (see Ex. 6.3),

po(x) = C (yx) /T (r— )17 pi(x) = C (y) T (r— ) THRT(6.3.5)

for some constant C. Imposing the normalization conditions then determines C as

~1
C =y [/ Bk, Sk )]

where B(ct, ) is the beta function:

B(a, ) = /0l 11— )Py
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Finally, setting r/y = 1, the total probability density p(x) = po(x) + p1(x) is given
by [318]
xk+/7—1(1 _x)k—/7—1
p(x) = : (6.3.6)
B(ky/v.k-/7)

p(x)

02 04 06 08 1.0
X X

Fig. 6.4: Steady-state protein density p(x) for a simple regulated network in which the promoter
transitions between an active and inactive state at rates k. (a) Case k4 /k > 1: there is a graded
density that is biased towards x = 0, 1 depending on the ratio k. /k_. (b) Case ki /k < 1: there is a
binary density that is concentrated around x = 0, | depending on the ratio k /k_

In Fig. 6.4, we plot p(x), 0 < x < 1 for various values of Ky = k4 /y. It can be
seen that when the rates k1 of switching between the active and inactive gene states
are faster than the rate of degradation k, then the steady-state density is unimodal
(graded), whereas if the rate of degradation is faster, then the density tends to be
concentrated around x = 0 or x = 1, consistent with a binary process. In other words,
if switching between promoter states is much slower than other processes, then one
can have transcriptional contribution to protein bursting [318]. This scenario tends to
occur in eukaryotic gene expression, for which the presence of nucleosomes and the
packing of DNA-nucleosome complexes into chromatin generally make promoters
inaccessible to the transcriptional machinery. Hence, transitions between open and
closed chromatin structures, corresponding to active and repressed promoter states,
can be quite slow.

Finally, note that a model identical in form to the above has also been applied
to gene expression dynamics in a randomly varying environment [599]. In the lat-
ter case, x represents the concentration of mRNA and ¥ is the rate of degradation.
The rate k of mRNA production takes on two values, depending on a binary-valued
environmental input n(r), with k = ko if n(t) = 0 and k = k; if n(r) = 1. The envi-
ronment randomly switches between its two states at the rates k1. Equations (6.3.2)
thus become
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0 0
% = _a([ko - }/x]po(x,t)) +k_pi ('x’t) - k+p0(x7t) (6.3.7a)
0 0
T = ==k = lpa (x,1)) + ke o) — k-pi (x.1), (6.3.7b)

where p;(x,t) is the probability density for mRNA concentration x given the envi-
ronmental input is n(¢t) = j,j = 0, 1. The analysis of the steady-state density pro-
ceeds as before and one finds [599]

po(x) = C(yx—ko) "/ (ky —yx)* /7, py(x) = C (yx — ko) /7 (ky — yx)1+6k—/7
(6.3.8)

for some constant C. Imposing the normalization conditions, then determines C as

€= [tk k) 7Bk, frk )]

It follows from the analog of Fig. 6.4 that if the mRNA degradation rate is faster
than the rate of environmental fluctuations, then the steady-state density of mRNA
tracks the state of the environment with p(x) localized around x = 0 (x = 1) when
k_ >k (kg > k_). Stochastic switching has been suggested as a survival strategy
used by populations of yeast cells in fluctuating environments [1].

6.3.2 Protein Fluctuations and the Linear Noise Approximation

In the above analysis, we considered the distribution of proteins arising from a single
gene, in which the only source of noise came from the random switching of the
promoter. We now want to estimate the size of protein fluctuations in a population
of nmax genes that takes into account intrinsic noise effects due to a finite number of
proteins. Let n; denote the number of active genes and n, the number of proteins.
Setting x; = (n;)/£2, where £ is the system size, the various reactions and the
corresponding rate equations based on mass action (valid in the limit 2 — o) are
as follows:

1. Gene activation and inactivation

ki (nmax—n k_n
ni +(ﬂ> l)l’ll—l—l, l’l]—;l’ll—l

with J
X1
E = k—i—(xmax —Xl) — k_XI .
2. Protein production and degradation

m 2
n2—1>n2—l—1, l’lz%l’lz—l
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with

In order to take into account the effects of intrinsic noise, it is necessary to turn to
the associated master equation. Let P = P(ny,n;,t) denote the probability that there
are n; active genes and n; proteins at time ¢. Then

dP

== ky(nmax —n1+ 1)P(ny — 1,np,t) +k_(n; + 1)P(ny + 1,n,t)

—|—rn1P(n1,n2 — l,l‘) —i—}’(l’lz-l— 1)P<I’l1,n2+ l,t)
— [k (nmax — n1) + k—ny + rng + yna| P(ny,ny,t). (6.3.9)

Since the transition rates are linear in n; and n;, one could determine the means
and variances by taking moments. However, this method is not applicable to master
equations with nonlinear transition rates. Therefore, we will follow the approxima-
tion method introduced in Sect. 3.2, whereby the master equation is reduced to a
Fokker—Planck (FP) equation by carrying out a system-size expansion. The result-
ing FP equation can then be linearized about a stable fixed point of the deterministic
rate equations, resulting in a multivariate OU process that can be used to calcu-
late means and variances [162, 164, 625]. One of the useful features of the linear-
noise approximation is that it can be applied systematically, once the mass-action
kinetic equations are expressed in the general form (6.3.17) as described in Box
6A. For the given regulatory network, there are two chemical species (N = 2) and
four single-step reactions (R = 4). For a = 1,2 (gene activation and inactivation),
we have Sl‘71 = 5,'71,5,"72 = —5,'71,]01 (X) = k+(xmax —xl), and fz(X) = k_xl. Express—
ing the master equation as (6.3.18) and carrying out a diffusion approximation then
leads to the FP equation (6.3.20) with drift terms

Vi (X) = k.,. (xmax —X1> — k_xl, VQ(X) =TrX; —Yx2
and a diagonal diffusion matrix D with nonzero components
D) = ki (Xmax —X1) +k_x1, Doy =rx;+ yx2.

In the deterministic limit, we recover the kinetic equations expressed as

dx;
d_tl = Vi(x).

It immediately follows that there is a unique fixed point given by

k+ r
Xy = —X].

X1 = mxmax; ¥



284 6 Stochastic Gene Expression and Regulatory Networks

Linearizing the corresponding Langevin equation about this fixed point by setting
X;(t) = x* +Q~/2Y,(¢) then yields the OU process (6.3.25) for ¥;, which takes the
explicit form

dy) = —(k+ —{—k,)Yldl‘—FdWl, dy, = [rY1 — ’}’Yz]dt—i—sz, (6.3.10)
with Wy (¢) and W (¢) independent Wiener processes satisfying

(dWy (1)dW (1)) = [k (xmax — X]) +k_x]]8(t —t)dtdt’ = 2k_x[6(t —t')dtdt’,
(dWs()dWs (")) = [rx} + 5] (t —t')dedt' = 2rx;8(t —t')dedt'.

Introducing the stationary covariance matrix
Zij = ([¥i(t) = Yi(0)][¥; (1) — (¥;())])

one sees that Y;(¢) is a Gaussian process with zero mean and covariances determined
from the matrix equation
AZ +3AT = D, (6.3.11)

A— —(ky+k-) O . D= 2k_x) O* ‘
r 4 0 2rx

Finally, solving the matrix equation (6.3.11) for the covariance gives the Fano fac-
tors (see Ex. 6.4):

with

ve<1’r1[n>1] - ’:k — 1= (m) /M (6.3.12a)
1 + T K-
var[ny] Y var[n]

my T e ey e (©3120)

Note that (n;) = Qx7 and var[n;] = QX;;. We immediately see that the presence of
a transcription factor increases the Fano factor of the protein above one.

An alternative approach to analyzing the multivariate OU process derived from
the linear noise approximation is to Fourier transform the corresponding multivari-
ate Langevin equation (6.3.10) and calculate the spectrum of the protein concentra-
tion [328, 624]. First, since we are ultimately interested in protein number fluctua-
tions, we rescale the Langevin equation by setting An; = \/§Yj =n;— (n;j) and use
the white noise formulation (see Sect. 2.2.5):

dAl’ll
dt

dA
= (ks +k_)An; + 1, 7”2 — rAny — YAmy + 1, (6.3.13)
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with 11 (7) and 1, (¢) independent Gaussian white noise processes satisfying

(M@OM()) = [y (max — (n1)) + k- (n1)]6(t = 1) = 2k_(n1)6(t = 1'),
(m(O)ma(t)) = [r{ny) + ¥{n2)]8(t — ') = 2r(n1)8 (¢ — ).

Fourier transforming the linear equations (6.3.13) with

Anj(t):/_ Anj(@)e 52

yields
—iwAny = —(ky +k)Any + 11, —iwAny =rAn — yAmy + 1. (6.3.14)

It follows that

X ~
T i’fl . 772'
y—io  y—io
il n >
(kyr +k_—io)(y—iw) y—io

Any =

From the spectral analysis of Sect.2.2.5, we have
(T (@) (") =2k_(m) 275 (0+0"), (f2(0)(0)=2r(n) 216(0+0).

Hence, the spectrum of the protein fluctuations, defined by <Z;lz(a))2\;lz(a), ) =
S$(0)d(w+ o), is

_ r*(2k—{n1)) 2r(ny)
(o) = (@02 + (ks +k)2) (02 +72)  @2+72 (6.3.15)
It follows that
" (o)A or—ior d0© do
var[no] = ((Any)?) = /_m /_M<Anz(w)Anz(w’)>e"w’e_’wt% 2(70r

o dw
— /_msz(w)%

The integral can be evaluated using partial fractions and the identity

/°° do 1
e W2 4a?2  a’
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which gives

B r<n1> r2k7 <n1> 1 1
varel = = =+ e - (?_k++k—)

r{ny) r?(ny) /vy k_
Y k++k7+'}/(k++k7)

— (m) + (r/y)zﬁ/mg(l — (1) /) (6.3.16)

This agrees with Eq. (6.3.12b). Finally, note that there are two contributions to the
size of protein fluctuations. First, there is the output noise (ny) arising from the
production of a finite number of proteins in which the variance equals the mean,
reflecting a pure Poisson process. The second contribution arises from the random
switching of the promoter and is proportional to the binomial variance p;(1 — p;)
where p; = (n1)/nmax is the mean fraction of active genes. For further applications
of frequency domain analysis to feedforward gene networks see Exs. 6.5 and 6.6.

Box 6A. Linear noise approximation.

Suppose that the mass-action kinetics of a general biochemical or gene
network is written in the form

dxi &

== Y Siafa(x), i=1,....N (6.3.17)
a=1

where a labels a single-step reaction and S is the so-called N x R stochio-
metric matrix for N molecular species and R reactions. Thus S;, specifies
the change in the number of molecules of species i in a given reaction a.
The functions f, are known transition intensities or propensities. Given
this notation, the corresponding master equation is

dP(n,t) R

N
— —Sia —
= le (HE 1) fu(n/Q)P(n,1), (6.3.18)

where €2 represents the system size. Typically, €2 is the volume of the
well-mixed compartment where reactions occur or the total number of
molecules in cases where there is number conservation. Here E~5« is a
step or ladder operator such that for any function g(n),

]E’_Siag(nlw--vnia"'?nN) :g(”la"'ani_Sia""’nN)‘ (6319)
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A diffusion approximation of the master equation can now be ob-
tained along identical lines to Sect.3.2 (see also [162]). That is, set
fa(n/Q)P(n,t) — f,(x)p(x,?) and use the fact that

| |E Siap(x) = h(x — S,/Q)
N ooh 1 X 9°h(x)
=h(x)— Q'Y Sium—+ =5 iaSjag——+0(Q7).
() ;S 8x,+£221.]2‘15 S 8xi8Xj+0( )

Carrying out a Taylor expansion of the master equation to second order
thus yields the multivariate FP equation

- Vix)p(x,1) 1 & 97Dii(x)p(x,1)
E - _i:zl 8x,~ * E ijZ—l 8x,~8xj ’ (6.3'20)

R R
= Z S,-afa(x), DiJ'(X) = Z SiaSjafa(X)- (6321)
a=1 a=1

The FP equation (6.3.20) corresponds to the multivariate Langevin equa-
tion

dX; = Vi(X)dt + —= Z Bia(X)dW,(1) (6.3.22)

where W, (¢) are independent Wiener processes and D = BB, that is,

Bia = Sia\/fa(X). (6.3.23)

Now suppose that the deterministic system, written as

- — ‘/l )
5 = Vi(x)

has a unique stable fixed point x* for which V;(x*) = 0 and introduce the
Jacobian matrix A with

Ajj= : (6.3.24)

The Langevin equation suggests that, after a transient phase, the stochas-
tic dynamics is characterized by Gaussian fluctuations about the fixed
point. Substituting X;(¢) = x7 + Y;(t)/ )/V/Q into the Langevin equa-
tion (6.3.20) and keeping only lowest order terms in Q~!/2 yields the
Ornstein—Uhlenbeck (OU) process
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N R
dY; =Y AijYidt+ ) Bia(X")dWq(1). (6.3.25)
j=1 a=1

Introducing the stationary covariance matrix

Zij = ([¥i(t) = (M(e)][¥; (1) — (¥i()])

it immediately follows from the analysis of the multivariate OU process
(see Ex.2.7), that
AX +3AT = —BB’. (6.3.26)

6.3.3 Autoregulatory Network

So far we have considered a simple feedforward regulatory network. However, much
of the complexity in gene networks arises from feedback, in which proteins in-
fluence their own synthesis directly or indirectly by acting as transcription factors
within a regulatory network. A common example is autoregulation, in which a gene
is directly regulated by its own gene product [625] (see Fig. 6.5a). A simple kinetic
model of negative autoregulatory feedback is

% = —Yx1 —|—F(X2), % =TrX| — YpX2, (6.3.27)
where x1(¢) and x,(¢) denote the concentrations (or number) of mRNA and protein
molecules at time ¢. The parameters ¥, y, represent the degradation rates, r repre-
sents the translation rate of proteins, and F(y) represents the nonlinear feedback
effect of the protein on the transcription of mRNA. A typical choice for F' in the
case of a repressor is the Hill function

k

RS0

(6.3.28)

We will assume that the network acts in a regime where the Hill function is approx-
imately linear with F(y) = ko — ky. The analysis of intrinsic noise proceeds along
similar lines to regulated gene transcription.

