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Abstract
We introduce a novel artificial compressibility technique to approximate the incompressible Navier-Stokes
equations with variable fluid properties such as density and dynamical viscosity. The proposed scheme used
the couple pressure and momentum, equal to the density times the velocity, as primary unknowns. It also
involves an adequate treatment of the diffusive operator such that treating the nonlinear convective term
explicitly leads to a scheme with time independent stiffness matrices that is suitable for pseudo-spectral
methods. The stability and temporal convergence of the semi-implicit version of the scheme is established
under the hypothesis that the density is approximated with a method that conserves the minimum-maximum
principle. Numerical illustrations confirm that both the semi-implicit and explicit scheme are stable and
converge with order one under classic CFL condition. Moreover, the proposed scheme is shown to perform
better than a momentum based pressure projection method, previously introduced by one of the authors, on
setups involving gravitational waves and immiscible multi-fluids in a cylinder.
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1 INTRODUCTION

The numerical approximation of incompressible flows with variable density and viscosity plays a crucial role in many engineer-
ing and physics applications in fluid mechanics. For instance, such setups occur in nature in the stratified layers of the Earth’s
mantle and also in the stratified layers of the ocean and their interaction with the atmosphere. Similarly, variable density flows
and their interaction with magnetic field and heat convection play an important part in the design of liquid metal batteries and
aluminum Hall-Héroult production cell. All of the above problems are governed by the incompressible Navier-Stokes equations
coupled with a transport equation that governs the dynamics of the density, see equation (2.1). The case of constant density
flows has been the topic of a broad literature these past sixty years. The main challenge consists of enforcing the incompress-
ibility constraints, which is addressed using three main class of methods. First, one can consider the coupled problem which
leads to solving a linear system with a saddle-point structure, see [8, 20, 6, 53]. The other widely popular approach consists of
using projection type techniques that were originally introduced by Chorin [14] and Temam [64] which have led to many im-
provements since, see [26] and references therein for a review of projection methods. Eventually, another approach consists of
the artificial compressibility techniques that were introduced in [15, 63, 44]. This last approach presents a better computational
complexity compared to projection methods as it does not require solving Poisson problem to update the pressure, which scales
in h–2 with h being the mesh size. However, its limited accuracy in time to the order one, until recent developments [24] that
require solving n parabolic equations to get an artificial compressibility method of order n, have limited its popularity.

In the context of immiscible incompressible multiphase flows, i.e. flows with variable density, another difficulty consists of
tracking the evolution of the interface between the fluids to reconstruct accurately the fluids properties such as its density. It
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led to the development of methods such as the level set technique [57, 55], and the phase field methods [2, 47, 13]. Addition-
ally, approximating efficiently the Navier-Stokes equations also becomes more challenging as the Navier-Stokes system now
involves a partial differential equation with variable coefficients in the time derivative operator, and also in the diffusive op-
erator when the viscosity is variable. The most popular methods of approximation use the velocity as primary unknown and
projection-correction methods [3, 30, 13, 19]. Recent works also focus on the development of artificial compressibility meth-
ods that have introduced high order methods in time [49, 65], an entropy stable method for discontinuous finite element [50],
and an unconditional stable method based on SAV technology [67]. One of the main drawback of the above methods is that the
resulting linear algebra requires to reassemble the mass matrix, that takes the form ρ∂tu, and the diffusive operator at each time
iteration which is either computationally expensive for high order finite element discretization or cannot be made implicit for
spectral and pseudo-spectral methods. To develop algorithms that are suitable for spectral methods, and that uses a time inde-
pendent linear algebra, one of the authors proposed and studied a novel projection method that uses the momentum as primary
unknown in [10, 9]. This method is shown to be stable and accurate on various setups like rising bubble and rotating multi-
fluids in cylinders. Unfortunately, it shows some robustness limitations when approximating complex multi-fluid with strong
interface deformation like the one occurring in aluminum production cell [52, 37]. It led the authors to use the idea of [10] to
develop a novel method that uses an artificial compressiblity technique to enforce the incompressibility constraints. The result-
ing method has been shown to be robust and accurate for aluminum production cell setup in [52], however, the analysis of its
stability and temporal convergence has not been establish yet. Thus, we aim to fill this gap with this paper.

The paper is organized as follows. Section 2 introduces the governing equations, some notations, and the main idea of the
artificial compressibility technique we study in this paper. In section 3, we establish the stability of the proposed method under
the assumption that the density is approximated with a method that satisfies the minimum-maximum principle. Then, under
similar assumptions, we establish the time error analysis of the proposed algorithm in section 4. The section 5 reports numerical
results obtained with two different codes that either use finite element or pseudo-spectral methods for the spatial discretization.
Eventually, we give concluding remarks in the section 6.

2 PROBLEM DESCRIPTION AND ARTIFICIAL COMPRESSIBILITY METHOD

In this section, we first describe the Navier-Stokes system for problems with variable density and viscosity and some classic
notations. Then, focusing on the approximation of the couple velocity-pressure, we describe the key ingredients that allow us
to derive an artificial compressibility method that is suitable for spectral methods and that also has the advantage of involving
a time-independent stiffness matrix.

2.1 The incompressible Navier-Stokes equations with variable density and viscosity

We consider an open bounded domain Ω in Rd, with d = 2, 3, and a time interval [0, T]. The incompressible Navier-Stokes
system on Ω × [0, T] is made up of the mass conservation, momentum conservation, and incompressibility equations. The
system can be expressed as follows:

∂tρ + ∇·m = 0, (2.1a)

∂tm + ∇·(m⊗u) – 2∇·(η(ρ)ε(u)) + ∇p = f, (2.1b)

∇·u = 0, (2.1c)

where u is the velocity, m =: ρu is the momentum, ρ is the density, η is the dynamical viscosity, p is the pressure, f is a source
term and ε(u) := ∇su = 1

2 (∇u + (∇u)T) is the strain rate tensor. The above system is supplemented with initial condition
and boundary conditions. To avoid nonrelevant difficulties, we assume that homogeneous Dirichlet boundary conditions are
enforced on the velocity. We also note that we assume that the dynamical viscosity, η, is a Lipschitz function of the density ρ.
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2.2 Notations and preliminaries

To approximate in time the system of equations (2.1), we introduce a time step denoted by τ and set tn = nτ for all integers
n ≥ 0. For any time dependent function ϕ, we set ϕn = ϕ(tn). To simplify notations, we denote by ϕτ the discrete time sequence
(ϕn)n≥0 and we introduce the time-increment operator δ defined as follows:

δϕn = ϕn – ϕn–1. (2.2)

We also let N be the integer such that Nτ = T the final time.
In the rest of the paper, vector variables are written in bold. We use the standard notation ∥ · ∥L2 , respectively ∥ · ∥L∞ , to

represent the L2 norm, respectively L∞ norm, of a scalar. The L2 and L∞ norms of a vector or a matrix are denoted by ∥ · ∥L2

and ∥ · ∥L∞ . For any vector u, we denote by ∥u∥l2 the euclidean norm of u and ∥ε(u)∥l2 the induced matrix norm of ε(u).
We conclude this sections by reminding some well known inequalities that will be used in the following sections. There

exists a constant c1 such that for all vector u in H1(Ω) such that u|∂Ω = 0, the Poincaré inequality holds:

∥un∥L2 ≤ c1∥∇un∥L2 . (2.3)

The first Korn inequality yields the existence of a constant c2 such that for all u ∈ H1(Ω):

∥∇un∥L2 ≤ c2∥ε(un)∥L2 . (2.4)

Similarly, one can show that there exists a constant c3 such that for all u ∈ H1(Ω) we have:

∥√η∇·un∥L2 ≤ c3∥
√
ηε(un)∥L2 , (2.5)

where η, the dynamical viscosity, can be any positive function bounded from above and away from zero. We will also use the
following polarization identity, that holds for any real (a, b) without referring to it:

2(a – b)a = a2 – b2 + (a – b)2.

2.3 Artificial compressibility method based on momentum approximation

We now aim to introduce a numerical method for the system of equations (2.1b)-(2.1c) that is suitable for spectral methods
and that uses a time-independent stiffness matrix. The development of such a method faces three main challenges, described
below, that we propose to overcome by using the momentum as a primary unknown combined to a method based on artificial
compressibility technique for the Navier-Stokes equations.

The first challenge consists of approximating the mass matrix ∂t(ρu), or ρ∂tu, which cannot be made implicit when using
spectral methods due to the product between the density with the velocity or its time derivative. As shown by the authors in
[10], this issue can be overcome by using the momentum m := ρu as primary unknown for the momentum equation (2.1b). The
mass matrix then becomes ∂tm which can be approximated straightforwardly by any spectral or finite element methods. We
note that such strategy is commonly used in compressible fluid mechanics.

The second main challenge is related to the treatment of the diffusive term –∇·(ηε(u)). As the dynamical viscosity η is time
and space dependent, and that u = 1

ρm, this term can not be made implicit for spectral methods in the context of parallel
simulations. This difficulty can be answered by adapting techniques introduced in [22, 3, 19, 10] that leads to rewrite the
diffusive term as follows: –∇·(ν̄ε(m)) + ∇·(ν̄ε(m)) – ηε(u))) with ν̄ a constant larger than the kinematic viscosity ν := η/ρ. The
first term can then be treated implicitly while the correction is made explicit. We note that, for pseudo spectral methods, ν̄ can
also be defined as a function that only depends of the space coordinates that are not discretized with spectral elements.

Eventually, the last difficulty is to enforce the incompressibility condition (2.1c). Most of the algorithms for incompressible
multiphase flows enforce this condition by using a projection-correction method [3, 10, 13, 19, 30] which leads to solve
a Poisson problem to update the pressure. To avoid solving a Poisson problem, whose condition number scales in O(h–2)
with h the mesh size, we propose to enforce the incompressiblity condition by developing an algorithm based on artificial
compressibility methods that were originally introduced in [15, 63, 44].
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We remind that the main idea of artificial compressibility technique consists of perturbing the incompressibility constraints
(2.1c) with a term dependent on the pressure, so that the gradient of the pressure in the Navier-Stokes equation can be related
to the divergence of the velocity field and thus decouples the problem. Originally, the first pseudo compressibility method,
referred to as penalty method, was introduced in [63]. It uses the following perturbation:

ϵpn+1 + ∇·un+1 = 0,

where ϵ is a tuning parameter that is small, i.e. proportional to the time step τ . As shown in [59], this discretization leads to
limitations when the time step tends to zero compared to artificial compressibility technique that modifies the incompressibility
constraints as follows:

ϵ(pn+1 – pn) + ∇·un+1 = 0, (2.6)

where ϵ is a tuning parameter that can be set as a O(1), i.e. not proportional to the time step. This is the choice of perturbation
we make in the rest of the paper. As a consequence, the gradient of the pressure at time tn+1 can be approximated using the
gradient of the pressure at time tn and the gradient of the velocity’s divergence. The time discretization of the momentum
equation (2.1b) then leads to the approximation of a term of the form – 1

ϵ∇(∇·un+1). Since we aim to use the momentum
as primary unknown, this term is treated in a similar way than the diffusion term. That is, we rewrite the term as follows
– 1
ϵ∇( 1

ρ∇·m) + 1
ϵ∇( 1

ρ∇·m – ∇·u) with ρ a positive constant smaller than the density ρ. As shown in the following sections, it
yields a stable and convergent scheme when the first term is made implicit while the correction is made explicit.