Let P = P(m,n,t) denote the probability that there are m mRNA and n proteins
at time 7. Then

dP
i QkoP(m— 1,n,t)+ [kn+ y(m+ 1)|P(m+ 1,n,t)
+rmP(m,n—1,t) +y,(n+1)P(m,n+1,t)

— [Qko + (kn+ ym) 4+ rm + yon| P(m,n,t). (6.3.29)
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In order to carry out a linear noise approximation, we first rewrite the kinetic equa-
tions in the general form (6.3.17) with two chemical species (N = 2) and four single-
step reactions (R =4). For a = 1,2 (mRNA production and degradation/repression),
we have S; | = 0;1,5i2 = — 8.1, f1(X) = ko, and f>(X) = kx + yx;. Expressing the
master equation as (6.3.18) and carrying out a diffusion approximation then leads to
the FP equation (6.3.20) with drift terms

Vi(x) =ko—kxy—yx1, Va(X)=rx; — Y12

gene X

Fig. 6.5: Negative autoregulatory network. A gene X is repressed by its own protein product

and a diagonal diffusion matrix D with nonzero components
D = k() + kxy + Yx1, Dy =rx; + YpXa-
There is a unique fixed point of the deterministic dynamics (in the linear regime)

ko r
xX] = i Xy = —X].

oYYtk Y

Linearizing the corresponding Langevin equation about this fixed point by setting
X;(r) = x* + Q7 1/2Y;(¢) then yields the OU process (6.3.25) for ¥;. Introducing the
stationary covariance matrix

Zij = ([¥i(t) = Yi(0)][¥; (1) — (Y(@)])

one sees that Y;(¢) is a Gaussian process with zero mean and covariances determined
from the matrix equation
AZ+3AT=-D (6.3.30)

N —k D_ kx; + yxi 0 .
r =)’ 0 rxy + YpX5

with
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Solving the matrix equation (6.3.30) yields (see Ex. 6.7)

-
212222121_?” (1 ¢ )XE, 222=X§+y—212,

C1+bo o
where .
r Yr
b:—, n=-—, (p:_
Y Y Yp

Here b is the burst size, 1 is the ratio of degradation rates, and ¢ describes the
strength of the negative feedback. It follows that the Fano factor for proteins is

var[n] b ¢
) =l <1 1+b¢>' (6.3.31)

The above analysis establishes the negative feedback can reduce fluctuations in pro-
tein number (see Fig. 6.2b). That is, in the absence of feedback (¢ = 0), the Fano
factor is 1 +b/(1+ n), which is clearly larger than the case ¢ > 0. Also note that
when 11 < 1 and b > 1, we recover the result obtained from the protein translation
model of Sect. 6.2.

6.4 Genetic Switches and Oscillators

Once feedback and nonlinearities are included in gene networks, a rich repertoire of
dynamics can occur. Here we briefly consider two important classes of dynamical
gene networks, namely, switches and oscillators.

6.4.1 Mutual Repressor Model of a Genetic Switch

Considerable insight into genetic switches has been obtained by constructing a syn-
thetic version of a switch in E. coli, in which the gene product of the switch is a
fluorescent reporter protein [206]. This allows the flipping of the switch to be ob-
served by measuring the fluorescent level of the cells. The underlying gene circuit
is based on a mutual repressor model (see Fig. 6.6). It consists of two repressor
proteins whose transcription is mutually regulated. That is, the protein product of
one gene binds to the promoter of the other gene and represses its output. For sim-
plicity, the explicit dynamics of transcription and translation are ignored so that we
only model the mutual effects of the proteins on protein production. Denoting the
concentrations of the proteins by x(¢),y(t), the resulting kinetic equations are

d
—x:—}/x-i- : Y

— = 6.4.1
dt 1+Ky  drt ©4.1)

-
= 1+ Kx"
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Here 7y is the rate of protein degradation, r is the rate of protein production in the
absence of repression, and K is a binding constant for the repressors. As in the model
of autoregulation, negative feedback is modeled in terms of a Hill function with Hill
coefficient n. It is convenient to rewrite the equations in nondimensional form by
measuring x and y in units of K ~1/7 and time in units of y I

du o dv o
_ av_ 42
- "t @ Vi 6.42)

with o = rK'/" /7. Analysis of the fixed point solutions of this pair of equations
establishes that the mutual repressor model acts as a bistable switch. For simplicity,
consider the case n = 2 (protein dimerization). The fixed point equation for u is

—1
1+ (-2 ’
14 u? ’

which can be rearranged to yield a product of two polynomials:

u=auao

(u? —au+1)(u+u— o) =0.

The cubic is a monotonically increasing function of u and thus has a single root
given implicitly by

>

| @ _—I— gene Y
L

gene X

L ® <-'1LZ<-

Fig. 6.6: Mutual repressor model of a genetic switch. A gene X expresses a protein X that represses
the transcription of gene Y and the protein Y represses the transcription of gene X

—.

U= o %
Col+ur
This solution is guaranteed by the exchange symmetry of the underlying equations.
The roots of the quadratic are given by

u:UiE%[ai a2—4},
with v = U=. It immediately follows that there is a single fixed point when o < 2 and
three fixed points when o > 2. Moreover, linear stability analysis establishes that
the symmetric solution is stable when o < 2 and undergoes a pitchfork bifurcation
at the critical value o, = 2 where it becomes unstable and a pair of stable fixed
points emerge.
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Given that the deterministic system is bistable, one can now investigate the ef-
fects of intrinsic noise by constructing a master equation along the lines of Sect. 6.3.
We will construct the master equation for a slightly simplified mutual repressor
model consisting of a single promoter site; if a dimer of one protein is bound to the
site then this represses the expression of the other [328, 470]. Thus the promoter can
be in three states O}, j = 0,1,2: no dimer is bound to the promoter (Oy); a dimer of
protein X is bound to the promoter (O); a dimer of protein Y is bound to the pro-
moter (O;). Suppose that the number of proteins X and Y are n and m, respectively.
The state transition diagram for the three promoter states is then

m(m—1
o, 2 0,"" 0,
n(n—1)x Bx

where x is a rate and 3 is a nondimensional dissociation constant. Protein X (V)
is produced at a rate o¢ when the promoter is in the states Op (Op2), and both
proteins are degraded at a rate ¥ in all three states. Let p;(n,m,t), j =0,1,2, be the
probability that there are n (m) proteins X (Y) and the promoter is in state j at time
t. The master equation for p = (po, p1,p2) is given by

d
—pj(n,m,t) = z 2 {5,1 o O A jk + 0 kW ]pk(n’,m',t), (6.4.3)
dt J=0.1.20 ! it
where
—nn—1)—mm—-1) P B
A=k n(n—1) B 0 |, (6.4.4)
m(m—1) 0 -p
and

2 nmnm’pon m' t)
:ﬂ@+1Mdﬂ+LmJH%m+1Mde+4J%%”+demmJﬂ
+a(p0(n_17m7t)+p0(n7m_17t)_2p0(n7m7t)) (6453)
2 nmnm’p1 n m t)
7[(”+1)p1(n+1 m t) (m+l)pl(n,m+l,t)—(n+m)p1(n,m,t)]
+o(pi(n—1,m,1) = pi(n,m,1)) (6.4.5b)
z nmnm’p1 n m t)

=Y[(n+)pa(n+1,mt)+ (m+1)pa(n,m+1,t) — (n+m)pa(n,m,t)]
+o(pa(n,m—1,t) = pa(n,m,1)). (6.4.5¢)
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Kepler and Elston [328] consider two approximations of the master equation,
one based on a system-size expansion of the W/ terms with respect to the mean
number N = ¢¢/y of proteins when the promoter is in state Op and the other based
on a QSS approximation. The latter assumes that the rates of protein production and
degradation are much slower than the rates of switching between promoter states.
First, introduce the rescaling  — t7y and set x = n/N, y = m/N. The master equation
for the resulting probability densities p;(x,y,?) takes the form

J 1 .
5, Pixyt) = 2 {gAjk + N W ] pr(x, 1), (6.4.6)
j=0,1,2

where € = 73 /xa® and b = By? /o are dimensionless parameters,

—x(x—1/N)—y(y—1/N) b b
A= x(x—1/N) -b 0 |, (6.4.7)
y(y—1/N) 0 —b

and W/ are differential shift operators

Wo — (eax/N - 1) X+ (ea«v/N - 1) v+ (e*ax/N eIV 2) (6.4.8)
w! = <eax/N . 1)x+ (eay/N . 1)y+ (e*ax/N . 1) (6.4.8b)
W2 — (eax/N _ 1)x+ (eay/N _ 1>y+ (e—ay/N _ 1) . (6.4.8¢)

The latter are a way of representing a Taylor expansion. That is, for any smooth
function f(x),

fx£Ax) = f(x) £ f(x)Ax+ f"(x)Ax* /2! % . ..

Ax? 2 +Axd
= 1:|:Ax8x—|—T8x:|: f(x):e Xf()C).

If the promoter transitions are fast and the expected number of protein molecules
is large, then there are two small parameters in the model, € and 1/N. Taking the
limits € — 0 and N — <o in either order, one obtains the kinetic equations (see also
Ex.6.8)

dx dy ) 1
. :f(xay)a - :f(yax)7 Wlthf(x7y): —a X (6.4.9)
dt dt 1+ 2

b+x2
One finds that the deterministic system is bistable for 0 < b < b. = 4/9 (see Fig. 6.7).
At the critical point b = b, there is a saddle-node bifurcation in which a sta-
ble/unstable pair annihilate so that for b > b, there is a single stable fixed point.
There are then two approximations of the full master equation that can be used to
explore the effects of noise-induced transitions in the bistable regime, depending on
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whether one considers the system-size expansion in 1/N for fixed € or the QSS ex-
pansion in € for fixed N. For the sake of illustration, we focus on the former. Taylor
expanding the differential operators W/ and keeping only the leading order terms
yields the multivariate differential Chapman—Kolmogorov (CK) equation [328, 470]

dp;  IFix)p; IG;(y)p; 1
- — - A 6.4.10
ot ox dy * € k:% ) )P ( )
with
Fo(x)=1-x, Fx)=1-x, Fk)=—x
Go(y)=1-y, Gi(y)=-y, G(y)=1-y, (6.4.11)
and
—x2 —y? b b
A= x? -b 0 |. (6.4.12)
y? 0 —b

1.0
0.8
0.6
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0.4r¢
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0.0 L : -
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Fig. 6.7: Phase-plane dynamics of mutual repressor model analyzed by Kepler and Elston [328]
and Newby [470] with b = 0.15. The black curve shows the y-nullcline and the gray curve shows
the x-nullcline. The open circles show the stable fixed points; the filled circle shows the unstable
saddle. The irregular curve shows a stochastic trajectory leaving the lower basin of attraction to
reach the separatrix

The CK equation (6.4.10) describes an effective stochastic hybrid system in which
the concentration of proteins X and Y play the role of the piecewise determinis-
tic continuous variables, and the state of the promoter is the discrete variable that
evolves according to a continuous-time Markov process. We have previously en-
countered stochastic hybrid systems in our analysis of voltage-gated ion channels
(Sect. 3.5). One could now use a QSS approximation to obtain a Fokker—Planck
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(FP) equation for the total probability density p(x,y,t) = ¥ ;012 p;(x,y,t) along
the lines outlined in Sect. 7.4 (see also Kepler and Elston [328]). However, a diffu-
sion approximation of the full master equation based on an FP representation can
generate exponential errors in the mean time of noise-induced escape from the basin
of attraction of one of the metastable fixed points (see also Sects. 3.4 and 3.5). A
more accurate estimate can be obtained using large deviation theory and the WKB
methods outlined in Chap. 10, as has been shown for the mutual repressor model by
Newby [470].

6.4.2 The lac Operon

The idea of a genetic switch was first proposed over 40 years ago by Jacob and
Monod [296], in their study of the lac operon. When there is an abundance of glu-
cose, E. coli uses glucose exclusively as a food source irrespective of whether or not
other sugars are present. However, when glucose is unavailable, E. coli can feed on
other sugars such as lactose, and this occurs via the lac operon switch that induces
the expression of various genes. A variety of mathematical models of the lac operon

lactose

glucose
cell exterior N

lac permease

VA
=lc

+
lactose —— > allolactose

Fig. 6.8: Feedback control circuit of the lac operon. See text for details

have been developed over the years [239, 240, 557, 688, 693, 694]. Here we briefly
describe a simplified model presented in Chap. 10 of Keener and Sneyd [322]. The
basic feedback control mechanism is illustrated in Fig.6.8. There are two control
sites on the lac operon: (see Fig. 6.9), a repressor site that blocks RNAP from bind-
ing to the promoter site and a preceding control site to which a dimeric catabolic
activator protein (CAP) molecule can bind provided it forms a complex with cyclic
AMP (cAMP). Bound CAP promotes the binding of RNAP to the promoter region.
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When there is sufficient glucose in the cell exterior, the action of cAMP is inhibited
so that CAP cannot bind and the lac operon is repressed. On the other hand, when
glucose is removed, the CAP-cAMP complex can bind to the activator site and ac-
tivate the lac operon. The latter consists of several genes that code for the proteins
responsible for lactose metabolism. One of these proteins is lac permease, which
allows the entry of lactose into the cell that is enhanced by a positive feedback loop.
The feedback mechanism involves another protein, 3-galactosidase, which converts
lactose into allolactose. Allolactose can bind to the repressor protein and prevent its
binding to the repressor binding site. This further activates the lac operon, resulting
in the further production of allolactose and increased entry of lactose via the lac
permease.

Suppose that the CAP dynamics is ignored, so that we can focus on the positive
feedback loop indicated in Fig. 6.8 by solid arrows. Let A denote the concentration
of allolactose and similarly for lactose (L), the permease (P), the protein product
B-galactosidase (B), mRNA (M), and the repressor (R). Let pon and pog denote the
probabilities that the operon is on and off, respectively, with pon + pofr = 1. Ignoring
the effect of the CAP site, we have the simple kinetic scheme

dpon
dt

= kfr(l - pon) - krR*pom

where R* is the concentration of repressor in the activated state. Each activated
repressor protein interacts with two molecules of allolactose to become inactivated,
so from mass-action kinetics,

dR*

- =kaR— k. A’R*,

where the binding/unbinding of a single repressor molecule to the operon has a
negligible effect on the total concentration R = R+ R*. The next simplification is
to take these reactions to be much faster than those associated with gene expression
so that p,, and R* take the steady-state values

Ry 1
pon— 1+KrR*7

*

Rf = ——
1+ K,A%’

with K, = k,/k_, and K, = k,/k_,. Combining these two results gives the steady-
state probability

1+ KAT
- 1+K.Rr +K,A%2

It follows that the concentration of mRNA is determined by the equation

Pon F(A)~

dM
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where oy and 7y, are the rates of mRNA production and degradation. This is the
first of the model equations. The next two equations represent the dynamics of the
enzymes directly produced by the on-state of the operon, namely, permease and
B-galactosidase:

repressor

—  lac operon
off

Al

CAP RNA polymerase

—  lac operon

——_— o

Fig. 6.9: Repressor and CAP sites for the lac operon

dp
= oot~y (6.4.13b)
dB

Note that although both enzymes are produced by different parts of the same mRNA,
the effective production rates differ due to different times of production (perme-
ase is produced after 3-galactosidase) and the time delay associated with permease
migrating to the cell membrane. The final two equations specify the dynamics of
lactose and allolactose based on Michaelis—Menten Kinetics (see Box 6B). Let L,
be a fixed concentration of lactose exterior to the cell. Lactose enters the cell at a
Michaelis—Menten rate proportional to the permease concentration P, where it is
converted to allolactose via the enzymatic action of 3-galactosidase; the latter also
breaks down allolactose into glucose and galactose. Thus

dL L,

& P—= B L 6.4.13d
a xrn Prx L * ( )
dA L A

A B _ BB — A 6.4.13
G B PB e m (6.4.13¢)

Keener and Sneyd [322] show that for physiologically based parameter values, the
system of Eq. (6.4.13) exhibits bistability in the interior lactose concentration as a
function of the exterior lactose concentration L.. Note that the stochastic analysis
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outlined in Sect. 6.4.1 for the mutual repressor model could be extended to the more
complicated model of the lac operon in order to investigate the effects of intrinsic
noise on the bistable switch.

6.4.3 Genetic Oscillator Network

There are numerous examples of gene circuits that support oscillations. Here we
consider a relaxation oscillator consisting of an activator that increases its own pro-
duction and that of a repressor, which in turn represses the production of the activa-
tor (see Fig. 6.10). Let x denote the concentration of the activator and y denote the
concentration of the repressor. The resulting kinetic equations take the form

dx 1 (x/Kq)?

T L S P oy e £y AR W e e A
2

2 : (x/Ka) (6.4.14b)

ar T O RE T (/K G

where 7,7, are the degradation rates of the two proteins, roy, o, are protein pro-
duction rates when respective promoters are not bound by transcription factors, and
Iy, 1y are the enhanced production rates when the promoter sites are activated. (It is
assumed that when the promoter of gene X is repressed, production of protein X is
blocked.) The production terms are based on the equilibrium binding probabilities
of the X and Y promoter domains. The Hill coefficient n = 2 arises because the tran-
scription factors bind as dimers. In the case of the unbound promoter A of activator
gene X, the binding reactions are

X+A=A", 2¥+A=A",

where AT denote the activated and repressed promoter states. In terms of the equi-
librium law of mass action (see Sects. 1.4 and 4.1), the concentrations of the various
reactants and products satisfy

[AT] 1 A7l 1

XAl K [Vl K

with the dissociation constant K; taken to be the same for both binding reactions.
Denoting the total concentration of promoter domains of gene X by Ty = [A] +
[AT] 4 [A7], we have

[AT] X2 [A7] V2]

Ty—[Af]-[A7] Ky Ta—[AY]-[A7] K

These can be solved to give the equilibrium probabilities that the X promoter domain
is activated or repressed:
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[A7] ([X]/Ka)> [A7] _ ([Y]/Ka)®

o 1+ (XI/Ka)*+(Y]/Ka)* Ta 1+ (X]/Ka)* + ([Y]/Ka)*

A similar analysis of the single binding reaction

2X +R=R",

where R,R™ are the unbound and activated states of the Y gene promoter, yields

RT] __(X]/Ka)

T 1+ (X]/Ka)*’

where Tg is the total concentration of the Y gene promoter.
As in the case of the genetic switch, it is useful to nondimensionalize the equa-
tions by taking time to be in units of }/y_l and concentrations in units of K;:

dx Rox +Rxx2
-z = 6.4.15
dt ahs 1+x2+y? ( 2)
dy Roy +Ryx2
—=—y+ ——— 6.4.15b
a2t T e ( )
l X
v
- gene Y
—I. L
gene X

L @ T

Fig. 6.10: Activator-repressor model of a genetic oscillator. A gene X expresses a protein X that
activates the transcription of genes X and Y and protein Y represses the transcription of gene X

where ¥ = ¥/ and Ro, = ro./ 7, etc. If y < 1, then we have a slow—fast system with
the repressor acting as the slow variable. The existence of a relaxation oscillator can
then be established using phase-plane analysis.

6.4.4 The Circadian Clock and Molecular Noise

The circadian rhythm plays a key physiological role in the adaptation of living or-
ganisms to the alternation of night and day [214, 492]. Experimental studies of a
wide range of plants and animals has established that in almost all cases, autoregu-
latory feedback on gene expression plays a central role in the molecular mechanisms
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underlying circadian rhythms [335, 501]. Based on experimental data, a variety of
models of increasing complexity have been developed, which show how regulatory
feedback loops in circadian gene networks generate sustained oscillations under
conditions of continuous darkness [188, 222, 381, 382, 602, 648]. The resulting cir-
cadian oscillator has a natural period of approximately 24 h, which can be entrained
to the external light—dark cycle. Given that the circadian rhythm is controlled by
gene networks, this immediately raises the issue regarding the extent to which such
oscillations are robust to intrinsic noise arising from small numbers of molecules
[21, 187, 189, 227]. Here we review the analysis of Gonze et al. [228], who con-
sidered the effects of molecular noise on a minimal model of the circadian clock
in the fungus Neurospora [382]. A schematic diagram of the basic model is shown
in Fig.6.11. A clock gene X (frg in Neurospora, per in Drosophila) is transcribed
to form mRNA (M), which exits the nucleus and is subsequently translated into
cytoplasmic clock protein (X¢). The resulting protein either degrades or enters the
nucleus (Xy) where it inhibits its own gene expression.

The governing equations for the concentrations m,xc,xy of mRNA, cytosolic
protein, and nuclear protein, respectively, are

dm K" m

am _ . Bw 6.4.16
dr  CKi+x, VKL +m (64.16a)

dxc

X - — kixe+k 6.4.16b
il yPKp—irxc 1Xc + koxn ( )

d

—;;V — kyxe — koxy. (6.4.16¢)

Here k is the unregulated rate of transcription, r is the rate of translation, and 7, ,
are the rates of mRNA and protein degradation; degradation is assumed to obey
Michaelis—Menten kinetics. The negative regulation of transcription is taken to be
cooperative with a Hill coefficient of n. Finally, the rate constants ki,k, character-
ize the transport of protein into and out of the nucleus. It can be shown that the
above model exhibits limit cycle oscillations in physiologically reasonable parame-
ter regimes and thus provides a molecular basis for the sustained oscillations of the
circadian clock under constant darkness [382]. In order to explore the robustness
of such oscillations to molecular noise, it is necessary to turn to a master equation
formulation of the gene network. One can then approximate the master equation by
an FP equation as outlined in Box 6A, but now one has to linearize the FP equation
about a limit cycle rather than a fixed point.

As in previous examples of gene regulation, it is convenient to rewrite this system
of equations in the form of Eq. (6.3.17), which involves a sum over R = 6 single-step
reactions labeled by a, whose transition rates f,(x) and stochiometric coefficients
Siq are listed in the table below with x = (m,xc,xy)? [228]. Given this decom-
position, one can now write down the FP equation obtained under the diffusion
approximation [see also Eq. (6.3.20)]:
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Fig. 6.11: Minimal model for a negative autoregulation network underlying circadian rhythms.
Transcription of a clock gene (X) produces mRNA (M), which is transported outside the nucleus
and then translated into cytosolic clock protein (X¢). The protein is either degraded or transported
into the nucleus (Xy) where it exerts negative feedback on the gene expression

dp S WVix)p(x,t) 1 & 9Di(x)p(x,1)
E N _2 8)61' +Ez 8)6,'8)6]' ’

i=1 i,j=1

(6.4.17)
where €2 is the total number of molecules that can be present in the system, say,

R R
V,(X) = 2 Siafa (X), Dl'j(X) = z SiaSjafa (X) (6418)
a=1 a=1
From Table 6.1, we deduce that

Vi(x) = f1(x) = f2(x), Va(x) = f3(x) — fa(x) = f5(x) + f6(x), V3(x) = f5(x) — fe(X),

and
Dy (x) = %(fl(X) + f2(x), Dia =Dy =D13=D3 =0,
Das(x) = 5 (50 + fa(x) + s6) + ()

Da3(x) = D3 (x) = =5 (fs(x) + f6(x)),  D33(x) = %(fs(x) + fo(x)).