Disregarding the approximation of the density and the nonlinear term ∇·(m ⊗ u), the algorithm we propose to approximate
the system (2.1b)-(2.1c) with the couple momentum-pressure reads:

δmn+1

τ
– 2ν̄∇·(ε(mn+1 – m∗,n+1)) –

1
ϵ
∇(∇·(mn+1 – m∗,n+1)) = fn+1 – ∇pn + 2∇·(ηn+1ε(un)) +

1
ϵ
∇(∇·un), (2.7)

pn+1 = pn –
1
ϵ
∇·un+1, (2.8)

where m∗,n+1 := ρn+1un and ϵ < ϵρ. We note that this time stepping is suitable for spectral method as nonlinearity are all made
explicit. Moreover, the stiffness matrix is indeed time independent as the variables ν̄, ρ and ϵ are constants. The use of an
artificial compressibility technique also allows us to avoid solving a Poisson problem to update the pressure. All these features
combined makes this algorithm efficient for parallel and large scale computing with spectral and finite element methods.

We note that the proposed scheme is a first order scheme. Although many high-order schemes have been proposed and
analyzed for constant density flow [59, 26, 38], the literature is scarcer for variable density flow. Moreover, such analyses have
mainly focused on coupled pressure-velocity schemes or projection type methods [48, 28, 12, 11]. One of the main difficulties
to deriving high-order artificial compressibility methods yields in the perturbation of the incompressibility constraints (2.1c)
that needs to be second order. Thus, discretization (2.6) require a small parameter ϵ, i.e. proportional to the time step τ . This is
the choice made in [65] where the authors also use the velocity as primary unknown. This allowed them to establish the stability
and convergence of a second order artificial compressibility technique. While such properties are very desired, we note that
the resulting discretization involves a system of the form un+1 – τ∇·ε(un+1) – τ

ϵ∇∇·(un+1) that has a condition number similar
to a Poisson problem when ϵ ∼ τ (complexity similar to projection methods but method is also order two in time). While our
method is first order, we note that it offers a complexity similar to a parabolic problem (ϵ ∼ 1), it is suitable for pseudo-spectral
methods, and involves time-independent stiffness matrices that can be assembled and preconditioned at initialization. Another
strategy that avoids to deteriorate the condition number to one similar to the projection method was proposed in [27, 25] for
constant density flow. The method consists of using Taylor expansion and bootstrapping techniques to augment the system
by an equation for ∂tu. This work has been extended to problems with variable density in [49] using the velocity as primary
unknown. While the study of a high-order artificial compressibility scheme using the momentum as primary unknown is not
a goal of this paper, the authors plan to compare the above two strategies with a momentum-based artificial compressibility
method for future work.

3 STABILITY OF A SEMI-IMPLICIT ALGORITHM

We introduce a time discretization of the Navier-Stokes equations (2.1). We assume that the density is approximated in a way
that satisfies the minimum-maximum principle and focus on establishing the stability of the resulting momentum-pressure
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algorithm. Unlike the model scheme introduced in the previous section, we reintroduce the nonlinear term ∇·(m ⊗ u) which is
treated semi-implicitly for analysis purposes. The resulting algorithm is shown to be stable under some conditions on the time
step τ and the sequence ρτ .

3.1 Approximation of Density and maximum principle hypothesis.

As the main novelty of this work is how the momentum equation and incompressibility constraints (2.1b)-(2.1c) are approx-
imated, we do not focus on the mass conservation equation. Meaning, we assume that the approximated density satisfies a
scheme of the form:

δρn+1

τ
+ un · ∇ρn = Rn+1

ρ , (3.1)

where the residual term Rρ is assumed to be consistent.
We further assume that the resulting sequence ρτ satisfies the maximum-minimum principle, meaning that it satisfies

ρmin ≤ ρn ≤ ρmax, ∀n ≥ 0, (3.2)

where ρmin = minx∈Ω ρ
0(x) and ρmax = maxx∈Ω ρ

0(x).
We note that many bound preserving methods that satisfies the above properties are available in the literature. For instance,

one can use the flux corrected transport technology [7, 66, 1, 18] or total variation diminishing limiters [32, 33, 46, 43]. One
can also use the more recent algebraic flux correction schemes [40, 4, 5, 23, 41]. We refer to [42] for a review on flux-corrected
transport methods.

To conclude, we recall that the dynamical viscosity is assumed to be a Lipschitz function of the density. As a consequence,
there exists a positive constant α such that for all (ρ1, ρ2) ∈ [ρmin, ρmax], we have:

|η(ρ1) – η(ρ2)| ≤ α|ρ1 – ρ2|. (3.3)

Note that the maximum-minimum principle assumption on ρτ , see (3.2), implies that ητ also satisfies the maximum-minimum
principle, that is

0 < ηmin ≤ ηn = η(ρn) ≤ ηmax. (3.4)

3.2 Time marching algorithm

After initializing the unknowns (ρ0, m0, p0) with the initial conditions associated to the problem (2.1), the proposed time march-
ing algorithm reads as follows. Let n ∈ N and assume that (ρn, mn, un, pn) are known. Then we follow the sequential scheme
below to update the density, momentum, pressure, and velocity.

Step 1. Find ρn+1 the solution of:
δρn+1

τ
+ un · ∇ρn = Rn+1

ρ . (3.5)

Step 2. Compute the momentum mn+1 by solving:

δmn+1

τ
– 2ν̄∇·(ε(mn+1 – m∗,n)) – 2∇·(ηn+1ε(un)) –

1
ϵ
∇(∇·(mn+1 – m∗,n)) –

1
ϵ
∇(∇·un) + ∇pn

+ ∇·(ρnun+1⊗un) –
1
2
ρnun+1∇·un –

1
2

un+1Rn+1
ρ = fn+1, (3.6)

with m∗,n = ρn+1un. We note that the above step involves the quantity un+1, we chose this notation for simplicity. However, in
practice it is replaced by 1

ρn+1 mn+1 because we use the momentum as primary unknown.
Step 3. Compute the velocity un+1 using:

un+1 =
1
ρn+1 mn+1 (3.7)

Step 4. Update the pressure pn+1 as follows:

pn+1 = pn –
1
ϵ
∇·un+1. (3.8)
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As shown in the following, to ensure the stability of the algorithm the quantities ν̄ and ϵ are defined as follows:

ν̄ = 1.1∥η(ρ0)/ρ0∥L∞ , ϵ = 0.9ρϵ, with 1/ρ = ∥1/ρ0∥L∞ . (3.9)

We note that our stability analysis also relies on additional restrictive conditions on the time step τ and density approximation ρτ ,
see (3.10)-(3.11). These conditions are similar to the one used in [9] to establish the stability of a momentum-based projection
method. While being restrictive, as discussed in the following sections, these conditions do not need to be enforced in practice.

3.3 Stability of the algorithm

We establish the stability of the algorithm introduced in section 3.2. For the sake of simplicity, we assume that homogeneous
Dirichlet boundary conditions are imposed on the momentum. As the density is bounded away from zero, it is equivalent to
assuming that u|∂Ω = 0.

Theorem 1. Let γ1 ∈ (0, 1√
2
), γ2 ∈ (0, 1√

2c3
) and (γ3, γ4) ∈ (0, 1)2 be constants. Let ν̄ and ϵ satisfy (3.9). Assume that the

approximation of the density ρτ is given by an algorithm of the form (3.1) that satisfies the bound preserving principle (3.2).
Assume that the time step τ satisfies for all n ≥ 0 the following conditions:

τ 1/2∥ ν̄2
√

2√
ρnηn+1

∇ρn+1∥L∞ ≤ γ1, τ 1/2∥
√

2√
ρnηn+1

∇ρn+1∥L∞ ≤ ϵγ2. (3.10)

Also assume that the sequence ρτ satisfies:

∥ ν̄δρ
n+1

ηn+1 ∥L∞ ≤ γ3, ∥ϵδρ
n+1

ϵ
∥L∞ ≤ γ4. (3.11)

Then the sequences (mτ , pτ , uτ ) defined by the scheme (3.6)-(3.8)-(3.7) satisfy the following stability inequality for all n ≥ 0:

∥
√
ρn+1un+1∥2

L2 + 2τ ν̄∥
√
ρn+1ε(un+1)∥2

L2 +
τ

ϵ
∥
√
ρn+1∇·un+1∥2

L2 + τϵ∥pn+1∥2
L2 +

τ

2
∥
√
ηn+1ε(un+1)∥2

L2

≤ ∥
√
ρnun∥2

L2 + 2τ ν̄∥
√
ρnε(un)∥2

L2 +
τ

ϵ
∥
√
ρn∇·un∥2

L2 + τϵ∥pn∥2
L2 + 2τ∥fn+1∥L2∥un+1∥L2 . (3.12)

As a result, there exists a constant C independent of the time step such that:

∥
√
ρn+1un+1∥2

L2 ≤ ∥
√
ρ0u0∥2

L2 + τ ν̄∥
√
ρ0ε(u0)∥2

L2 +
τ

ϵ
∥
√
ρ0∇·u0∥2

L2 + τϵ∥p0∥2
L2 + Cτ

n∑
k=0

∥fk+1∥2
L2 . (3.13)

Remark 1. We note that the hypothesis 3.10-3.11 are very restrictive. Indeed, for very steep or unsmooth density profile, the
gradient of density acts like h–1 with h the computational mesh size. As a consequence, the condition 3.10 can read τ ≤ Cϵh2

which is not desirable. We will show numerically in section 5 that the fully explicit algorithm introduced in section 5.2 is stable
under classic CFL condition (τ ∝ h) when ϵ is a O(1) even for unsmooth density functions. Thus, the conditions 3.10-3.11 are
heuristics and do not need to be enforced in practice.

Proof. We aim to test the momentum equation (3.6) with 2τun+1 and integrate over the domain Ω. The following describes how
to bound the resulting terms from the left hand side of the momentum equation (3.6). We note that the term associated with the
time derivative of the momentum satisfies the relation:

2
∫
Ω

δmn+1un+1 dx = δ∥
√
ρn+1un+1∥2

L2 + ∥
√
ρnδun+1∥2

L2 +
∫
Ω

∥un+1∥2
l2δρ

n+1 dx.