1

2
In the deterministic limit £2 — oo, we recover the deterministic model (6.4.16),
which can be rewritten in the more compact form

d .
% —Vi(x), i=12,3. (6.4.19)
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Reaction Transition rate Transition
K}’l
— m
X—>X+M fl_kK;;—kx}qv M—M+1
M—0 = m M—-M-1
f2 7/K,/n +m
M—=Xc+M fz=rm Xc = Xc+1
_ Xc _
Xc—0 f4—YPKp+xC Xc—Xc—1

Xc — Xy f5:k1xc XC*>XC71,XN*>XN+1

Xy — X¢ J6 = koxn Xce—=Xc+1, Xy - Xy—1

Table 6.1: Single-step reactions of the minimal circadian clock gene network

One way to investigate the effects of molecular noise on the circadian clock is
to linearize the FP equation about the limit cycle solution, analogous to the linear
noise approximation for Gaussian-like fluctuations about fixed points (see Box 6A).
However, the linear noise approximation requires that perturbations remain small
for all times, which is not the case for limit cycles, since they are marginally stable
with respect to phase shifts around the limit cycle. Therefore, one needs to separate
out the effects of longitudinal and transverse fluctuations of the limit cycle [56, 578].
The basic intuition is that Gaussian-like transverse fluctuations are distributed in a
tube of radius 1/ V/Q, whereas the phase around the limit cycle undergoes Brown-
ian diffusion. Thus, consider the Langevin equation corresponding to the FP equa-
tion (6.4.17):

dX;(t) = Vi(X(1))dt + — 2 D;;(X(2))dW; (1), (6.4.20)

where 7 is the number of chemical species (n = 3 in the case of the circadian clock)
and W;(¢) are independent Wiener processes. We can then decompose the stochastic
vector X(¢) according to

X(t) =x"(t+5(t))+T(1), (6.4.21)
where the scalar random variable S(¢) represents the undamped random phase shift
along the limit cycle and T(z) is a transversal perturbation (see Fig.6.12). Since
there is no damping of fluctuations along the limit cycle, the random phase S(7)
is taken to undergo Brownian motion. The associated phase diffusion coefficient
Dy is an effective time constant that characterizes the robustness of the oscillator
to intrinsic noise. However, it is important to note that the decomposition (6.4.21)
is not unique, so that the precise definition of the phase depends on the particular
method of analysis.
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Fig. 6.12: Decomposition of a stochastic limit cycle X(#) into a random phase shift S(z) along the
deterministic limit cycle x*(¢) and a random transversal component T(z)

For example, one recent study defines the phase in order to ensure that the mean
size of transversal fluctuations remains small [343]. On the other hand, Gonze et
al. [228] estimate Dg for their circadian clock model using an alternative approach
based on a WKB approximation of solutions to the FP equation (see also [210, 650]).
In particular, they find Dy ~ 1/€2 so that larger systems are more robust to noise
as one would expect. Gonze et al. also determine the rate of decay of correlations.
Let x( be a point on the deterministic limit cycle and suppose X(0) = x. Define the
rth return time 7, of a trajectory to be when an arbitrarily chosen component X(¢)
returns to x; o for the rth time, X;(7,) = x; o. In the deterministic case, 7, = T where
T is the minimal period of the limit cycle oscillation. For sufficiently large €2 (small
noise), we expect the distribution of first return times 7; = 7 to be approximately
given by the Gaussian

1 (t1—T)%
)~ 2aDer P [_ 2DgT }

It can also be shown that the autocorrelation function for each concentration takes
the form of damped oscillations [210, 228],

Cj(t) = (X;(1)X;(0))

~Cjo+Cjie /7 cos(wr + aj), 1 — oo, (6.4.22)
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Fig. 6.13: Tllustration of the time evolution of one of the autocorrelation functions of the stochastic
circadian clock model considered by Gonze et al. [228]. As the system size €2 is decreased, the
rate of decay of correlations becomes more rapid. Parameter values can be found in [228]

for some coefficients C; o,C; | and phases ¢, with

T2

. 6.4.23
2Dy n? ( )

Y=

It follows that the rate of decay y~! of correlations is inversely proportional to the
system size (see Fig. 6.13).

6.4.5 Quasi-Cycles in a Biochemical Oscillator

In Sect. 6.4.4, we discussed the effects of intrinsic noise on a biochemical limit cy-
cle oscillator that exists in the absence of noise. One also finds that stochastic bio-
chemical and gene networks can exhibit noise-induced oscillations (quasi-cycles)
in parameter regimes for which the underlying deterministic kinetic equations have
only fixed point solutions. These quasi-cycles are characterized by a peak in the
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power spectrum obtained using a linear noise approximation of the chemical master
equation. Following Boland et al. [55, 56], we will illustrate this using a stochas-
tic version of the Brusselator. (A spatially extended version of the model will be
considered in Sect. 9.3.) The Brusselator is an idealized model of an autocatalytic
reaction, in which at least one of the reactants is also a product of the reaction [220].
The model consists of two chemical species X and Y interacting through the follow-
ing reaction scheme:

05X
XLy
2X+Y 53X
x50
These reactions describe the production and degradation of an X molecule, an X
molecule spontaneously transforming into a ¥ molecule, and two molecules of X
reacting with a single molecule of Y to produce three molecules of X. The corre-

sponding mass-action kinetic equations for u = [X|,v = [Y] are (after rescaling so
thatc=d =1)

d
d_i‘ =a—(b+)u+ud, (6.4.242)
d
_d: — bu—uv. (6.4.24b)

The system has a fixed point at u* = a,v* = b/a, which is stable when b < a® + 1
and unstable when b > a” + 1 (see below). Moreover, the fixed point undergoes a
Hopf bifurcation at the critical value b = a® + 1 for fixed a, leading to the formation
of a stable limit cycle (see Box 4B).

Following the examples of Sect. 6.3, it is straightforward to write down a stochas-
tic version of the Brusselator model. Let n (r) and n,(¢) denote the number of X and
Y molecules at time ¢, respectively, and take €2 to be cell volume. The various state
transitions are

(n1,m2) < (n1 + 1,my), (6.4.25a)
(n1,m2) 3 (m — 1,my+ 1) (6.4.25b)
(n1,m2) 3 (ng + 1,2 — 1) (6.4.25¢)
(n1,m2) 2% (ny — 1,m3), (6.4.25d)

with n = (n1,n,) and

T\=Qa, Th=bn, T3=nin/Q* Ty=n. (6.4.26)
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It is convenient to rewrite the kinetic equations (6.4.24) in the generic form (6.3.17):

du,

14
= ZS,,f, u,up), i=1,2 (6.4.27)

where u; =n;/€Q, r labels the single-step reaction, p is the number of single-step
reactions, and S is the stochiometric matrix. In the case of the Brusselator model,
Eq. (6.4.24) shows that p =4,

Sni=1581=0, Sp=-1L8»n=1, S=1583=—-1, Su=-1,54=0,

and Qf,(n1/Q2,ny/Q2) = T,(n1,ny). The corresponding master equation is then
given by [see Eq.(6.3.18)],

dP(m,nz, 2 ( H ESir _ 1) fr(n/Q,ny/Q)P(ny,ny,t).  (6.4.28)

r=1 \i=1,2

Now suppose that €2 is sufficiently large so that we can carry out a linear noise
approximation and obtain a Langevin equation for a multivariate OU process (see
Box 6A). That is, we approximate the master equation (6.4.28) by an FP equation
and then linearize about the fixed point (#*,v*) by setting
nj 1
== u +—=

Q Ja
This yields the Langevin equation

dv]

ZAJJ’VJ )+n;(?), (6.4.29)

with white noise terms satisfying

;1)) =0, (nj(t)ny (")) =D;yo(t—1).

Here )
dfr(uj, u3)
Ajj =72, Sir—g (6.4.30)
r=1 J'
and )
Djjy = SirSjirfr(ui,u3). (6.4.31)
r=1

Fourier transforming the Langevin equation with respect to time using
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etc. gives
Z‘Pﬂ =n;(o)
with
Dy (w) =—iwdj;—Aj
and
(nj(w)) =0, (nj(@)ny(a))=D;é(0+a").
Hence,

oo {[gromio] [So5rwmw]

=6(w+ o Zcb ®)D;; P (—a).

Defining the power spectrum of the ith chemical species by (see Sects.2.2.4 and
6.3)
(Vi(w)Vi(@)) = Si(w)é(0 + o),

we deduce that
Si(@) =Y @ (0)Dy;(@7)7; (o). (6.4.32)
L,j
Note that the above analysis applies to any two-species master equation of the
form (6.4.28) and can be extended to multiple species. In the case of the Brusselator
model system, whose deterministic kinetic equations are given by Eq. (6.4.24), we
have

> S1,fr(ur,u2) = a— (b+ Dy + udus, (6.4.33)
-
> Sorfr(ur,u2) = buy — uiuy. (6.4.34)
-
It follows that b1 2
A= ( i _"az) : (6.4.35)
and
D= (2(3 ;“bz)“ _22[9’;“ ) (6.4.36)

on setting uj = a,u’ = b/a. The corresponding power spectra are [55]

Si(w) =2a((14+b)w*+a")[(®)~!, Sy(w)=2ab(w*+1+b)(0) ",
(6.4.37)

where
o) =(a* - o*)?+(1+d*—b)*0’.
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B=1.3

Fig. 6.14: Power spectrum S (@) of fluctuations in the concentration of X molecules in Brusselator
system for parameter values in the fixed point regime of the kinetic equations (6.4.24): a = 1 and
b=1.0,1.1,1.3

In Fig.6.14 we plot the power spectrum S;(®) in a parameter regime where the
deterministic kinetic equation (6.4.24) support a stable fixed point. It can be seen
that there is a peak in the power spectrum at @ = @, # 0, indicating the presence
of stochastic oscillations (quasi-cycles) even though the deterministic system oper-
ates below the Hopf bifurcation point. Moreover the frequency @, is approximately
equal to the Hopf frequency of limit cycle oscillations beyond the bifurcation point.
Thus, intrinsic noise can extend the parameter regime over which a biochemical sys-
tem can exhibit oscillatory behavior. An analogous result holds for Turing pattern
formation, as discussed in Sect. 9.3.

6.5 Information Transmission in Regulatory Networks

So far in this chapter we have focused on methods for calculating the level of molec-
ular noise in gene networks. However, as we indicated in the introduction, one im-
portant consequence of noise is that it can limit the ability of a network to transmit
information. In this section we show how to mathematically quantify this idea, fol-
lowing closely the recent review by Tkacik and Walczak [631]. In order to motivate
the analysis, let us return to the simple feedforward regulatory network considered
in Sect. 6.3.2 and Fig. 6.3. We now make explicit the fact that the rate at which the
gene switches to its active state will depend on the background concentration c()
of the transcription factor Y. Therefore, we set ky — ki c and treat the network
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as an input/output device c(¢) — x(t), where x(¢) is the protein concentration (see
Fig. 6.15). In the case of promoter switching that is faster than the protein kinet-
ics and time variation of ¢, the probability p; that the gene is active reaches the
QSS pi(c) = kyc/(kyc+k_). Therefore, ignoring intrinsic fluctuations, the protein
concentration evolves according to the kinetic equation

dx

o = reye(t) (ks c(t) + k) = a(0). (6.5.1)

In the case of a constant input, the steady-state solution is

)E(C) _r k+C

= 6.5.2
')/kJrC"‘kf’ ( )

input c(t)

\ - | ——— output x(t)

n(t)

Fig. 6.15: Simple regulatory network represented as a noisy input/output channel. The input signal
is the concentration ¢(¢) of transcription factor and the output signal is the concentration x(¢) of
expressed protein. The internal state n(r) of the channel specifies whether the gene is in the active
(n = 1) or inactive (n = 0) state

which is an invertible function. Hence, we can faithfully reconstruct the input from
the output—we have lossless channel. However, this no longer holds when the ef-
fects of intrinsic noise are included. Given a fixed input and weak noise, the output
response can be characterized in terms of the stationary Gaussian distribution

P(x|c) = ;e—(x—f@))z/w)%@)7 (6.5.3)
2mo2(c)

where 63 (c) is the variance of the protein concentration. In Sect. 6.3.2 we calcu-
lated the variance in the case of a large but finite population of genes using a linear
noise approximation. We found that there were two contributions to the variance—
input noise arising from the stochastic binding and unbinding of transcription fac-
tors and output Poisson noise due to the finite number of proteins [see Eq. (6.3.16)].
Both terms depend on ¢ under the substitution k — k. c. It turns out that analogous
terms arise in the case of a single gene. However, the input noise tends to be smaller
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than diffusion noise, which arises from the passive transport of transcription factors
within the nucleus [632]. Therefore, applying the Berg—Purcell theory of diffusion-
limited reactions to estimate the size of fluctuations in the input concentration c (see
Sect. 5.1), we have 62 = ¢/(Dat) where D is the diffusivity, a is the size of the pro-
moter binding site, and 7 is the detection time (taken to be the lifetime of a protein).
The total output variance is then

- 2
oz (c) =x(c) + <d2—ic)> o2, (6.5.4)

where the factor (dx(c) /dc)* converts input fluctuations to output fluctuations in the
small noise limit.

Suppose that the inputs are drawn from some stationary distribution P(c). A fun-
damental issue is finding a way to quantify how much information one can extract,
in principle, about the values of the input ¢ based on measurements of the output
x, given the conditional probability P(x|c). Since the joint probability distribution
is P(x,c) = P(x|c)P(c), it follows that if x and ¢ were statistically independent (c-
independent ¥ and 632), then P(c,x) = P(c)P(x) and P(x|c) = P(x). In this case the
channel cannot transmit any information. This suggests that quantifying the amount
of information transmitted involves some measure of the statistical interdependence
of the inputs and outputs. A first guess might be the covariance

Cov(c,x) = //(c— (c))(x— (x))dxdc.

However, this only captures linear correlations, whereas many gene networks are
nonlinear input/output devices. A much more general measure of statistical interde-
pendence, which is based on a minimal number of assumptions about the underlying
stochastic process, was introduced by Shannon [582] and is known as the mutual in-
formation between ¢ and x.

6.5.1 Entropy and Mutual Information

In Sect. 1.4 we introduced the notion of entropy in terms of the number of differ-
ent configurations M that a macromolecule with given energy E can realize, that is,
S = kpInM. (In statistical mechanics this is referred to as the entropy of a micro-
canonical ensemble.) An implicit assumption is that each of these microstates i is
equally likely so the probability distribution over the set of microstates for fixed E
is uniform, p; = 1 /M. Hence, we could rewrite the entropy as

S=—kg Y pilnp;. (6.5.5)
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It turns out that such a formula also applies to systems with different constraints
than fixed energy, where the distribution p; is not uniform. One example is the
Boltzmann—Gibbs distribution itself, where one allows the energy to fluctuate but
the mean energy is fixed by the temperature of the surrounding environment. The
basic idea is that the entropy still counts the number of accessible states but weights
them according to the probability of observing a given state. Shannon subsequently
introduced an information theoretic notion of entropy as a measure of the uncer-
tainty of a random variable; the larger the entropy, the greater the amount of infor-
mation that is generated by observing the state of the system. The convention in
information theory is to set kg = 1 and to use base 2 logarithms. Thus, the Shannon
entropy is defined according to

S= =Y pilog, pi (6.5.6)
i

so that S is measured in bits. One bit is the entropy of a binary variable that has two
equally accessible states. In the case of M possible states, the entropy takes values
in the range 0 < § <log, M. If § = 0, then there is no uncertainty and making a
measurement yields no new information. On the other hand, the entropy is maxi-
mal when p; = 1/M. Tt is also possible to define Shannon entropy for a continuous
random variable such as the concentration ¢ of a protein:

S=-— /p(c) log, p(c)dc. (6.5.7)

(Note that certain care has to be taken, since the entropy depends on the units chosen
for the continuous random variable. However, we will be interested in changes in
entropy where this is no longer an issue.)

Recall that we want to find some measure of the statistical interdependence of
an input ¢ and an output x. From the perspective of information theory, one can
quantify this in terms of how much one’s uncertainty in x is reduced by knowing c.
Prior to knowing ¢, the entropy is S[Px] = — | P(x)log, P(x)dx, whereas after c is
specified the entropy becomes S[Px|c] = — [ P(x|c)log, P(x|c)dx. Thus, a measure
of the reduction in uncertainty is the entropy difference

AS = S[Px] — S[Pyc].

Now imagine measuring the entropy difference over an ensemble of different input
concentration regimes distributed according to P(c). The resulting quantity is called
the mutual information

I(e:x) = / P(c)(S[Py] — S[Pyc])de. (6.5.8)
One important property of the mutual information is that it is symmetric with respect

to exchanging input and output. In order to see this, we use the definition of Shannon
entropy, and the relation between joint and conditional probabilities:
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//P x)log, P(x) — P(x|c)log, P(x|c)]dxdc
= // {P(c,x) logz% — P(c,x) logzP(x)} dxdc

:// [P(c,x)logz %} dxdc:// [P(qx)logz P}gzg)}dxdc
—// (c|x)P(x)log, P(c|x) — P(c,x)log, P(c)|dxdc
/ / P(x) [P(c)log, P(c) — P(c|x) log, P(c|x)] dedx.

Hence, the mutual information measures how much, on average, our uncertainty in
one variable is reduced by knowing the value of the complementary variable.

Example 6.1 (Gaussian noise). As an illustration of the above ideas, suppose that an
input signal is corrupted by additive Gaussian noise

x=vyc+¢E.

This means that the conditional probability distribution is

1 (x —yc)?
onol T ( 20> )

Also suppose that the input c is also drawn from a Gaussian distribution,

P(x|c) =

)
c)= xpl—=— |-
2102 P\ 202

It follows that x is also a Gaussian with

_ / P(x|c)P(c)dc = ¢21:7 exp (— zi;)

with

The mutual information is

I(e:x) ln2//{ ﬂﬂdmc
_ m//P(c,x) lln (@) B (X;GYZCP + ;ixz

dxdc,
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on using the identity log, x = Inx/In2. Using the results [ [ P(c,x)x*dxdc = (x?),
J [ P(x,c)dxdc =1, and

[ [ Plee—ryePdxde = [ [ Pixic)P(e) (x— yePdrde = o,

we deduce that

1 o2 1 y*o?

The mutual information depends on the so-called SNR 62 /2. It can also be shown
that in the case of Gaussian additive noise, information transmission or mutual in-
formation is maximized for a given input variance when the input is drawn from a
Gaussian distribution [631].

6.5.2 Optimizing Mutual Information in a Simple
Regulatory Network

A basic goal of information theory within the context of gene regulatory networks
is to determine the distribution of inputs for which a network with a given form
of intrinsic noise maximizes its information transmission as measured by mutual
information. This program has been developed for a range of networks with ever
increasing complexity, including multiple gene products that may interact, and self-
regulatory feedback [632—-635, 665]. For related studies on information transmis-
sion, see [105, 383, 638, 705]. In order to make analytical progress, the system is
usually assumed to operate in the small noise regime so that the various conditional
probability distributions can be approximated by Gaussians. Here we will illustrate
the basic ideas by focusing on the simple regulatory network of Fig. 6.15, following
the analysis of Tkacik et al. [634]. Since we are optimizing with respect to P(c), we
use the following version of the mutual information:

I(x;c) = —/P(c) logzP(c)dc+//P(c|x) log, P(c|x)dcdx. (6.5.10)

However, to use this formula, it is necessary to determine P(c|x) given P(x,c).
Exploiting the small noise approximation, we model P(c|x) as the Gaussian

P(clx) = —— e~ (e~2()%/202() (6.5.11)
263 (x)
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where ¢(x) is the most likely value of ¢ given the output x and o2 (x) is the corre-
sponding variance about the expected value. Substituting into the expression for the
mutual information yields

1
I(x:¢) = — / P(c)log, Plc)de — / P(x)log,[2e2(x)]dx.
It remains to determine ¢(x) and 6 (x). Using Bayes’ theorem (Sect. 1.3), we have

P(C|x) _ P(xl)il}))(c) _ Z(lx) e—F(c,x)’

where all c-independent terms have been lumped together in the normalization fac-
tor Z and, from Eq. (6.5.3),

x—x(c))?
F(c,x) =—InP(c) —I—%lncj%(c) + %%

Comparison with Eq. (6.5.11) shows that ¢(x) and 62(x) are defined by

dF (c,x) _o 9°F (c,x)
de c:é(x):O_ ’ dc?

c=¢(x)=0 G(% ()C) .

Expanding the solution for 1/02(x) to leading order in 1/0%(c) (small noise ap-
proximation) then gives [634]

L 1 (dx(c)>2 (6.5.12

oi(x) Z%*c)  og(c) \ dc

and hence

1

I(x;c) = —/P(c) log, P(c)dc-l—%/P(c) log, {Z_mz 22—(6)] dc. (6.5.13)

We have used the fact that, to leading order, P(x)dx = P(c)dc in the small noise
limit.

We now have the variational problem of finding the input distribution P*(c) that
maximizes the mutual information. However, it is first necessary to specify certain
constraints regarding the optimization procedure. First, there is a maximum number
of proteins involved, which can be imposed by restricting the allowed range of the
input concentration ¢ and the corresponding expected number of proteins (c); the
latter is typically implemented by normalizing g(c) to lie in the interval [0, 1]. The
constraint that [;™* P(c)dc = 1 can be incorporated into the variational problem
using a Lagrange multipler A, so that the optimization problem takes the form

5
5P(c)

[I(x;c) ) / P(c)dc] 0. (6.5.14)
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Using the expression for I(x;c) and properties of functional derivatives', one finds
that the optimal input distribution P*(c) satisfies

111
0=-In|~————| —InP*(c)— 1 — AIn2.
2 H[Zn'e 2%)} nPe)—=1-Ailn

Rearranging and exponentiating gives the optimal distribution

11 1
Z\2re2(c)’
1+A1In2 :

is a normalization factor with

P*(c) = (6.5.15)

where Z = ¢
Cmax | dc

0 V2meZ(c)’

The corresponding optimal mutual information is simply

(6.5.16)

I =log, 7. (6.5.17)

Note that the resulting expression for I* will still depend on the various parameters
of the underlying regulatory network. These include the parameters associated with
the kinetics of binding and unbinding of transcription factors as in Eq. (6.5.4) and, in
more complex networks, interactions between multiple gene products. Thus, there
is an additional optimization step in which one maximizes the mutual information
I with respect to these network parameters. Some of the predictions regarding the
structure of optimal networks can be found elsewhere [105, 634, 635, 665, 705].
Here we illustrate the theory with the simple regulatory network given by Fig. 6.15.
From Egs. (6.5.4) and (6.5.16),

e (dx(c)/dc)*
z _/0 V2me (c) +c (dx(c)/dc)*

(6.5.18)

! The mutual information is expressed as a functional of P(c), that is, I = I[P]. By analogy with the
least-action principle of classical mechanics (see Chap. 10), we can take the functional derivative
according to

81 = Tim - (I[P + £6P] — 1[P)),

e—=0E

where 6P(c) is an arbitrary smooth function. Evaluating the first term in I, after converting to
natural logarithms, we have

/ [P(c) + £8P(c)| In(P(c) + £8P(c))dc — / P(c)InP(c)dc — ¢ / §P(c)[InP(c) + 1]dc + O(e?).

Combining this with the other terms and using the fact that dP(c) is arbitrary, we can set the total
factor multiplying 6 P(c) to be zero, which yields Eq. (6.5.15).
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Fig. 6.16: The optimal input/output relations for repressors (dashed line) and activators (solid line)
for the simple regulatory network shown in Fig. 6.15 (Adapted from Tkacik and Walczak [631])

Here ¢ has been nondimensionalized by fixing Dat and normalizing X. Suppose that
X(c) is given by the Hill function

cn

T

x(c)

For fixed cmax the only free parameters are K and n. Optimizing the mutual infor-
mation with respect to these parameters leads to the results shown in Fig. 6.16.

We end this brief detour into the world of information theory by briefly noting
some potential limitations of the above approach, as highlighted in the review by
Tkacik and Walczak [631]. First, there is no a priori reason why information should
be identified as an appropriate measure of biological function. Second, even if it is
an appropriate measure, it is possible that gene networks and biochemical signaling
pathways have not yet become optimized for biological function through evolution.
That is, the networks observed today simply reflect their particular evolutionary his-
tory rather than some history-independent optimization scheme. On the other hand,
recent experiments concerning specific gene networks active during early develop-
ment suggest that at least these networks operate close to the limits imposed by
intrinsic noise [237]. Finally, in order to strengthen the links between theory and
experiment, it will be necessary to confront the following theoretical challenges:
(i) dealing with information transmission in time-dependent nonlinear networks;
(i1) understanding information transmission in spatially inhomogeneous systems;
(ii1) extending analytical methods beyond the small noise limit; (iv) linking informa-
tion transmission to other important measures of network function such as metabolic
cost.
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6.6 Fluctuations in DNA Transcription

One of the simplifications in the models of gene expression discussed so far is that
the multistage processes underlying transcription and translation have been reduced
to single-step processes with exponential waiting times (Poisson approximation).
However, transcription (and also translation) can be broken up into at least three
stages called initiation, elongation, and termination [128, 238]. During the initiation
stage, RNAP binds to a promoter site on the DNA and unzips the double helix so
that the strand of DNA to be transcribed is made accessible. Following the tran-
scription of the first few nucleotides, the so-called transcription elongation complex
(TEC) is formed, which consists of the RNAP, the DNA, and the emerging mRNA.
This signals the beginning of the elongation phase where the TEC slides along the
DNA, extending the transcript one nucleotide at a time. The process is terminated
when a specific site is reached, for example, and the nascent mRNA is released. An
implicit assumption of the single-step Poisson approximation of gene transcription
is that the rate-limiting step is initiation. However, there is growing evidence from
single-molecule experiments that initiation can be much faster than elongation [18].
Moreover, in vitro studies of E. coli RNAP have established that processive mRNA
synthesis is often disrupted by transcriptional pauses that can last anything from
Is to more than 20s [258, 469]. In some cases, the pauses are linked with the re-
verse translocation of the RNAP along the DNA, a process known as backtracking
[482]. These observations suggest that the distribution of transcription times might
be non-exponential with heavy tails arising from the long transcriptional pauses.