Moreover, multiplying (3.1) by τ∥un+1∥2
l2 and integrating over Ω leads to the following identity:∫

Ω

∥un+1∥2
l2δρ

n+1 dx = –
∫
Ω

2τun+1 ·
(
∇·(ρnun+1⊗un) –

1
2
ρnun+1∇·un

)
dx + τ

∫
Ω

∥un+1∥2
l2 Rn+1

ρ dx.
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Noticing that ε(ρu) : ε(v) ≥ ρε(u) : ε(v) – ∥u∥l2∥∇ρ∥l∞∥ε(v)∥l2 and that mn+1 – m∗,n = ρn+1δun+1, the terms associated to the
div-grad operators, i.e. the second and third term of the left handside of (3.6), satisfy:

4τ
∫
Ω

ν̄ε(ρn+1δun+1) : ε(un+1) dx ≥ 2τ∥
√
ν̄ρn+1ε(un+1)∥2

L2 – 2τ∥
√
ν̄ρn+1ε(un)∥2

L2 + 2τ∥
√
ν̄ρn+1ε(δun+1)∥2

L2

–4τ
∫
Ω
ν̄∥δun+1∥l2∥∇ρn+1∥l∞∥ε(un+1)∥l2 dx

≥ 2τ∥
√
ν̄ρn+1ε(un+1)∥2

L2 – 2τ∥
√
ν̄ρn+1ε(un)∥2

L2 + 2τ∥
√
ηn+1ε(δun+1)∥2

L2

–4τ
∫
Ω
ν̄∥δun+1∥l2∥∇ρn+1∥l∞∥ε(un+1)∥l2 dx,

and
4τ

∫
Ω

ηn+1ε(un) : ε(un+1) dx = 2τ∥
√
ηn+1ε(un+1)∥2

L2 + 2τ∥
√
ηn+1ε(un)∥2

L2 – 2τ∥
√
ηn+1ε(δun+1)∥2

L2 ,

where we used the definition of ν̄ := ∥η(ρ0)/ρ0∥L∞ and the maximum principle hypothesis (3.2) to get the bound:

∥
√
ν̄ρn+1ε(δun+1)∥2

L2 ≥ ∥
√
ηn+1ε(δun+1)∥2

L2 .

Using the hypothesis (3.10) on the time step τ , i.e. τ 1/2∥ ν̄2
√

2√
ρnηn+1

∇ρn+1∥L∞ ≤ γ1, we infer that:

4τ
∫
Ω

ν̄∥δun+1∥l2∥∇ρn+1∥l∞∥ε(un+1)∥l2 dx ≤ 2τ∥ ν̄2
√

2√
ρnηn+1

∇ρn+1∥L∞∥
√

ρn

2 δun+1∥L2∥
√
ηn+1ε(un+1)∥L2

≤ ∥
√

ρn

2 δun+1∥2
L2 + τγ2

1∥
√
ηn+1ε(un+1)∥2

L2 .

Testing the terms associated to the grad-div operator with 2τun+1, meaning the fourth and fifth terms of (3.6), reads:

2τ
∫
Ω

1
ϵ
∇·(ρn+1δun+1)∇·un+1 dx = τ

ϵ ∥
√
ρn+1∇·un+1∥2

L2 – τ
ϵ ∥

√
ρn+1∇·un∥2

L2 + τ
ϵ ∥

√
ρn+1∇·δun+1∥2

L2

+2τ
∫
Ω

1
ϵδun+1 · ∇ρn+1∇·un+1 dx

≥ τ
ϵ ∥

√
ρn+1∇·un+1∥2

L2 – τ
ϵ ∥

√
ρn+1∇·un∥2

L2 + τ
ϵ ∥∇·δun+1∥2

L2

–2τ
∫
Ω

1
ϵ∥δun+1∥l2∥∇ρn+1∥l∞ |∇·un+1| dx,

and
2τ

∫
Ω

1
ϵ
∇·un∇·un+1 dx =

τ

ϵ

(
∥∇·un+1∥2

L2 + ∥∇·un∥2
L2 – ∥∇·δun+1∥2

L2

)
,

where the inequality:
1
ϵ
∥
√
ρn+1∇·δun+1∥2

L2 ≥
1
ϵ
∥∇·δun+1∥2

L2

follows from the definition of ρ, see (3.9), and the maximum principle hypothesis (3.2). Notice that the restriction (3.10), i.e.
τ 1/2∥

√
2√

ρnηn+1
∇ρn+1∥L∞ ≤ ϵγ2, on the time step τ yields:

2τ
∫
Ω

1
ϵ
∥δun+1∥l2∥∇ρn+1∥l∞ |∇·un+1| dx ≤ 2 τ

ϵ ∥
√

2√
ρnηn+1

∇ρn+1∥L∞∥
√

ρn

2 δun+1∥L2∥
√
ηn+1∇·un+1∥L2

≤ ∥
√

ρn

2 δun+1∥2
L2 + τγ2

2∥
√
ηn+1∇·un+1∥2

L2 .

Rewriting ρn+1 = δρn+1 + ρn, the hypothesis (3.11) yields the following inequalities:

∥
√
ν̄ρn+1ε(un)∥2

L2 ≤ γ3∥
√
ηn+1ε(un)∥2

L2 + ∥
√
ν̄ρnε(un)∥2

L2 ,

1
ϵ
∥
√
ρn+1∇·un∥2

L2 ≤ γ4
1
ϵ
∥∇·un∥2

L2 +
1
ϵ
∥
√
ρn∇·un∥2

L2 .

Eventually, using integration by parts and (3.8), the following relation holds:

2τ
∫
Ω

∇pn · un+1 dx = τϵδ∥pn+1∥2
L2 –

τ

ϵ
∥∇·un+1∥2

L2 .
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Combining all of the above identities and inequalities shows that testing the equation (3.6) with 2τun+1 reads:

δ∥
√
ρn+1un+1∥2

L2 + τϵδ∥pn+1∥2
L2 + 2τδ∥

√
ν̄ρn+1ε(un+1)∥2

L2 + τ
ϵ δ∥

√
ρn+1∇·un+1∥2

L2

+ τ (2 – γ2
1 – γ2

2c2
3)∥

√
ηn+1ε(un+1)∥2

L2 + 2τ (1 – γ3)∥
√
ηn+1ε(un)∥2

L2 + τ
ϵ (1 – γ4)∥∇·un∥2

L2

≤ 2τ
∫
Ω

fn+1 · un+1 dx.

By the Cauchy-Schwarz and Poincaré inequalities:

2τ
∫
Ω

fn+1 · un+1 dx ≤ τ

ϵ1
∥fn+1∥2

L2 + τϵ1C∥ε(un+1)∥2
L2 ,

where ϵ1 = ηmin
2C , and where we used the relation ∥

√
ηn+1∇·un+1∥L2 ≤ c3∥

√
ηn+1ε(un+1)∥L2 introduced in section 2.2. We

remind that γ1 ∈ (0, 1√
2
), γ2 ∈ (0, 1√

2c3
) and (γ3, γ4) ∈ (0, 1)2, thus the terms involving these constants can all be dropped.

The estimate (3.12) follows readily using Cauchy-Schwarz inequality. The energy bound (3.13) is then the consequence of a
standard telescopic argument combined with the Korn, Poincaré and Young inequalities.

3.4 Discussion on normalization of artificial compressibility parameter

With the goal of avoiding tuning the parameter ϵ, we propose here a renormalization of this parameter which allows us to run
simulation with ϵ = 1. We note that the tuning of this parameter can always present difficulties as if it is large, one expects the
error to grow, while taking it too small leads to a bad preconditioning of the resulting system that has an operator of the form
ϵ–1τ∇∇·. For instance, this phenomena has been observed in [49] which led the author to vary the value of a parameter λ = ϵ–1

between 1 and 5000 depending on the setup (e.g. ratio of density, effective Reynolds number). As we do not wish to tune the
parameter ϵ depending on the physical setting considered, we performed numerous numerical studies that led us to introduce
the following rescaling of ϵ:

ϵ =
1

max(1, ν̄ρ)
ϵ. (3.14)

The idea behind this rescaling consists of renormalizing the parameter ϵ such that the second stability condition in (3.10), that
involves the quantity ϵ = 0.9ρϵ, becomes analogous with the first stability condition of (3.10) that involves ν̄. Thanks to this
renormalization, all numerical simulations presented in the section 5 are performed with ϵ = 1 and allow us to recover the
expected stability and convergence properties.

4 TIME ERROR ANALYSIS

In this section, we study the temporal convergence of the scheme (3.6)-(3.7) where we assume that the density is approximated
with a first-order scheme that guarantees the min-max principle. Our main results are summarized in Theorem 2 and Corollary
1, where we show that the error in velocity is order half in time in l∞(0, T; L2(Ω)) and in l2(0, T; H1(Ω)) norms. We will show
in the next section, using numerical simulations, that the effective convergence rate is order one in time.

4.1 Notations and hypothesis

Let Wm,p(Ω) be the standard Sobolev space. We denote by Hs(Ω) the space Ws,2(Ω) and we set H0(Ω) := L2(Ω). We assume
that the solution of (2.1a)-(2.1c) has the following regularity:

ρ ∈ L∞(0, T; L∞(Ω)) ∪ W1,∞(0, T; L∞(Ω)), u ∈ L∞(0, T; W1,∞(Ω)) ∪ W2,∞(0, T; L∞(Ω)), p ∈ W1,∞(0, T; L∞(Ω)). (4.1)

We define the following quantities related to the error in density, pressure and velocity:

en
ρ := ρ(tn) – ρn, (4.2)
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en
p := p(tn) – pn, (4.3)

en
u := u(tn) – un. (4.4)

We also define the error for dynamical viscosity by:

en
η := η(tn) – ηn. (4.5)

Using the Lipschitz hypothesis on η, see (3.3), there exists a positive constant α such that the following holds for all 0 ≤ n ≤ N:

|en
η | ≤ α|en

ρ|. (4.6)

Eventually, as in the previous section, we focus our analysis on the Navier-Stokes part of the governing system (2.1). That
is, we study the convergence of the velocity-pressure couple. It leads us to assume that the scheme used to approximate the
density, see (3.5), yields a residual Rρ and a density error eρ that are both controlled in norm l2(0, T; L2(Ω)) by the time step
τ and the velocity error eu. Meaning we assume that there exists a positive constant C independent of the time steps and the
approximation such that the following holds for all 0 ≤ n ≤ N:

τ

n∑
k=0

∥Rk
ρ∥2

L2 ≤ Cτ 2 + Cτ
n–1∑
k=0

∥ek
u∥2

L2 , (4.7)

τ

n∑
k=0

∥ek
ρ∥2

L2 ≤ Cτ 2 + Cτ
n–1∑
k=0

∥ek
u∥2

L2 . (4.8)

4.2 Preliminaries results

We start our analysis by introducing an equivalent scheme, see Lemma 1, which uses the couple velocity-pressure as primary
unknowns. Then, we establish error equations for the velocity and pressure, see Lemma 2-3, that will be used in the following
section to establish the convergence of the proposed method.

Lemma 1. Assume that the approximation of the density ρτ is given by an algorithm of the form (3.1) that satisfies (3.2). Then,
solving (3.5)-(3.8) with unknowns (m, p) is equivalent to solving the following scheme with unknowns (u, p):

ρnδun+1

τ
+ ρn(un · ∇)un+1 – 2ν̄∇ · (ε(ρn+1δun+1) – 2∇ · (ηn+1ε(un)) –

1
ϵ
∇(∇ · (ρn+1δun+1)) (4.9)

–
1
ϵ
∇(∇ · un) + ∇pn +

1
2
ρnun+1∇ · un +

1
2

Rn+1
ρ un+1 = fn+1,

where the pressure is still determined using (3.8).

Proof. Observe that (3.5) implies:
ρn+1un+1

τ
=
ρnun+1

τ
– (un · ∇ρn)un+1 + Rn+1

ρ un+1. (4.10)

By expanding the term ∇·(ρnun+1⊗un), and using mn = ρnun, the equation (3.6) can be rewritten as:

ρn+1un+1 – ρnun

τ
+ ρn(un · ∇)un+1 + (un · ∇ρn)un+1 + ρnun+1(∇ · un) – 2ν̄∇ · (ε(ρn+1δun+1) (4.11)

–2∇ · (ηn+1ε(un)) –
1
ϵ
∇(∇ · (ρn+1δun+1)) –

1
ϵ
∇(∇ · un) + ∇pn –

1
2
ρn(∇ · un)un+1 –

1
2

Rn+1
ρ un+1 = fn+1.

We conclude by substituting (4.10) into (4.11).

We now establish the error equation for the velocity in the following lemma.
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Lemma 2. Assuming that the solutions of (2.1a)-(2.1c) satisfy the regularity hypothesis (4.1), and under the hypothesis of
Lemma 1, the following holds for all integers 0 ≤ n ≤ N:

∥
√
ρn+1en+1

u ∥2
L2 – ∥

√
ρnen

u∥2
L2 + ∥

√
ρnδen+1

u ∥2
L2 + 4τ∥

√
ηn+1ε(en+1

u )∥2
L2

= –2τ⟨Rn+1
u , en+1

u ⟩ – 2τ⟨en+1
ρ (u(tn+1) · ∇)u(tn+1), en+1

u ⟩ + 2τ⟨((ρnu(tn) – ρn+1u(tn+1)) · ∇)u(tn+1), en+1
u ⟩

– 2τ⟨ρn(en
u · ∇)u(tn+1), en+1

u ⟩ – 4τ⟨en+1
η ε(u(tn+1)), ε(en+1

u )⟩ + 4τ⟨ν̄(ε(ρn+1δun+1)), ε(en+1
u )⟩

– 4τ⟨(ηn+1ε(δun+1), ε(en+1
u )⟩ – 2

τ

ϵ
⟨∇(∇ · (ρn+1δun+1)), en+1

u ⟩ – 2τ⟨∇p(tn+1), en+1
u ⟩

– 2
τ

ϵ
⟨∇(∇ · un), en+1

u ⟩ + 2τ⟨∇pn, en+1
u ⟩ + τ⟨ρn(∇ · un)u(tn+1), en+1

u ⟩ + τ⟨Rn+1
ρ u(tn+1), en+1

u ⟩, (4.12)

where
Rn+1

u := ρ(tn+1)∂tu(tn+1) – ρn u(tn+1)–u(tn)
τ

= ∂tu(tn+1)(ρ(tn+1) – ρ(tn)) – ρn
( u(tn+1)–u(tn)

τ – ∂tu(tn+1)
)

+ en
ρ∂tu(tn+1).

(4.13)

Proof. Using equation (2.1a), one can show that equation (2.1b) can be rewritten as follows:

ρ∂tu + ρ(u · ∇)u – 2∇ · (ηε(u)) + ∇p = f. (4.14)

By taking the difference between equation (4.14) at time tn+1 and equation (4.9), we obtain:

ρn δen+1
u

τ
+ Rn+1

u + ρ(tn+1)(u(tn+1) · ∇)u(tn+1) – 2∇ · (η(tn+1)ε(u(tn+1)) + ∇p(tn+1)

+ ρn(en
u · ∇)un+1 – ρn(u(tn) · ∇)un+1 + 2ν̄∇ · (ε(ρn+1δun+1)) + 2∇ · (ηn+1ε(un)) +

1
ϵ
∇(∇ · (ρn+1δun+1))

+
1
ϵ
∇(∇ · un) – ∇pn –

1
2
ρn(∇ · un)un+1 –

1
2

Rn+1
ρ un+1 = 0.

Multiplying the above equation by 2τen+1
u and integrating over the domain Ω, we get:

∥
√
ρnen+1

u ∥2
L2 – ∥

√
ρnen

u∥2
L2 + ∥

√
ρnδen+1

u ∥2
L2 + 2τ⟨Rn+1

u , en+1
u ⟩ + 2τ⟨ρ(tn+1)(u(tn+1) · ∇)u(tn+1), en+1

u ⟩
+ 2τ⟨ρn(en

u · ∇)un+1, en+1
u ⟩ – 2τ⟨ρn(u(tn) · ∇)un+1, en+1

u ⟩ – 4τ⟨∇ · (η(tn+1)ε(u(tn+1)), en+1
u ⟩

+ 4τ⟨ν̄∇ · (ε(ρn+1δun+1)), en+1
u ⟩ + 4τ⟨∇ · (ηn+1ε(un), en+1

u ⟩ + 2
τ

ϵ
⟨∇(∇ · (ρn+1δun+1)), en+1

u ⟩

+ 2τ⟨∇p(tn+1), en+1
u ⟩ + 2

τ

ϵ
⟨∇(∇ · un), en+1

u ⟩ – 2τ⟨∇pn, en+1
u ⟩ – τ⟨ρn(∇ · un)un+1, en+1

u ⟩ – τ⟨Rn+1
ρ un+1, en+1

u ⟩ = 0. (4.15)

Multiplying (3.5) by τ |en+1
u |2 and integrating over Ω reads:

⟨δρ
n+1

τ
, τ |en+1

u |2⟩ + ⟨un · ∇ρn, τ |en+1
u |2⟩ = τ⟨Rn+1

ρ , |en+1
u |2⟩.

It follows that:
∥
√
ρnen+1

u ∥2
L2 = ∥

√
ρn+1en+1

u ∥2
L2 + τ⟨(un · ∇ρn)en+1

u , en+1
u ⟩ – τ⟨Rn+1

ρ , |en+1
u |2⟩.

Substituting the above relation into (4.15) and integrating by parts the terms multiplied by the viscosity η or ν̄, we obtain:

∥
√
ρn+1en+1

u ∥2
L2 – ∥

√
ρnen

u∥2
L2 + ∥

√
ρnδen+1

u ∥2
L2

= –2τ⟨Rn+1
u , en+1

u ⟩ – 2τ⟨ρ(tn+1)(u(tn+1) · ∇)u(tn+1), en+1
u ⟩ – τ⟨(un · ∇ρn)en+1

u , en+1
u ⟩

– 2τ⟨ρn(en
u · ∇)un+1, en+1

u ⟩ + 2τ⟨ρn(u(tn) · ∇)un+1, en+1
u ⟩ – 4τ⟨η(tn+1)ε(u(tn+1), ε(en+1

u )⟩

+ 4τ⟨ν̄ε(ρn+1δun+1), ε(en+1
u )⟩ + 4τ⟨ηn+1ε(un), ε(en+1

u )⟩ – 2
τ

ϵ
⟨∇(∇ · (ρn+1δun+1)), en+1

u ⟩

– 2τ⟨∇p(tn+1), en+1
u ⟩ – 2

τ

ϵ
⟨∇(∇ · un), en+1

u ⟩ + 2τ⟨∇pn, en+1
u ⟩ + τ⟨ρn(∇ · un)un+1, en+1

u ⟩ + τ⟨Rn+1
ρ u(tn+1), en+1

u ⟩. (4.16)
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We conclude by observing that the following identities hold:

–4τ⟨ηn+1ε(un), ε(en+1
u )⟩ = –4τ⟨ηn+1ε(u(tn+1)), ε(en+1

u )⟩ + 4τ⟨ηn+1ε(en+1
u ), ε(en+1

u )⟩ + 4τ⟨ηn+1ε(δun+1), ε(en+1
u )⟩,

4τ⟨η(tn+1)ε(u(tn+1)), ε(en+1
u )⟩ – 4τ⟨ηn+1ε(u(tn+1)), ε(en+1

u )⟩ = 4τ⟨en+1
η ε(u(tn+1)), ε(en+1

u )⟩,

–2τ⟨ρ(tn+1)(u(tn+1) · ∇)u(tn+1), en+1
u ⟩ = –2τ⟨en+1

ρ (u(tn+1) · ∇)u(tn+1), en+1
u ⟩ – 2τ⟨ρn+1(u(tn+1) · ∇)u(tn+1), en+1

u ⟩,

and

– τ⟨(un · ∇ρn)en+1
u , en+1

u ⟩ – 2τ⟨ρn(en
u · ∇)un+1, en+1

u ⟩ + 2τ⟨ρn(u(tn) · ∇)un+1, en+1
u ⟩

= –2τ⟨ρn(en
u · ∇)u(tn+1), en+1

u ⟩ + τ⟨ρn(∇ · un)en+1
u , en+1

u ⟩ + 2τ⟨ρn(u(tn) · ∇)u(tn+1), en+1
u ⟩.

Indeed, combining the above relations with (4.16) yields (4.12).

We conclude this section with the derivation of an equation for the pressure error that will later be combined with (4.12)
when studying the convergence of the algorithm (3.6)-(3.7).

Lemma 3. Under the assumptions of lemma 2, the following holds for all integers 0 ≤ n ≤ N:

– 2τ⟨∇p(tn+1), en+1
u ⟩ – 2

τ

ϵ
⟨∇(∇ · un), en+1

u ⟩ + 2τ⟨∇pn, en+1
u ⟩

= –τϵ∥en+1
p ∥2

L2 + τϵ∥en
p∥2

L2 – τϵ∥en+1
p – en

p∥2
L2 + 2τϵ⟨en+1

p , p(tn+1) – p(tn)⟩ – 2
τ

ϵ
⟨∇(∇ · δen+1

u ), en+1
u ⟩. (4.17)

Proof. Taking the gradient of (3.8) reads:

∇(pn – pn+1) =
1
ϵ
∇(∇ · un+1).