Recently, there have been a number of stochastic models of the elongation stage
and backtracking [413, 535, 552, 661, 690]. For the sake of illustration, we will
focus on the model of Voliotis et al. [661], which is based on a master equation
description of the dual processes of the TEC translocating along the DNA and the
extension of the nascent mRNA via polymerization. A schematic diagram of the
basic kinetics is shown in Fig.6.17 in the simpler case that backtracking cannot
occur. Suppose that n nucleotides have been transcribed and the active site of RNAP
is at the end of the precursor mRNA chain. Denote this so-called pretranslocated
state of the active site by m = 0. The active site can then shift one step beyond the
precursor mRNA to form a posttranslocated state denoted by m = 1. It is now in
a position to add the next nucleotide to the precursor mRNA by polymerization so
that n — n+ 1 and m resets to 0. The rates of polymerization and depolymerization
are given by kr and k;,, while the rates of forward and backward translocation are
given by a and b. Let P, ,,,(¢) be the probability of finding the TEC in state (n,m) at
time ¢. The corresponding master equation is given by [661]

dP,
—d';’o =kfPy—1,1+bPy1— (kp+a)Pro (6.6.1a)
dP,
“inl = kpPuy10-+aPuo— (kp+b)Py 1, (6.6.1b)

dt



318 6 Stochastic Gene Expression and Regulatory Networks

TEC
~

-
/\ n transcribed
N o nucleotides

>Q unzipped DN faNSeripton site. o<

m=0
\&/\\

nascent mMRNA

|
|
a in |
|
( I n transcribed
| nucleotides
P <
w m=1

b\\ I J

n+1 transcribed
I nucleotides
P <

| m=0

M\ : J

Fig. 6.17: Schematic illustration of the transcription elongation complex (TEC). In the absence of
fluctuations, the active transcription site in the pretranslocated state (m = 0) takes one step beyond
the nascent mRNA to enter the posttranslocated state (m = 1). Translocation is a reversible reaction
with transition rates a and b. The site can then add one nucleotide to the mRNA via polymerization
so that n - n+1 and m =1 — m = 0. This step is also reversible with forward and backward
transition rates Ky, k;, respectively (Redrawn from [661])

with n =0,1,...N — 1. There is a reflecting boundary condition at n = 0, which
can be implemented by introducing a fictitious state n = —1 and setting k,Ppo =
kgP_1,. Similarly, there is an absorbing boundary condition Py = 0, since the
process terminates when n = N is reached.

The first step in the analysis is to introduce the mean occupancy for each translo-
cation step (m = 0,1) by summing over all nucleitide positions n = 0,...,N — 1.
Setting IT,,(t) = YN~ P.m(t) and using the boundary conditions, we have

dIly

— = (kg +b)II} — (ky +a)Ily, Ty =1—1Tl
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with the initial condition Ily(0) = 1. There is convergence to the steady-state
solution

1

Iy = (kg +b)t, IIf = (ky+a)t, T=——,

with 7 as the relaxation time. Assuming polymerization/depoylmerization is much
slower than translocation (kr,k, < a,b), we can make the QSS approximation
Pnn(t) = I1,;,P,(t) (see also Sect.7.4), with P, () satisfying the birth—death master
equation

dP,
dt” =0 P +0 P — (0 + @ )P, (6.6.2)
and the effective polymerization/depolymerization rates are
k fa kbb
=ke(k ~ _ =kplkr+b)T = .
o =klkpta)yrm =, o-=kky+b)T~

The boundary conditions become @w_FPy = o P_; (reflecting) and Py = 0 (absorb-
ing). The elongation time is defined as the time for the TEC to reach positionn = N
starting from n = 0. In terms of the mean-field model given by the birth—death pro-
cess, calculating the mean and variance of the elongation time requires solving a
FPT for the discrete Markov process. This can be achieved by following analogous
steps to the analysis of continuous process in Sect. 2.3.

Suppose that the TEC starts at position n(0) = ng. Define the survival probability
that the TEC has not yet reached the absorbing boundary at n = N by

N—1
S(no,t) = Y, P(n,t|ng,0), (6.6.3)
n=0

where we have made the initial condition explicit by setting P,(t) — P(n,t|ng,0).
If T is the (stochastic) elongation time, then S(ng,?) is the probability that 7 >
t. This implies that the cumulative distribution function of the elongation time is
1 — S(nop,0). Hence the first and second moments of the elongation time are

T (no) =(T) :/)MIWdt:/OwS(no,t)dt (6.6.4)
and - 5 _
T (no) = (T?) = / tzwdt:2 / 1S(ng,1)dt. (6.6.5)
0 0

Equations for S and the moments of T can be obtained by considering the backward
master equation
dP(n,t|ng,0)

I = @4 [P(n,t|ng+1,0) — P(n,t|ng,0)]

+ o_[P(n,tlng —1,0) — P(n,t|ny,0)]. (6.6.6)
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The backward equation follows from differentiating with respect to ¢ both sides of
the Chapman—Kolmogorov equation

P(ny,s|no,0) = Y P(ny,s|n,t)P(n,t|ng,0).
n

Summing Eq. (6.6.6) from n = 0 to n = N — 1 shows that

dS(n07t)

= 0 [S(o+ 1,6) = S(no.0)] + - [S(no — 1,6) = S(mo.1)], (6:6.7)

supplemented by the boundary conditions S(N,#) = 0 and S(0,7) = S(—1,7) and the
initial condition S(n,0) = 1.

Let us now calculate the mean elongation time. Integrating Eq. (6.6.7) with re-
spect to ¢ gives

—1=0w; [T(I’lo + 1) — T(I’lo)] + o_— [T(I’lo — 1) — T(I’lo)] (6.6.8)

with T(N) =0 and T(0) = T(—1). Setting U(ng) = T(ng) — T (no — 1) we obtain
the first-order difference equation

0 U(np+1)—o_U(ng) = —1,

which has the solution U(0) =0, U(1) = —1/w;, U(2) = —1/ 0 — 0_/®?, etc.

that is . ) 1
w_ w_ W_\"—
om=—L 1+ L (2 (%)),
(n) co+[+a)++ e 4.+ e

Since =T (n) =U(N)+U(N—1)+...+U(n+ 1), we deduce that
N n—1
1 w_\m
T(ng)=Y — 3 (—) . (6.6.9)
0 =
Introducing K = @_ /@, and noting that 0 < K < 1, we can sum the geometric series

to give [204, 661]

1 & 1-x" 1
(. n=ng+1 1-K (1)+(1—K>

Kn0+1 _ KN+1
T(no) = —] .

1-K
Finally, setting np = 0 we obtain the mean elongation time y = 7'(0) with

. 1 [N_K(I—KN)].

- oD — (6.6.10)

The variance can be calculated in a similar fashion (see Ex.6.9). Here we simply
note that when chain lengthening is dominant, K < 1, both the mean and variance
are linear functions of the chain length N:

N N—1

=—+4+K
H (D++ 04

+0(K?), (6.6.11)
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Fig. 6.18: Distribution of elongation times (in units of the mean elongation time) for the TEC model
without backtracking. Results from mean-field theory are given by solid curves and superimposed
with stochastic simulations results. (a) Results for N = 1,000bp, @ = 20 s~ ! and various values
of K = w_/w, . (b) Results for K = 0.01, @, =20s~', and different template lengths N (Adapted
from Voliotis et al. [661])

and N N1
o= — +4K—— + O(K?). (6.6.12)
(O)d (Od

For sufficiently long sequences N > 1, one finds that the distribution of elongation
times is given by a narrow Gaussian with fluctuations scaling as 1/1/N. This adds a
characteristic delay to the Poisson-like distribution of initiation times (see Fig. 6.18).
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Fig. 6.19: Schematic illustration of TEC backtracking. (a) Example of a backtracked state of the
TEC with m = —2. (b) Unbiased random walk model of backtracking. Transitions between back-
tracked states occur at a rate c. The TEC enters the backtracking regime from the state m = 0 at a
rate d and exits the backtracking regime at the rate c¢. (Redrawn from [661].)
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Moreover, if initiation is much faster than elongation, then the transcription time is
much more regular than if initiation dominates.

Voliotis et al. [661] show that the above picture persists when backtracking
pauses are included, provided that they are sufficiently rare. However, the distri-
bution of elongation times is drastically altered when backtracking becomes signif-
icant. The simplest way to incorporate backtracking into the model is to treat it as
a separate process. That is, one can introduce additional translocation states of the
TEC given by m = —1,...,—M, which represent backtracked states shifted by |m|
steps from state m = (. The duration of backtracking pauses can also be analyzed
in terms of a FPT problem—in this case, a random walk on a finite lattice with a
reflecting boundary at m = —M and an absorbing boundary at m = 0O (see Fig. 6.19).
One finds that there is a broad distribution of pause durations that exhibits power
law behavior at intermediate duration times. Consequently, the distribution of elon-
gation times is significantly altered. Numerical simulations of the full model also
suggest that the distribution of elongation times with long pauses naturally exhibits
switching between high and low mRNA product rats, resulting in transcriptional
bursting.

6.7 Kinetic Proofreading

A major requirement for proper cell function is that the genetic code is “read” with
few mistakes during protein synthesis or DNA replication. For example, both tran-
scription and translation involve the incorporation of specific molecular substrates
at particular times, namely, a specific mRNA nucleotide during the production of
mRNA or a specific amino acid during production of a protein. The incorporation
of each substrate involves some recognition site within an RNAP or a ribosome,
respectively, that is more energetically disposed to bind the correct substrate C, say,
rather than an incorrect substrate D. In a simple reaction scheme, the frequency of
errors is of the order e~AGcp/ks T where AGcp is the smallest difference in binding
energies between the correct substrate and an incorrect substrate. The basic problem
is that typical values of AG¢p cannot account for the small error rates observed in
protein synthesis. For example, the maximum frequency at which a wrong but simi-
lar amino acid is inserted during protein translation is 10~ which means that even
smaller error rates must occur in each recognition step. The error rates are smaller
still in the case of DNA transcription, taking values around 10~°. Kinetic proofread-
ing is a mechanism for error correction in biochemical processes, which was first
introduced by Hopfield [273] and independently by Ninio [479]. The proofreading
mechanism increases specificity of biochemical interactions by including a number
of intermediate steps that can undo errors at the cost of increased reaction time and
free energy expenditure.
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Box 6B. Enzyme kinetics.

Enzymes are generally protein catalysts that help convert other molecules
called substrates into products, without themselves being changed by the
reaction. In contrast to single-step reactions, the rate of reaction does not
increase linearly with the concentration of substrate, since it saturates at
high concentrations. A simple model to explain this behavior was first
proposed by Michaelis and Menten. The basic reaction scheme involves
an enzyme E converting a substrate S to a complex C, which then breaks
down to form the product P together with the original enzyme. This can
be represented by the following two-step process:

k
S+Ek:‘cﬁ>P+E. 6.7.1)

—1

Although all the reactions are reversible, reaction rates are typically mea-
sured under conditions in which the product P is continually removed
from the system, which effectively prevents the final reverse reaction
from occurring. Setting s = [S],c = [C],e = [E] and p = [P], we have
the system of kinetic equations

ds

7 =k_ic—kyse, (6.7.2a)
% = (ke + ko) — kyse, (6.7.2b)
dc

T —(k_1+ky)c+kse, (6.7.2¢)
‘jl_i’ — e (6.7.2d)

Note that the total concentration of enzyme is conserved, e + ¢ = eq for
some constant ¢y. Hence, we can eliminate e such that

de =kieos — (k—1 + ko +kys)c.
dt
If the total concentration of enzyme is small, then s changes relatively
slowly, which suggests that ¢ reaches steady state before s changes sig-
nificantly. Thus,
k1S

c:eokil +hky+kis

Under this so-called equilibrium approximation the overall rate of gener-
ating product (or depleting substrate) is
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dp kis

[ S— il
_— = e = é 5
di 2% kot ks 2 Vst Ky

(6.7.3)

where Kjy is the Michaelis constant

. k_1+ky

K
M ki

Hence, the rate of production is linear s when the substrate concentration
is low but saturates when s is sufficiently large. The resulting behavior is
referred to as Michaelis—Menten kinetics. For a more general discussion
of various kinetic schemes including Michaelis—Menten, see the books
by Siegel and Edelstein-Keshet [579] and Keeener and Sneyd [322].
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Fig. 6.20: Ribosomes can bind to an mRNA chain and use it as a template for determining the
correct sequence of amino acids in a particular protein. Amino acids are selected, collected, and
carried to the ribosome by transfer RNA (1RNA) molecules, which enter one part of the ribosome
and bind to the messenger RNA chain. The attached amino acids are then linked together by an-
other part of the ribosome. Once the protein is produced, it can then “fold” to produce a specific
functional three-dimensional structure. Specificity is achieved through the interaction between the
codon (triplet of nucleotides) in mRNA and the anti-codon in the tRNA. (Public domain figure

from Wikipedia)



6.7 Kinetic Proofreading 325

6.7.1 Kinetic Proofreading in Protein Synthesis

Consider the binding interaction between a codon E of mRNA and the anti-codon
of a tRNA during protein synthesis (see Fig. 6.20). Let C denote the correct tRNA
and D an incorrect tRNA. Here £ may be viewed as an enzyme acting on a substrate
C or D according to a classical Michaelis—Menten scheme (see Box 6B). That is,

kon[C]

E k: ecXE + correct amino acid incorporated (6.7.4a)
off
ké)n [D] w . . Ly
E+D — ED — E + incorrect amino acid incorporated. (6.7.4b)
k

off

(It is assumed that the catalytic step has no selectivity, that is, the rate of catalysis
W is the same for both substrates.) The corresponding kinetic equations are

AEC _ kenlE)CI — (ko + W)[EC (6.7.5)
“EDL 4 E)ID] - W+ W)[ED], (6750
[EJrowt = [EC] + [ED] + [E]. (675

The last equation ensures that the total concentration of ribosomes or enzymes is
fixed. At steady state, we have

kon[C]
koff + W ’

kon[D]
Ko+ W'

[EC] = [E] [ED] = [E]

It follows that the rates of correct and incorrect translation are
Rcorrect == W[E C]a Rincorrect - W[ED],

and the error rate is

e _ [ el [ fn] }

=
0 Kt W ] ko +W

(6.7.6)

RCOITECt

Typically, one finds that the on rates are approximately the same for all tRNAs
(being diffusion limited) and the tRNAs have similar concentrations, that is, kop ~
k., and [D] ~ [C]. Hence, the error rate Fp is minimized by taking the catalytic
rate W to be much smaller than the off rates. Introducing the dissociation constants
K¢ = koft /kon, Kp = ki g/ ki, we have

Fy~ — = ¢ AGcp/ksT (6.7.7)
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The above simple binding model neglects the fact that when tRNA binds to a codon,
it is chemically altered via the hydrolysis of GTP; an analogous process occurs
during the polymerization of microtubules (see Sect. 4.1). The transition to the new
state is irreversible and in this state the tRNA can also dissociate from the mRNA.
This leads to the new reaction scheme

kon[C]
E kﬁ EC 5 ECY Y E + correct amino acid incorporated (6.7.8a)
off
E
ké)n [D] r « W . . g
E = ED — ED” — E + incorrect amino acid incorporated. (6.7.8b)
k:)ff
E

Let the on and off rates of the modified substrates C* and D* be goft,gon[C*] = 0
and g/, g, [D*], respectively, with [C*], [D*] = 0. The steady-state concentrations
of the modified substrate then satisfy (see Ex. 6.10),

1 Tkon

EC*| =
[ ] C]off+Wkoff+r

[ET[C].