Multiplying the above relation with 2τen+1
u , integrating over the domain Ω and adding the result to the last term of the fourth

line and first two terms of the fifth line from (4.12) gives:

–2τ⟨∇p(tn+1), en+1
u ⟩ – 2

τ

ϵ
⟨∇(∇ · un), en+1

u ⟩ + 2τ⟨∇pn, en+1
u ⟩ = –2τ⟨∇en+1

p , en+1
u ⟩ – 2

τ

ϵ
⟨∇(∇ · δen+1

u ), en+1
u ⟩.

Observing that:
–2τ⟨∇en+1

p , en+1
u ⟩ = 2τ⟨en+1

p ,∇ · en+1
u ⟩

= –2τ⟨en+1
p ,∇ · un+1⟩

= 2τϵ⟨en+1
p , pn+1 – pn⟩

= –2τϵ⟨en+1
p , en+1

p – en
p⟩ + 2τϵ⟨en+1

p , p(tn+1) – p(tn)⟩,
we conclude by applying the polarizing identity.

4.3 Main results

We now show the main result of this section, namely that the velocity approximation uτ converges with order half in
l∞(0, T; L2(Ω)) and in l2(0, T; H1(Ω)) norms. We conclude this section with a remark that hints how to improve the velocity
error bound to first order and to get a pressure error bound of order half in l∞(0, T; H1(Ω)). In the remainder of this section, we
denote by C and ϵi positive constants that are independent of the time step τ and the approximations (ρτ , uτ , pτ ).

Theorem 2. Let γ be a positive constant such that γ2 ≤ min
( 1

4 , 1
64ν̄

)
. Assume that the solutions of (2.1a)-(2.1c) satisfy the

regularity hypothesis (4.1). Moreover, assume that the approximation of the density ρτ is given by an algorithm of the form
(3.1) that satisfies for all 0 ≤ n ≤ N, the maximum principle (3.2) and the following conditions:

(τ ν̄)1/2∥ ∇ρn+1√
ρnηn+1

∥L∞ ≤ γ, τ 1/2∥ ∇ρn+1√
ρnηn+1

∥L∞ ≤ ϵγ, (4.18)

∥ ν̄δρ
n+1

ηn+1 ∥L∞ ≤ 1, ∥ϵδρ
n+1

ϵ
∥L∞ ≤ 1. (4.19)
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Then, the sequences (uτ , pτ ) generated by the algorithm (3.6)-(3.8) satisfy the following error estimates for all 0 ≤ n ≤ N:

(1 – C(1 + ϵ)τ )
n∑

k=0

Ak + τ
n∑

k=0

Bk ≤
n–1∑
k=0

(1 + C(1 + ϵ)τ )Ak + C(1 + ϵ)τ + Cτ
n–1∑
k=0

(
∥ek+1

ρ ∥2 + ∥ek
ρ∥2 + ∥Rk+1

ρ ∥2) , (4.20)

where
An := ∥

√
ρnen

u∥2
L2 + τϵ∥en

p∥2
L2 + 2τ ν̄∥

√
ρnε(en

u)∥2
L2 +

τ

ϵ
∥
√
ρn∇·en

u∥2
L2 ,

and
Bn := ∥

√
ηnε(en

u)∥2
L2 ,

Remark 2. We note that the hypothesis (4.18) can be seen as as a maximum principle on the density’s gradient, while the
hypothesis (4.19) is similar to a stability bound, on the density. The latter bound can be obtained directly when using semi-
implicit scheme for the density equation, as done in [58]. However, the bound on the density gradient would require us to use
bound preserving techniques such as flux corrected transport technology, limiters technique or algebraic flux correction scheme
[7, 66, 33, 42] which we omitted for simplicity.

Proof. Using lemmas 2-3, we inject (4.17) into (4.12) to obtain:

∥
√
ρn+1en+1

u ∥2
L2 – ∥

√
ρnen

u∥2
L2 + ∥

√
ρnδen+1

u ∥2
L2 + τϵ∥en+1

p ∥2
L2 – τϵ∥en

p∥2
L2 + τϵ∥en+1

p – en
p∥2

L2 + 4τ∥
√
ηn+1ε(en+1

u )∥2
L2

= –2τ⟨Rn+1
u , en+1

u ⟩ – 2τ⟨en+1
ρ (u(tn+1) · ∇)u(tn+1), en+1

u ⟩ + 2τ⟨((ρnu(tn) – ρn+1u(tn+1)) · ∇)u(tn+1), en+1
u ⟩

– 2τ⟨ρn(en
u · ∇)u(tn+1), en+1

u ⟩ – 4τ⟨(en+1
η ε(u(tn+1)), ε(en+1

u )⟩ + 4τ⟨ν̄(ε(ρn+1δun+1)), ε(en+1
u )⟩

– 4τ⟨(ηn+1ε(δun+1), ε(en+1
u )⟩ – 2

τ

ϵ
⟨∇(∇ · (ρn+1δun+1)), en+1

u ⟩ – 2
τ

ϵ
⟨∇((∇ · δen+1

u ), en+1
u ⟩

+ 2τϵ⟨en+1
p , p(tn+1) – p(tn)⟩ + τ⟨ρn(∇ · un)u(tn+1), en+1

u ⟩ + τ⟨Rn+1
ρ u(tn+1), en+1

u ⟩ =
11∑
i=1

Ai. (4.21)

We now establish bounds for each term Ai, whose definition is written below for completeness. We note that, in the following,
we may use Korn inequality (2.4), Poincaré inequality (2.3), Young inequalities and polarization identity without mentioning
them explicitly.

A1 := –2τ⟨Rn+1
u , en+1

u ⟩, A7 := –2 τ
ϵ ⟨∇(∇ · (ρn+1δun+1)), en+1

u ⟩,

A2 := –2τ⟨en+1
ρ (u(tn+1) · ∇)u(tn+1), en+1

u ⟩, A8 := –2 τ
ϵ ⟨∇(∇ · δen+1

u ), en+1
u ⟩,

A3 := 2τ⟨((ρnu(tn) – ρn+1u(tn+1)) · ∇)u(tn+1), en+1
u ⟩, A9 := 2τϵ⟨en+1

p , p(tn+1) – p(tn)⟩,

A4 := –2τ⟨ρn(en
u · ∇)u(tn+1), en+1

u ⟩, A10 := τ⟨ρn(∇ · un)u(tn+1), en+1
u ⟩,

A5 := –4τ⟨(en+1
η ε(u(tn+1), ε(en+1

u )⟩, A11 := τ⟨Rn+1
ρ u(tn+1), en+1

u ⟩.

A6 := 4τ⟨ν̄(ε(ρn+1δun+1)), ε(en+1
u )⟩ – 4τ⟨(ηn+1ε(δun+1), ε(en+1

u )⟩,

Observe that using (4.13) and the regularity hypothesis (4.1) gives:

∥Rn+1
u ∥2

L2 ≤ C(τ 2 + ∥en
ρ∥2

L2 ).

Therefore, applying Cauchy-Schwarz we bound the terms A1 and A2 as follows:

A1 ≤ Cτ 3 + Cτ (∥en+1
ρ ∥2

L2 + ∥en+1
u ∥2

L2 ),

A2 ≤ Cτ (∥en+1
ρ ∥2

L2 + ∥en+1
u ∥2

L2 ).

We write the term A3 as follows:

A3 = 2τ⟨((ρn(u(tn) – u(tn+1)) · ∇)u(tn+1), en+1
u ⟩ – 2τ⟨((ρn+1 – ρn)u(tn+1) · ∇)u(tn+1), en+1

u ⟩ := I1 + I2.
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Using the regularity hypothesis (4.1), we get
I1 ≤ Cτ 3 + Cτ∥en+1

u ∥2
L2 ,

and
I2 = –2τ⟨(en

ρu(tn+1) · ∇)u(tn+1)), en+1
u ⟩ + 2τ⟨(en+1

ρ u(tn+1) · ∇)u(tn+1)), en+1
u ⟩

–2τ⟨(ρ(tn+1) – ρ(tn))u(tn+1) · ∇)u(tn+1)), en+1
u ⟩

≤ Cτ
(
∥en

ρ∥2
L2 + ∥en+1

ρ ∥2
L2 + ∥en+1

u ∥2
L2

)
+ Cτ 3.

Similarly, using the regularity hypothesis (4.1) the Lipschitz condition on the dynamical viscosity, see (4.6), we get

A4 ≤ Cτ (∥en
u∥2

L2 + ∥en+1
u ∥2

L2 )

A5 ≤ Cτ∥en+1
ρ ∥2

L2 + τϵ1∥ε(en+1
u )∥2

L2 ,

where we use Young’s inequality to get the existence of a positive constant ϵ1 that is independent of the time step and
approximation. Hence, so far, we have

5∑
i=1

Ai ≤ Cτ
(
∥en+1

u ∥2
L2 + ∥en+1

ρ ∥2
L2 + ∥en

u∥2
L2 + ∥en

ρ∥2
L2

)
+ τϵ1∥ε(en+1

u )∥2
L2 + Cτ 3.

We now focus our attention on the term A6. First, we rewrite A6 as follows:

A6 = 4τ ν̄⟨ρn+1ε(δun+1)), ε(en+1
u )⟩

+2τ ν̄⟨δun+1 ⊗∇ρn+1 + ∇ρn+1 ⊗ δun+1, ε(en+1
u )⟩

–4τ⟨(ηn+1ε(δun+1), ε(en+1
u )⟩

= B1 + B2 + B3.

Notice that
B1 = –4τ ν̄⟨ρn+1ε(δen+1

u )), ε(en+1
u )⟩ + 4τ ν̄⟨ρn+1ε(u(tn+1) – u(tn)), ε(en+1

u )⟩
= –2τ ν̄∥

√
ρn+1ε(en+1

u )∥2
L2 + 2τ ν̄∥

√
ρn+1ε(en

u)∥2
L2 – 2τ ν̄∥

√
ρn+1ε(δen+1

u )∥2
L2

+4τ ν̄⟨ρn+1ε(u(tn+1) – u(tn)), ε(en+1
u )⟩.

Using (4.19), we get
ν̄∥

√
ρn+1ε(en

u)∥2
L2 ≤ ν̄∥

√
ρnε(en

u)∥2
L2 + ∥

√
ηn+1ε(en

u)∥2
L2 .

Therefore, using (4.1) and Young inequality, we bound B1 as follows:

B1 ≤ –2τ ν̄∥
√
ρn+1ε(en+1

u )∥2
L2 + 2τ ν̄∥

√
ρnε(en

u)∥2
L2 + 2τ∥

√
ηn+1ε(en

u)∥2
L2

–2τ ν̄∥
√
ρn+1ε(δen+1

u )∥2
L2 + τϵ2∥ε(en+1

u )∥2
L2 + Cτ 3,

where ϵ2 is a positive constant. Similarly, we bound the term B2 as follows:

B2 ≤ 4τ ν̄∥
√
ρnδen+1

u ∥L2∥ 1√
ρnηn+1

∇ρn+1∥2
L∞∥

√
ηn+1ε(en+1

u )∥L2

+4τ ν̄∥
√
ρn(u(tn+1) – u(tn))∥L2∥ 1√

ρnηn+1
∇ρn+1∥2

L∞∥
√
ηn+1ε(en+1

u )∥L2

≤ 2γ2

ϵ3
∥
√
ρnδen+1

u ∥2
L2 + 2(ϵ3 + ϵ4)ν̄τ∥

√
ηn+1ε(en+1

u )∥2
L2 + Cτ 2,

(4.22)

where we use hypothesis (4.18) to get the last inequality. Using regularity hypothesis (4.1), maximum principle (3.4), and
observing that

B3 = 4τ⟨(ηn+1ε(δen+1
u ), ε(en+1

u )⟩ – 4τ⟨(ηn+1ε(u(tn+1) – u(tn)), ε(en+1
u )⟩,

we obtain:

B3 ≤ 2τ∥
√
ηn+1ε(en+1

u )∥2
L2 – 2τ∥

√
ηn+1ε(en

u))∥2
L2 + 2τ∥

√
ηn+1ε(δen+1

u )∥2
L2 + τϵ5∥ε(en+1

u )∥2
L2 + Cτ 3.
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Hence, we get:

A6 = B1 + B2 + B3 ≤ 2γ2

ϵ3
∥
√
ρnδen+1

u ∥2
L2 + τ (2 + 2ν̄ϵ3 + 2ν̄ϵ4)∥

√
ηn+1ε(en+1

u ))∥2
L2 + Cτ 2

–2τ ν̄∥
√
ρn+1ε(en+1

u )∥2
L2 + 2τ ν̄∥

√
ρnε(en

u)∥2
L2 + τ (ϵ2 + ϵ5)∥ε(en+1

u )∥2
L2 .

Then, we write the term A7 as follows:

A7 = 2 τ
ϵ ⟨(∇ · (ρn+1δun+1),∇ · en+1

u ⟩
= –2 τ

ϵ ⟨(∇ · (ρn+1δen+1
u ),∇ · en+1

u ⟩ + 2 τ
ϵ ⟨(∇ · (ρn+1(u(tn+1) – u(tn))),∇ · en+1

u ⟩
= D1 + D2.

Noticing that
D1 = –2

τ

ϵ
⟨δen+1

u · ∇ρn+1),∇ · en+1
u ⟩ – 2

τ

ϵ
⟨ρn+1(∇ · δen+1

u ),∇ · en+1
u ⟩,

using (4.18), Young inequality, and polarization identity, we obtain

D1 ≤ γ2

ϵ6
∥
√
ρnδen+1

u ∥2
L2 + τϵ6∥

√
ηn+1∇ · en+1

u ∥2
L2 – τ

ϵ ∥
√
ρn+1∇ · en+1

u ∥2
L2

+ τ
ϵ ∥

√
ρn+1∇ · en

u∥2
L2 – τ

ϵ ∥
√
ρn+1∇ · δen+1

u ∥2
L2 .

Using (4.19), we get
τ
ϵ ∥

√
ρn+1∇ · en

u∥2
L2 ≤ τ

ϵ ∥δρ
n+1∥L∞∥∇ · en

u∥2
L2 + τ

ϵ ∥
√
ρn∇ · en

u∥2
L2

≤ τ
ϵ ∥∇ · en

u∥2
L2 + τ

ϵ ∥
√
ρn∇ · en

u∥2
L2 .

Hence, similarly than the term B2, we bound A7 as follows:

A7 = D1 + D2 ≤ γ2

ϵ6
∥
√
ρnδen+1

u ∥2
L2 + τϵ6∥

√
ηn+1∇ · en+1

u ∥2
L2 – τ

ϵ ∥
√
ρn+1∇ · en+1

u ∥2
L2 + τ

ϵ ∥∇ · en
u∥2

L2

+ τ
ϵ ∥

√
ρn∇ · en

u∥2
L2 – τ

ϵ ∥
√
ρn+1∇ · δen+1

u ∥2
L2 + τϵ7∥∇ · en+1

u ∥2
L2 + Cτ 2,

(4.23)

where we use the hypothesis (4.1)-(4.18) to bound the term |∇ · (ρn+1(u(tn+1) – u(tn)))| in D2 with τ 2. The remaining terms Ai,
for i = 8, 9, 10, 11, are bounded using the polarization identity, the Young inequality, and hypothesis (3.2)-(4.1). It reads:

A8 = τ
ϵ ∥∇ · en+1

u ∥2
L2 – τ

ϵ ∥∇ · en
u∥2

L2 + τ
ϵ ∥∇ · δen+1

u ∥2
L2 ,

A9 ≤ Cτ 2ϵ∥en+1
p ∥2

L2 + Cϵτ 2,

A10 ≤ τϵ8∥∇ · δen+1
u ∥2

L2 + τϵ9∥ε(en+1
u )∥2

L2 + τ (C + Cϵ–1
8 )∥en+1

u ∥2
L2 ,

A11 ≤ Cτ (∥Rn+1
ρ ∥2

L2 + ∥en+1
u ∥2

L2 ).

(4.24)

We now rewrite the term τϵ∥en+1
p – en

p∥2
L2 from the left handside of (4.21) as follows:

τϵ∥en+1
p – en

p∥2
L2 = τϵ⟨en+1

p – en
p, en+1

p – en
p⟩

= τϵ⟨p(tn+1) – p(tn), en+1
p – en

p⟩ – τϵ⟨pn+1 – pn, en+1
p – en

p⟩
= E1 + E2.

Note that
|E1| ≤ Cϵτ 2 + Cϵτ 2(∥en+1

p ∥2
L2 + ∥en

p∥2
L2 ), (4.25)

and
E2 = τ⟨∇ · un+1, en+1

p – en
p⟩

= –τ⟨∇ · en+1
u , p(tn+1) – p(tn) – (pn+1 – pn)⟩

= –τ⟨∇ · en+1
u , p(tn+1) – p(tn)⟩ – τ

ϵ ⟨∇ · en+1
u ,∇ · un+1⟩

≥ –(τϵ10∥∇ · en+1
u ∥2

L2 + Cτ 3) + τ
ϵ ∥∇ · en+1

u ∥2
L2

where the bound on E2 results from the incompressibility of u(tn+1), the regularity hypothesis (4.1), and the artificial
compressibility step of the algorithm, see (3.8). Moreover, using (2.5) we get:

∥∇ · en+1
u ∥2

L2 ≤
c3

ηmin
∥
√
ηn+1ε(en+1

u )∥2
L2 .
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Combining the above bounds and injecting them into (4.21) reads:

(1 – Cτ )∥
√
ρn+1en+1

u ∥2
L2 + τ (1 – Cτ )ϵ∥en+1

p ∥2
L2 + 2τ ν̄∥

√
ρn+1ε(en+1

u )∥2
L2 +

τ

ϵ
∥
√
ρn+1∇ · en+1

u ∥2
L2

+ τ
(

2 –
ϵ1 + ϵ2 + ϵ5 + ϵ9

ηmin
– 2ν̄(ϵ3 + ϵ4) – ϵ6 –

c3(ϵ7 + ϵ10)
ηmin

)
∥
√
ηn+1ε(en+1

u )∥2
L2

+ (1 –
2γ2

ϵ3
–
γ2

ϵ6
)∥
√
ρnδen+1

u ∥2
L2 + τ (

1
ϵ

–
1
ϵ + ϵ8

ρ
)∥
√
ρn+1∇ · δen+1

u ∥2
L2

≤ (1 + Cτ )∥
√
ρnen

u∥2
L2 + τ (1 + Cτ )ϵ∥en

p∥2
L2 + 2τ ν̄∥

√
ρnε(en

u)∥2
L2 +

τ

ϵ
∥
√
ρn∇ · en

u∥2
L2

+ Cτ
(
∥en+1

ρ ∥2
L2 + ∥en

ρ∥2
L2 + ∥Rn+1

ρ ∥2
L2

)
+ C(1 + ϵ)τ 2 + Cτ (ϵ + ϵ–1

8 )∥en+1
u ∥2

L2 , (4.26)

where we use the minimum-maximum principle (3.2)-(3.4) to get inequalities of the form:

∥ε(en+1
u )∥2

L2 ≤
1
ηmin

∥
√
ηn+1ε(en+1

u )∥2
L2 , ∥∇ · δen+1

u ∥2
L2 ≤

1
ρ
∥
√
ρn+1∇ · δen+1

u ∥2
L2 , ∥∇ · en+1

u ∥2
L2 ≤

1
ηmin

∥
√
ηn+1∇ · en+1

u ∥2
L2 .

We remind that ϵi are positive constant independent of the approximation and time step, thus they can be chosen arbitrarily.
Setting

ϵ1 = ϵ2 = ϵ5 = ϵ9 =
ηmin

16
, ϵ3 = ϵ4 =

1
16ν̄

, ϵ6 =
1
4

, ϵ7 = ϵ10 =
ηmin

8c3
, ϵ8 =

1
9ϵ

and using the bounds (4.18) on γ leads to (4.20) which concludes the proof.

Corollary 1. Under the assumption of Theorem 2, assuming that the time step τ is chosen such that C(1 + ϵ)τ < 1/2, we have:

∥eu∥2
l∞(0,T;L2(Ω)) + ∥eu∥2

l2(0,T;H1(Ω)) ≤ C̃(1 + ϵ)τ , (4.27)

where C̃ is a positive constant independent of the time step and the approximations ρτ , uτ , pτ .

Proof. First, we sum the inequality (4.20) at iteration k from k = 0 till n – 1. It reads:

(1 – C(1 + ϵ)τ )
n∑

k=0

Ak + τ
n∑

k=0

Bk ≤
n–1∑
k=0

(1 + C(1 + ϵ)τ )Ak + C(1 + ϵ)τ + Cτ
n–1∑
k=0

(
∥ek+1

ρ ∥2 + ∥ek
ρ∥2 + ∥Rk+1

ρ ∥2) ,

where we use that A0 = B0 = 0 and that
∑n–1

k=0 τ
2 ≤

∑N
k=0 τ

2 = Tτ . Using the hypothesis 4.7-4.8, we can rewrite the above
inequality as follows:

(1 – C(1 + ϵ)τ )
n∑

k=1

Ak + τ
n∑

k=1

Bk ≤
n–1∑
k=0

(1 + C(1 + ϵ)τ )Ak + C(1 + ϵ)τ .