Again assuming that the rates of catalysis W, r are much smaller than the on and off
rates, and taking the concentrations of all tRNAs to be the same, we obtain the new
error rate
~ qoff k/ﬂ ko_ff
ofr Kogr kon

Finally, taking the on rates to be tRNA nonspecific,

P % % — ¢~ AGc/ksT y=AGepr /ksT o (6.7.9)
D D

In particular, if the difference in biding energies of the two substrates is the same
for the native and modified states, then

F= {e—AGCD/"BT]z. (6.7.10)

In summary, the inclusion of an irreversible step into the kinetic scheme, EA — EA*,
which necessitates the expenditure of energy, provides an additional opportunity for
the incorrect substrate to dissociate and leads to a reduction in the error rate. An
even higher level of accuracy can be achieved by having a sequence of n irreversible
proofreading stages:

kon|C
E' g por B per . mpc W E + product.
Kot : { I

E E E
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6.7.2 Kinetic Proofreading in T-Cell Activation

T cells, which mature in the thymus, are one of two key cell types of the adaptive
immune system, whose basic function is the detection and destruction of intracellu-
lar pathogens such as certain bacteria and all viruses (see the review by Coombs and
Goldstein [125]). (The other cell type consists of B cells, which mature in the bone
marrow and are mainly concerned with the detection and destruction of extracellu-
lar pathogens.) In order to execute their function, T cells scan the surfaces of cells
for molecular markers of infection. Detection of the appropriate marker activates
the T cell which then responds to the pathogen, either by killing the infected cell
(effector T cells) or by signaling other parts of the immune system such as B cells
(helper T cells). Since T cells only scan the surface of other cells, it is necessary that
some cells are able to present information regarding their internal contents to the
surface. This is achieved by cutting intracellular proteins into peptide fragments and
transporting these fragments to the surface for surveillance by T cells. If a pathogen
is present within the cell, then signature peptide groups known as antigens will be
made accessible. A major challenge for the pathogen recognition machinery is that
the vast majority of peptides on a given antigen-presenting cell do not signify the
presence of a pathogen. Thus, a T cell has to recognize an antigen against a noisy
background of these so-called self-peptides, just as a ribosome has to recognize the
correct tRNA during each stage of protein synthesis. It is not too surprising, there-
fore, that a kinetic proofreading model has been developed for T-cell activation by
McKeithan [430].

The model of McKeithan considers the interaction of a T-cell receptor (TCR)
with a ligand consisting of a peptide fragment that is bound to a specialized molecule
in the surface of an antigen-presenting cell, known as a major histocompatibility
complex (MHC) molecule (see Fig. 6.21a). The peptide-MHC complex that forms
the ligand is denoted by pMHC. There are two basic assumptions of the model:
(1) In order to respond to an antigen, a TCR in an inactive state 7 has to undergo
a sequence of N modifications to form the activated state By. (ii) Dissociation of
pMHC from the TCR can occur at any stage, after which the receptor quickly returns
to its inactive state (see Fig.6.21b). Suppose that the off rate back to the inactive
state 7 is the same for all intermediate states. We then have the following hierarchy

of kinetic equations for the concentrations [1,[B;], j =0,...,N:
@ = —kon[T][P] + kot i [Bi], (6.7.11a)
! i=0
@ — kon|T][P] — koft[Bo) — kp[Bo), (6.7.11b)
A (18111 - [B]) ~ kB, 67110
diBn] _ kp[Bn—1] — koft[Bw], (6.7.11d)
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Fig. 6.21: Kinetic proofreading model of T-cell activation. (a) Schematic diagram of a T-cell re-
ceptor (TCR) binding to an antigen that is attached to a major histocompatibility complex molecule
(MHC) in the surface of an antigen-presenting cell. (b) Reaction diagram, see text for details

where [P] is the concentration of a specific pMHC complex. Solving these equations
in steady state shows that the fraction of activated complexes is (see Ex.6.10)

[By] —( Ky )N 6.7.12
YVoB]  \kptkotr) (€712

Note that k,/(k, + kofr) is the probability that in any intermediate step i, the T cell
is modified before dissociation of the pMHC. Assuming that k,, is independent of
the particular substrate, it follows that the off rate ko is the only parameter whose
variation can distinguish between peptides. Even for small values of N, the fraction
of activated T cells is sensitive to small changes in kg, reflecting the objective of the
kinetic proofreading mechanism. However, it comes at a cost, namely that the actual
value of the activity level in response to the correct antigen reduces as N increases,
so that an increase in selectivity coincides in a decrease in sensitivity.
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6.8 Stochastic Algorithms for Chemical Kinetics

6.8.1 The Stochastic Simulation Algorithm

The SSA, which was originally developed by Gillespie [217-219], is an efficient nu-
merical scheme for generating exact sample paths of a continuous-time Markov pro-
cess whose probability distribution evolves according to a chemical master equation.
Following Sect. 6.2, suppose that the mass-action kinetics of a general biochemical
network is written in the form

dx,' R

i Y Siafa(x), i=1,...,N, (6.8.1)
a=1

where a labels a single-step reaction, f, are the transition intensities or propensities,
and S is the N x R stochiometric matrix. Given this notation, the corresponding
master equation is

dP(n,t) R[N .
yr le (HE Sia 1) fa(n/Q)P(n,1), (6.8.2)

i=1

where €2 represents the system size. Typically, €2 is the volume of the well-mixed
compartment where reactions occur or the total number of molecules in cases where
there is number conservation. Here E~5i is a step or ladder operator such that for
and function g(n),

]E_Smg(nlv"'?niw'-?nN) :g(l’ll,...,I’li—Sia,.--,nN)- (683)

In the following we eliminate the global factor of €2 by rescaling time t — t.

The starting point for constructing the SSA is to define a new probability func-
tion p(t,alx,t), which is the probability, given X(7) = x, that the next reaction in
the system will occur in the time interval [r + 7, + T+ A7) and will be the reac-
tion a. From this perspective, both T and a are random variables conditioned on
X(¢) = x. An analytical expression for p(7,a|x,t) can be obtained by introducing
another probability function Py(7|x,#), which is the probability, given X(¢) = x, that
no reaction of any kind occurs in the time interval [¢,# + 7). It follows from the
definitions of Py and the propensities f, that Py satisfy the equation

Py(T+d7t|x,1) = Py(7|X,1) [1 - ifa(x)dT] ,
a=1

which is the product of the probability that no reaction occurs in [¢, T) and the prob-
ability that there are no transitions in the infinitesimal interval [t + 7,7 + T+ dT).
Rearranging and taking the limit d7 — 0 yields

P pm(enn. P = 3 ful)
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Under the initial condition P(0|x,¢) = 1, we have the solution
Py(7|x,t) = exp(—F (X)T).

We now note
p(t,a|x,t)dt = Py(1|X,1) fo(x)dT,
which implies that p can be written in the form

Ja(x)
F(x)

p(t,alx,t) = F(x)exp(—F(x)T) (6.8.4)

Hence, 7 is an exponential random variable with mean and standard deviation
1/F(x), while a is a statistically independent integer random variable with x-
dependent probability f,(x)/F(x).

One exact Monte Carlo method for generating samples of the random variables
7,a is to draw two random numbers r|, r; from the uniform distribution on [0, 1] and
take

1
_ L, 6.8.5
T F(X) nrp ( a)
a
a = the smallest integer for which Z fa(X) > nF(x). (6.8.5b)

s=1
The direct method of implementing the SSA is as follows:
1. Initialize the time ¢ = ¢ and the chemical state x = x.

2. Given the state x at time ¢, determine the f,(x) fora = 1,...,R and their sums
F(x).

3. Generate values for T and a using Eq. (6.8.5).

4. Implement the next reaction by setting r — ¢' =1+ Tand x; — x; = x; +Sja/ Q.

5. Return to step 2 with (x,¢) replaced by (x’,#’), or else stop.

There have been a variety of subsequent algorithms that differ in the implemen-
tation of step 2, including the next reaction method [215] and the modified next
reaction method [8]. The latter is based on the random time-change representa-
tion of Kurtz, which will be considered in Chap. 11 after developing the theory
of martingales.

6.8.2 Tau-Leaping

In many applications the mean time between reactions, 1/F(x), is very small so
that simulating every reaction becomes computationally infeasible, irrespective of
the version of the SSA chosen. Gillespie [218] introduced tau-leaping in order to
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address this problem by sacrificing some degree of exactness of the SSA in return
for a gain in computational efficiency. The basic idea is to “leap” the system for-
ward by a pre-selected time 7 (distinct from the 7 of the SSA), which may include
several reaction events. Given X(7) = x, 7 is chosen to be large enough for efficient
computation but small enough so that

fa(X) & constant in [tz + ) for all a.

Let .#"(A) denote a Poison counting process with mean A. During the interval [¢,7 +
7T) there will be approximately .4 (A,) reactions of type a with A, = f,(x)7. Since
each of these reactions increases x; by S, /€, the state at time 7 + 7 will be

R
Xj(t+1) =x+ Y Aa(fa(X)7)S)a, (6.8.6)

a=1

where the .4/, are independent Poisson processes. This equation is known as the tau-
leaping formula. However, there are two fundamental problems with the original
formulation of tau-leaping. First, it is difficult to choose the appropriate value of T
at each iteration of the algorithm—occasionally large changes in propensities occur
that cause one or more components x; to become negative. Second, although tau-
leaping becomes exact in the limit T — 0, the inefficiency becomes prohibitive since
the R generated Poisson random numbers will be zero most of the time resulting in
no change of state. These two issues have been addressed in various modifications
in the tau-leaping procedure (see for example Cao et al. [93]).

6.9 Exercises

Problem 6.1 (Bursting in protein translation I).

(a) Consider a single mRNA molecule which produces n proteins with probability

Pln) = (rl)f)n rl}/'

Use a generating function to show that the burst size b = (n) =r/y.
(b) Calculate the Laplace transform

P(s) = /OwP(n)e_’”dn

with n treated as a continuous variable (for large protein number).
(c) Evaluate the inverse Laplace transform of B,,(s) = [P(s)]"™ to obtain the result

o (22 (s o
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Problem 6.2 (Bursting in protein translation II). Consider the Chapman—
Kolmogorov equation (6.2.8) for protein bursting:

T = S ]k [ el ot ),

with |
w(x) = Ee—x/b — 8(x).

(a) Suppose that c¢(x) = 1 (no autoregulatory feedback). Laplace transforming the
steady-state equation with respect to the protein number x, show that the station-
ary distribution is given by the gamma distribution

X m =

_ 1 mflefx/b E
bmI(m) ’ i

p(x)

(For a more challenging problem, Laplace transform the full time-dependent
equation, solve the resulting quasilinear PDE in Laplace space using the method
of characteristics, and show that the system converges to the gamma distribution
in the limit ¢t — o0.)

(b) Suppose that ¢(x) is given by the Hill function

kS
- kS + x5

c(x) +e.
Using Laplace transforms along similar lines to part (a), show that the stationary
probability density is

p(x) :Axm(1+£)—le—x/b[1 _’_(x/k)s]—m/s7

where A is a normalization factor.

(c) Plot the stationary density of part (b) for the parameter values m = 10,b =
20,and k = 70nM and the following four cases: (i) ¢ = 1 (no feedback); (ii)
s=+1,e=0.05; (iii) s = —1,e = 0.2; (iv) s = —4, € = 0.2. Hence show that
negative feedback reduces noise, whereas positive feedback enhances noise and
can lead to bistability.