Using that 0 < C(1 + ϵ)τ < 1/2, we get 1 ≤ 1
1–C(1+ϵ)τ ≤ 2. Thus, dividing the above inequality by 1 – C(1 + ϵ)τ yields:

n∑
k=0

Ak + τ
n∑

k=0

Bk ≤
n–1∑
k=0

(1 + 4C(1 + ϵ)τ )Ak + 2C(1 + ϵ)τ

The error estimate (4.27) is then a consequence from discrete Grönwall lemma.

Remark 3. We note that the above results yield an order half-convergence for the velocity and do not provide order of
convergence for the pressure. These limitations are the consequence of the presence of a term in τ 2 in the inequalities (4.22)-
(4.23)-(4.24)-(4.25). The author expect that the results of 1 can be improved by making more restrictive assumptions on
the density approximation and the exact pressure. First, following [9], one can assume that ∇ρτ is a bounded sequence in
l∞(0, T; L∞(Ω)) to improve the bounds (4.22)-(4.23) to get a first order approximation. Then, following [59] one can introduce
condition on the pressure (see hypothesis A2 and proof of lemma 3.3 therein) that are expected to improve the term Cτ 2 to
Cτ 3 when bounding pressure terms related to A9 and E1, see(4.24)-(4.25). The authors did not follow these directions because
it would have made the analysis more lengthy while assuming more restrictive conditions on the density approximation that
are not relevant for immiscible multi-fluids. Indeed, for such problems the density’s gradient scales like the inverse of the mesh
size and can not be bounded uniformly. We note that the numerical simulations presented in the following section show that
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the proposed method does converge with order one in time with an hyperbolic CFL condition (i.e. time step proportional to the
mesh size) for all the unknowns even for problems where the density function is unsmooth.

5 NUMERICAL ILLUSTRATIONS

In this section, we study the convergence properties of the proposed artificial compressibility technique for incompressible
flows with variable density and viscosity. After introducing an equivalent formulation that uses a level set technique to track the
dynamics of the density, we test our semi-implicit scheme with manufactured solutions on two dimensional domains using the
software FreeFEM++. Eventually, we investigate the properties of an explicit version of our scheme that is suitable for spectral
and pseudo-spectral methods. The explicit version is validated on three dimensional problems using the software SFEMaNS.
We note that the algorithms are tested on similar setups that have been used to validate a momentum based projection method
that we introduced in [10, 9].

Following the discussion in section 3.4, all the simulations reported in this section are performed with ϵ = 1. We note that,
following corollary 1, increasing ϵ would lead to larger errors and could also impact the convergence error if the time step is
not taking smaller as ϵ grows. On the other hand, decreasinf the value of ϵ could improve the resulting errors, however, it would
lead to a poorly conditioned system, see discussion in section 2.3, to larger errors for the pressure, and to stronger restrictive
conditions on the time due to the hypothesis (4.18). The above behavior have been verified by running some of the setups
described below with ϵ ∈ {10–4, 10–3, 10–2, 10–1, 10, 102}. We report some of these simulations for the setup studied in Section
5.3.1.

5.1 Level set method

We rewrite the mass conservation equation (2.1a) using a level set representation technique. The method consists of introducing
a function ϕ defined in [0, T] × Ω that takes value in [0, 1] such that the density is a function of the level set ϕ that satisfies

∂tϕ + u · ∇ϕ = 0. (5.1)

In practice, we will use a linear dependency between the density and the level set. In the context of immiscible multiphase flow
with variable density, denoting by ρmin and ρmax the minimum and maximum value of the density, this relation can be define as
follows:

ϕ =
ρ – ρmin

ρmax – ρmin
. (5.2)

Due to the linear relation between ρ and ϕ, it is equivalent to solve the mass conservation equation problem (2.1a) for the
density or for the above level set function. We note that the relation between ϕ and ρ does not need to be linear. For instance,
a popular type of level set method consists of introducing a smooth level set with constant gradient equal to one and to use a
distance function to ϕ–1(0.5) to reconstruct the density. We refer to [56] for a review on level set techniques.

The time discretization of the level set, that replaces (3.5), then reads as follows. Given ϕn and un, finds ϕn+1 such that:

ϕn+1 – ϕn

τ
+ un · ∇ϕn+1 – ∇·(νh∇ϕn+1) = 0, (5.3)

where νh is an artificial viscosity that is added to stabilize the algorithm. In the rest of the paper, we define νh as a first-order
viscosity, meaning that it is made proportional to the local mesh size h. Although such stabilization method is known to be
strongly diffusive, it has the advantage to be robust and first order, meaning it is consistent with the order of our scheme. We
note that this formulation, that is equivalent to set Rn+1

ρ = ∇·(νh∇ϕn+1) in (3.5), does not guarantee that the level set, and so
the density, conserves its maximum-minimum principle. Such structure preserving techniques could be constructed using flux-
transport corrected technology [7, 13, 23, 42, 66] and less diffusive artificial viscosity [51, 62]. While such methods are out of
the scope of this paper, we note that for problems with immiscible multifluids, such as the one studied in sections 5.4.3 and
5.4.4, we apply a compression technique inspired from [54]. The idea of this technique, originally introduced in [31] as a level
set correction technique, consists of adding a term in (5.3) that balances the diffusion effect of artificial viscosity. As a result,
the level set keeps its original sharp profile near the fluids interface. For the framework considered here, where the level set has
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value in [0, 1] and the fluids interface is represented by ϕ = 1/2, the algorithm reads:

ϕn+1 – ϕn

τ
+ un · ∇ϕn+1 – ∇·(νh∇ϕn+1) + ∇·

(
ccompνhh–1ϕn(1 – ϕn)

∇ϕn

||∇ϕn||l2

)
= 0, (5.4)

where h is the local mesh size and ccomp is a tunable parameter that is either set to 1 for immiscible fluids (sharp level set) and
0 for other problems (smooth level set for manufactured solutions). We refer to [16, 17, 23, 10] for more information on this
compression technique.

5.2 Weak formulation for semi-implicit algorithm

We consider two types of spatial discretization. For two-dimensional problems, used to validate the semi-implicit scheme (3.5)-
(3.8), we use a continuous Galerkin finite element method. For three-dimensional problems, used to validate an explicit version
of the scheme, we use a pseudo-spectral representation where Fourier decomposition is used in the azimuthal direction θ and
finite elements are used in a meridian plane (r, z). In the second case, unknowns can be written as a Fourier series in cos(mθ)
and sin(mθ) where the m-th Fourier coefficient lives in a two-dimensional finite element space. Thus, to simplify notation, we
only describe the spatial discretization for problem in Ω ⊂ R2 using finite element.

We introduce a mesh sequence (Eh)h of the domain Ω that is conforming, shape regular and consists of simplex elements.
The mesh size is defined as h = maxK∈Eh hK , where hK represents the diameter of a cell K ∈ Eh. The density, momentum, and
pressure are approximated in the following finite element spaces

Xh = {ψ ∈ C0(Ω;R) | ψ|K ∈ Pk, ∀K ∈ Eh}, (5.5)

Xh = {v ∈ C0(Ω;R2) | v|K ∈ PPPk, ∀K ∈ Eh}, (5.6)

Mh = {q ∈ C0(Ω;R) | q|K ∈ Pk′ , ∀K ∈ Eh}, (5.7)

where k, k′ are integers, Pk represents the vector space of polynomial functions with a total degree of at most k. The dynamical
viscosity η, and velocity u, are approximated in Xh, and Xh, respectively. We note that the use of pseudo-compressibility
methods, like the artificial compressibility technique proposed here, leads to numerical methods that decouple the velocity and
pressure into two positive definite systems. Thus, the pressure and velocity spaces do not need to satisfy the LBB condition
(e.g. see [21]), also called the inf-sup condition. We refer to [60] for more details. Nevertheless, we still use Taylor-Hood finite
element by setting k = 2 and k′ = 1 as one of the software used here (SFEMaNS) only has access to such pairs of finite element.

The fully discrete algorithm for the semi-implicit scheme (3.5)-(3.8) reads as follows. After initialization, given
(ϕn, ρn, ηn, mn, un, pn) for an integer n ≥ 0, we first find ϕn+1 ∈ Xh such that∫

Ω

ϕn+1 – ϕn

τ
ψ dx +

∫
Ω

(un · ∇ϕn+1)ψ dx +
∫
Ω

νh∇ϕn+1 · ∇ψ dx –
∫
Ω

(
ccompνhh–1ϕn(1 – ϕn)

∇ϕn

||∇ϕn||l2

)
∇ψ dx = 0, (5.8)

holds for all ψ ∈ Xh.
The second step consists of computing the density ρn+1 and dynamical viscosity ηn+1 using that ρ is a linear function of ϕ,

see (5.2), and that η is a given function of the density. In practice, we also define η as a linear function of the level set ϕ.
For the third step, we find mn+1 ∈ Xh such that the following holds for all v ∈ Xh:∫

Ω

(
1
τ

(mn+1 – mn)·v + 2ν̄ε(mn+1 – m∗,n):ε(v) + ϵ–1∇·(mn+1 – m∗,n)∇·v + (un · ∇)mn+1 · v
)

dx

=
∫
Ω

(
–2ηn+1ε(un):ε(v) – ∇pn·v – ϵ–1∇·un∇·v + fn+1·v

)
dx, (5.9)

where m∗,n = ρn+1un.
Eventually, the velocity and pressure are computed as follows:

un+1 =
1
ρn+1 , pn+1 = pn – ϵ–1∇·un+1. (5.10)
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5.3 Tests for semi-implicit scheme with finite element method

This section investigates numerically the stability and convergence properties of the above semi-implicit scheme. We consider
two setups with manufactured solutions introduced by one of the authors in [9] to validate a momentum based projection
method. Our results are consistent with the theoretical properties established in sections 3 and 4. In fact, numerical results
suggest that the scheme yields better properties as the scheme remain stable under classic CFL condition, i.e. τ ∼ h, and we
observe a first order convergence. We also note that these results can be compared with Tables 5 and 9 of [9]. They show that the
proposed artificial compressibility technique, while presenting the advantage of a straightforward pressure update that does not
require solving a Poisson problem, behaves similarly than the projection method described in [9]. All the simulations presented
in this section are done using the finite element software FreeFEM++. We refer to [34] for more information on this software.