Problem 6.3 (Binary response in stochastic gene expression). Consider the
stochastic model of a gene expression in which the gene randomly switches be-
tween an active and inactive state. The steady-state probability densities pg ; (x) for
protein concentration x when the gene is in an active (j = 1) or inactive (j = 0) state
satisfy the pair of equations

< (~pepo(a)) =k-pr() — ks pol)

%([r— ¥x|p1(x)) = k4 po(x) — k_p1(x)

with boundary conditions po(r/y) = 0 and p;(0) = 0.
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(a) Derive the normalization conditions

r/y k_ r/y k+
/0 p()(x) X k_ +k+7 /0 pl(’x> X k_ +k+

(b) By adding the pair of steady-state equations show that one solution is

po) == i (x).

(c) Substituting for po(x), solve the resulting differential equation for P(x) =
(r — yx)p1(x), and thus obtain the solution

po(x) = C (yx) R (r— )17 py(x) = € (y) Y (r— ) IR

(d) Using part (c), show that
r/y
[ potwias = S By ke ),
0

r/y
[ prtwas = S Bk ik ),
0

where B(c, ) is the beta function:

1
B(a,ﬁ):/ 11— 1)Bar.
0
(e) Using the standard property

C(I(B)

B(O‘aﬁ)zm,

show that the solution in part (c) satisfies the normalization conditions provided

that
—1

C =y |t TRk, k- /)]

Problem 6.4 (Linear noise approximation of a two-state gene regulatory net-
work). Consider the simple kinetic model of gene expression given by equations

dx;
dt

d
:k+(1—x1)—k,x1, gzrxl—yxz.

Here x; is the density of active genes and x; is the density of protein. There is a

unique fixed point
k+ * I«
= — X s Xy = —X7q.
k+ n i max 2 y 1

X
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Applying the linear noise approximation to the corresponding master equation for
finite copy numbers yields an OU process whose stationary covariance matrix X
satisfies the matrix equation

AX +3AT = —BB” = -D,

with

A— —(kt+k-) O D— 2k_x7 0
r -y )’ 0 2mxy )

By solving the matrix equation in component form, determine the variances 0'12 and
o} for Y; = (X; — x7) /v, where Q is the system size.

Problem 6.5 (Frequency domain analysis of a simple gene network). Consider a
simple model of protein translation given by the stochastic kinetic equations

dx d
Z k), Z=rm—py+n,0),

dt dt
where x and y are concentrations of mRNA and protein, ¥, ¥, are degradation rates,
k is the rate of mRNA production, and r is the rate of protein production. Moreover
n(t) and 1, (¢) are independent white noise terms with (1) = (n,) =0, and

mem@)) =qd@t—1"), MpO)np(t)) = qpd(t—1), (n(t)ny(¢')) =0.
(a) Introducing the Fourier transforms

dw

Alo)= [ éonmar,  n0=[ i),

show that
(n(o)n(e)) =2qré(0+ o).

(b) By linearizing about the steady state x* = k/v, y* = rk/(yy,) and using Fourier
transforms show that the power spectra of the fluctuations X () = x(¢) —x* and
Y(t) = y(t) — y* are given by

q qp qu

(c) Using the definition of the power spectrum, written in the form

X2 = [ ser(@) 5o

—o0

show that
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Similarly, show that

2
Y()2) =2 4 194 gy
Y()") TR (r™)

Hint: you should assume that y > ¥, and use the result

/°° I do 1
e 2 +a?2m 24
(d) From the linear noise approximation, one obtains the following Fano factors for

mRNA (m) and proteins (n):

varm| var[n]
R R

where b = r/7. Use this to determine ¢ and g,,.

Problem 6.6 (Attenuation of noise in signaling cascades). Consider a generic
model of a stochastic signaling cascade consisting of molecular species labeled
i =0,...,n with corresponding concentrations y; [624] (see Fig. 6.22). Suppose that
the rate of production of species i only depends on the concentration y;_; of the
species at the previous level of the cascade and that it degrades at a fixed rate 7. In
the deterministic limit, we have a system of first-order kinetic equations:

yi+Yyi= fic1(i-1),

where f;_; is the corresponding production rate function and f_; = 0. Suppose
that there exists a unique stable steady state. Linearizing about the steady state and
adding white noise terms to take into account intrinsic fluctuations, we have the
system of linear equations

0yi + %0y = ci16yi-1 + 1,
where
(ni) =0, <ni(f>nj(f,)> = qi5,-,j5(t —l‘/)7

and ¢; is the derivative of f; at the steady state (with c_; = 0). That is, ¢; can be
interpreted as a differential gain or amplification factor. Both ¥; and ¢; have units of
+~!. For convenience, set ¥ =1 for all i.

(a) Using Fourier transforms show that

<6yl%(w)> =0+ anlanfl +Bn71Bn72an72 +...+ anl .. B0<6y(2)(0_))>,

where
2

qj €j
T 1+ ¥ hi 1+ ?
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Fig. 6.22: Schematic diagram of a linearized stochastic cascade

(b) Let ¢ = max{q;}, c = max{c;} and define
1 l

2
q c
o= —- = .
14+ w?’ B 1+ w?
Show that
lim (8y?(w)) < %
n—»oo n - 1- ﬁ
Taking the inverse Fourier transform, obtain the result
: ° 1 do q
N Y e N -
lm 30 <0 [ o ae = 5

This establishes that fluctuations in the output of the signaling cascaded will be
bounded provided that |c;| < |c] < 1.

(c) Now consider a finite cascade of length n with ¢; =c < 1 forall i =0,...,n,
gi=qforalli=1,... n,and gy > g. Thus the noise at the input level is higher
than in successive levels of the cascade. Using part (a), show that

n—1 C2 Jj CZn

2 _
(Oy(w)) = qj:O (1+ w2)j+1 +q°(1 +w2)n+l :

Taking inverse Fourier transforms and using contour integration, establish that

n—1 : 2j 2n
» (2/)! (2n)! ¢
<5yn(t)> <q 26 ]']! 22j+1 90 n'n! 22n+1°
J:

(d) Applying Stirling’s approximation to part (c),

-\ J
j!z(é) V27,
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obtain the inequality

(8ya(1)) < (HZ

) 90 62
The first term represents an increase in intrinsic fluctuations with cascade length
n, whereas the second represents a faster than exponential decrease in the input

noise with cascade length. Show that the optimal cascade length for minimizing
the total noise is

opt = [1 — <q0_(11)2/(q(2)c4)] B

with [x]_ denoting the greatest integer less than x.

Problem 6.7 (Linear noise approximation of autoregulation). Consider a simple
kinetic model of gene autoregulation given by

dx1

d
= = —yx1+ F(x2), % =rx| — Ypx2,

with F(x) = ko — kx. Here x; is the concentration of mRNA and x; is the concentra-
tion of protein. There is a unique fixed point

ko r
T X5 = —Xj.

X = ——,
Yy ke Y

Applying the linear noise approximation to the corresponding master equation for

finite copy numbers yields an OU process whose stationary covariance matrix X
satisfies the matrix equation

AX +3AT = —BB” = -D,

_ (7 —k D_ kx4 yx} 0
r %)’ 0 rxy Xy )

Solving the matrix equation show that the Fano factor for proteins is

var[n] b ¢
) _1+1+n<1 1+b¢)’

where b =r/y,N="7,/7,¢ =k/7,.

with

Problem 6.8 (Mutual repressor model). Consider the mutual repressor model
with a single promoter site, whose stochastic version is described by the master
equation (6.4.6).
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(a) Suppose that the kinetics of promoter transitions are much faster than the pro-
duction and degradation of proteins. Write down the continuous-time Markov
equations describing the evolution of the probabilities p;, assuming the con-
centrations x,y of proteins X,Y are fixed. (Recall that the proteins bind to the
promoter site as dimers.) Solve for the steady-state probabilities p}f in terms of x
and y.

(b) Under the adiabatic approximation p; = pj(x,y), with pj+ p] (pj+ p3) inter-
preted as the rate of production of protein x (y), write down the kinetic equations
for x,y and use the solutions of part (a) to derive the deterministic equations

dx dy i 1

—:f(X,y), —:f(y,x), Wlthf(x’y):—z_x'

dt dt 1+ 2

b+x?

Use phase-plane analysis to construct a bifurcation diagram for this planar sys-
tem with b treated as a bifurcation parameter.

(c) Derive the Chapman—Kolmogorov equation (6.4.10) by carrying out a system-
size expansion of the master equation expressed in the form (6.4.6).

Problem 6.9 (Model of transcriptional elongation). Consider the birth—death
master equation for the elongation phase of transcription in the absence of back-
tracking (Sect. 6.6).

(a) Starting from the backward master equation (6.6.7) derive a difference equation
for the second moment 75(ng) of the elongation time, where ng is the starting
position along the chain, analogous to the difference equation (6.6.8) for the first
moment.

(b) Solve the difference equation in part (a) recursively by introducing the variable
Uz(ng) = Ta(ng) — Ta(np — 1).

(c) Using the result from part (b) and the formula (6.6.10) for the mean elongation
time, determine the variance 6 of the elongation time in terms of K = @_ /.
and ., where w4 are the effective polymerization/depolymerization rates, and
show that when K < 1,

o’ = iz +aky . !
(O)d (O)d

+0(K?).

Problem 6.10 (Kinetic proofreading). Consider the kinetic proofreading model
given by the modified Michaelis—Menten reaction kinetics of Eq. (6.7.8).

(a) Write down the kinetic equations for the evolution of the concentrations [EC]
and [EC*].
(b) Show that the steady-state concentration of the modified enzyme—substrate com-
plex [EC*] is
1 rkon

EC) = — o ElI
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(c) Repeating the analysis for the incorrect substrate D, derive the following approx-
imation for the error rate:

P Oc Kc _ o~ AGen/kpT y=AGespe /KT
Op Kp

(d) Now consider the kinetic proofreading model of T-cell activation given by
Eq. (6.7.11). Show that the steady-state fraction of active TCRs is

zé[vfoN[LiJ - (kp ipkoffy'

Problem 6.11 (Computer simulations: gene networks). Write MatLab programs
based on the Gillespie algorithm (see Sect. 6.8) that generate trajectories for each of
the following gene networks.

(a) The model of regulated transcription whose master equation is given by
Eq.(6.3.9). There are two discrete variables (number of active genes n; and
number of mRNA molecules n;) and four reactions (gene activation and de-
activation, mRNA production and degradation). Take the parameter values
ki =0.03min"',k_ =0.2min" ',k = 10min~!,andy = 0.2min "' and consider
the two cases nmax = 10, and nmax = 100. Run the simulations for sufficient
time to reach steady state. Plot a histogram of n;(7) and n,(T) based on 100
simulations, say, where T is the final time. Determine the mean and variance,
and compare the numerical Fano factor with the theoretical expressions based
on the diffusion approximation.

(b) The mutual repressor model whose master equation is given by Eq. (6.4.3). You
will have to determine the stochiometric matrix and the propensities. There are
three discrete variables (number of X proteins n, number of Y proteins m, and
state of the promoter) and four reactions involving changes in the promoter state,
and each promoter state involves degradation and production reactions. Take
the parameter values o = 1,000s~ !, B=5x 10°, and k¥ =5 x 10 7s~! and
consider the two cases (i) Y= 1s~! (monostable) and (ii) y = 0.75s~! (bistable).
Plot sample trajectories over a time interval of length 7 = 10 min and histogram
m(T).

(c) The circadian clock model with stochiometry and propensities listed in Sect. 5.1.
Use the following parameter values taken from [228]: k = 0.5nM h_l,y =
0.3nMh™',K,, = 2.0nM,K!, = 0.2nM, r = 2.0h" !y, = 1.50Mh™ 1 K, =
0.1nM, and k; = k, = 0.2h~!. Plot a sample trajectory of the number of mRNA
M and the number of cytosolic clock proteins X¢ as a function of time, and
check that the oscillation period is around 22 h. Compare with solutions of the
deterministic kinetic rate equations. Also plot several sample trajectories in the
(M, Xc) phase plane superimposed on the deterministic limit cycle.
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Problem 6.12 (Keizer’s paradox.). Consider the following autocatalytic reaction
scheme:
ky k
X =2X, X 3 0.
~1

(a) Write down the deterministic kinetic equation for the concentration x of the
chemical species X. Show that it has an unstable fixed point at x; = 0 and a
stable fixed point at x, = (k; —k2) /k_1.

(b) Construct the master equation for the probability P(n,r) that there are n
molecules of X at time ¢. By writing out the explicit equations for dP(0,¢)/dt,
dP(1,t)/dt etc., use induction to show that the unique steady-state solution
P*(n) is

P*(0)=1, P*(n)=0, n>0.

Hence the stochastic model shows that there will be no X left in the system —
X =0 is an absorbing state. This appears to contradict the deterministic limit,
which is known as Keizer’s paradox.

(c) Use the Gillespie algorithm to explore the evolution of the probability distribu-
tion P(m,t) as a function of time. In particular, demonstrate that at intermedi-
ate times the distribution localizes around the deterministic steady-state x, be-
fore eventually forming a peak around zero. Hence, provide an explanation of
Keizer’s paradox in terms of the non-commutativity of the operations lim ¢ — oo
and lim £ — oo where (2 is the system size.