5.3.1 Test with η(ρ) linear

First, we consider a setup inspired from [45] and introduced in [9] to validate a pressure-correction projection method for
incompressible flows with variable density and viscosity. We consider the Navier-Stokes equations (2.1) on the tine interval
[0, 1] and set the domain to the unit disk Ω = {(x, y) ∈ R2; |x2 + y2| < 1}. The velocity, level set and pressure are defined as
follows:

u(x, y, t) =
(

3
4

+
1
4

sin(t)
)[

– sin2(x) sin(y) cos(y)
sin(x) cos(x) sin2(y)

]
,

p(x, y, t) = sin(x) sin(y) sin(t),

ϕ(x, y, t) =
1
2

+
1
2

√
x2 + y2 cos(θ – sin(0.5t)).

The dynamical viscosity is assumed to be a linear function of the density, which is itself a linear function of the level set. Thus,
we define them as follows:

ρ(x, y, t) = F(ϕ) = ρ1 + (ρ2 – ρ1)ϕ(x, y, t),

η(x, y, t) = η(ρ) = η1 +
η2 – η1

ρ2 – ρ1
(ρ(x, y, t) – ρ1),

where (ρ1, ρ2, η1, η2) are parameters that allow us to vary the ratio of magnitude of density and viscosity. The source term f is
computed accordingly. We note that a source term fϕ is also added to the level set equation so the level set is solution of the
transport problem (5.1). We perform two set of tests using (ρ1, ρ2) = (1, 100), (η1, η2) = (1, 10) and (ρ1, ρ2) = (1, 100), (η1, η2) =
(1, 0.01) for mesh sizes varying from 0.1 to 0.00625 with a time step defined by τ = h/2. Our results are reported in Tables 1-2.
They recover an order of convergence equal to one under classic CFL condition. We also note that these results compare very
well with a project method introduced by one of the authors that requires a Poisson problem to update the pressure, see Table
5 from [9].

T A B L E 1 Semi-implicit scheme. Relative L2 error for linear η(ρ) with (ρ1, ρ2) = (1, 100), (η1, η2) = (1, 10), τ = h/2, νh = 0.125h, ccomp = 0, and ϵ = 1.

τ Velocity Pressure Density
L2 error Order L2 error Order L2 error Order

0.05 3.49E-2 - 2.80E0 - 1.03E-2 -
0.025 1.65E-2 1.09 1.16E0 1.28 6.00E-3 0.79
0.0125 8.14E-3 1.02 4.32E-1 1.42 3.17E-3 0.92
0.00625 3.56E-3 1.19 1.08E-1 2.00 1.43E-3 1.15
0.003125 1.47E-3 1.28 4.74E-2 1.19 7.38E-04 0.95

We also performed simulation with different value of ϵ to confirm the behavior described in the introduction of this section.
We report here only the results obtained with ϵ = 10–2 and 102. As shown in Tables 3-4, increasing ϵ leads to larger errors.
Moreover, the method is no longer converging because one needs smaller time step to apply Grönwall lemma in the proof of
Corollary 1. Decreasing this parameter leads to larger errors on the pressure and can even lead to instability due to stronger
stability condition. Indeed, when we set ϵ = 10–4 the simulations are unstable (data not reported here).



Artificial compression methods for incompressible multiphase flows 19

T A B L E 2 Semi-implicit scheme. Relative L2 error for linear η(ρ) with (ρ1, ρ2) = (1, 100), (η1, η2) = (0.01, 1), τ = h/2,
νh = 0.125h, ccomp = 0, and ϵ = 1.

τ Velocity Pressure Density
L2 error Order L2 error Order L2 error Order

0.05 5.95E-2 - 2.39E0 - 1.05E-2 -
0.025 2.37E-2 1.33 4.72E-1 2.34 5.98E-3 0.82
0.0125 7.99E-3 1.57 3.08E-1 0.62 3.21E-3 0.90
0.00625 3.01E-3 1.41 1.59E-1 0.95 1.46E-3 1.13
0.003125 1.35E-3 1.16 9.61E-2 0.73 7.59E-4 0.95

T A B L E 3 Same setup than Table 2 with ϵ = 10–2.

τ Velocity Pressure Density
L2 error Order L2 error Order L2 error Order

0.05 1.42E-01 - 1.02E+02 - 1.19E-02 -
0.025 1.56E-02 3.19 2.73E+01 1.90 6.16E-03 0.95
0.0125 4.18E-03 1.90 9.72E+00 1.49 3.24E-03 0.93
0.00625 1.54E-03 1.44 3.94E+00 1.30 1.47E-03 1.14
0.003125 7.81E-04 0.98 1.38E+00 1.51 7.59E-04 0.96

T A B L E 4 Same setup than Table 2 with ϵ = 102.

τ Velocity Pressure Density
L2 error Order L2 error Order L2 error Order

0.05 6.79E-02 - 1.00E+00 - 9.94E-03 -
0.025 7.02E-02 -0.05 9.77E-01 0.03 5.72E-03 0.80
0.0125 6.71E-02 0.07 9.57E-01 0.03 3.02E-03 0.92
0.00625 6.24E-02 0.10 9.24E-01 0.05 1.69E-03 0.83
0.003125 5.58E-02 0.16 8.62E-01 0.10 1.34E-03 0.34

5.3.2 Test with η(ρ) nonlinear.

For the second test, following [9], we use the same setup that in the previous test to the difference that the dynamical viscosity
is defined as nonlinear Lipschitz function of the density. We set:

η(x, y, t) = η(ρ) =
1

ρ(x, y, t)
,

and update the definition of the source term f accordingly. The parameter (ρ1, ρ2) are set to (1, 100). Thus, in addition to consider
a problem with large ratio of magnitude for the density, the kinematic viscosity ν = η/ρ has its magnitude varying from 1 to
10–4. Thus, it presents an effective ratio of 104 (versus 101 in the previous section). Our results, that use the same space-time
discretization than in the previous section, are reported in Table 5. They confirm that the algorithm converges with order 1
under classic CFL condition even for problems with a nonlinear dynamical viscosity and a kinematic viscosity that presents
large magnitude variation. Therefore, we infer that some of the hypothesis used in the stability and convergence analysis, see
(3.10)-(3.11), are heuristic and that in practice the algorithm is first-order and stable under the condition τ ∝ h.

T A B L E 5 Semi-implicit scheme. Relative L2 error for nonlinear η(ρ) = ρ–1 with (ρ1, ρ2) = (1, 100), τ = h/2, νh = 0.125h, ccomp = 0, and ϵ = 1.

τ Velocity Pressure Density
L2 error Order L2 error Order L2 error Order

0.05 5.19E-2 - 2.86E0 - 1.03E-2 -
0.025 2.72E-2 0.93 1.05E0 1.45 5.93E-3 0.80
0.0125 1.54E-2 0.82 3.38E-1 1.64 3.08E-3 0.94
0.00625 5.95E-3 1.37 2.37E-1 0.51 1.39E-3 1.15
0.003125 2.86E-3 1.06 1.17E-1 1.02 7.80E-4 0.84
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Remark 4. Although we only report three sets of tests, we note that the proposed artificial compressibility method has been
validated over all the numerical setups considered in [9]. For all tests, our results showed that the error in velocity and level set
were equivalent while the error in pressure was smaller for the projection method by a factor varying between 2 and 4. Thus, at
this point, we can claim that the proposed artificial compressibility behaves similarly than the projection method described in
[10, 9] while not requiring to solve a Poisson problem to compute the pressure. The next section aims to show the advantages
of using the artificial compressibility technique when studying immiscible incompressible multiphase flows.

5.4 Tests for explicit scheme with pseudo-spectral method

In this section, we investigate the stability and convergence properties of an explicit version of the scheme (5.8)-(5.10). The
main advantage of the explicit scheme is that it is suitable for spectral or pseudo-spectral code as nonlinearities are treated
explicitly. Thus, all the numerical simulations reported in this section are performed with the pseudo-spectral code SFEMaNS.
We remind that this 3D code uses a Fourier decomposition in the azimuthal direction and finite element in a 2D meridian plane
(r, z). We refer to [29] for more information on this software.

The objectives of this section are two folds. First, we will show that the explicit counterpart of the semi-implicit scheme
analyzed in sections 3-4 remains convergent and stable under classic CFL (i.e. τ ∝ h). Second, we will show that the proposed
artificial compressibility method can approximate the solution of complex immiscible incompressible flows that the momentum-
based projection method we previously introduced in [10, 9] cannot approximate accurately.

5.4.1 Time discretization for explicit algorithm

The explicit counter part of the semi-implicit scheme (5.8)-(5.10) introduces two modifications. First, the transport term u ·∇ϕ,
in the mass conservation equation, is treated explicitly. Second, the nonlinear term (u · ∇)m in the Navier-Stokes equations is
also treated explicitly. After initialization, the algorithm reads as follows for n ≥ 0.

Step 1: Find ϕn+1 solution of

ϕn+1 – ϕn

τ
+ un · ∇ϕn – ∇·(νh∇ϕn+1) –

∫
Ω

(
ccompνhh–1ϕn(1 – ϕn)

∇ϕn

||∇ϕn||l2

)
∇ψ dx = 0, (5.11)

where the artificial viscosity νh is defined in section 5.1.
Step 2: Compute the density ρn+1 using its linear dependency on ϕn+1.
Step 3: Compute the dynamical viscosity ηn+1 using its dependency on ρn+1.
Step 4: Compute mn+1

mn+1 – mn

τ
– ∇·

(
ν̄ε(mn+1 – m∗,n)

)
– ϵ–1∇

(
∇·(mn+1 – m∗,n)

)
= fn+1 – ∇·

(
ηn+1ε(un)

)
– ∇pn – ϵ–1∇ (∇·un) – (un · ∇)mn,

(5.12)

where m∗,n = ρn+1un.
Step 5: Compute un+1 and pn+1 using (5.10).

Remark 5. We note that the main advantages of the explicit algorithm, compared to the semi-implicit algorithm, is that the
algorithm is suitable for pseudo-spectral methods. Moreover, it involves a stiffness matrix that is time independent so it can be
assembled and preconditioned at initialization.
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5.4.2 Smooth manufactured solution

Using cylindrical coordinates,(r, θ, z), we define the computational domain as the cylinder D = {(r, θ, z) ∈ [0, 1] × [0, 2π) ×
[–1, 1]}. The time interval is set to [0, 1] and the analytical solutions are defined as follows

ϕ(r, θ, z, t) = 0.5 + 0.25
(
cos(4(t – z)) + r2 cos(4(t – z)) sin(2θ)

)
,

u(r, θ, z, t) =
(
rz2 sin(t – z) cos(2θ), –rz2 sin(t – z) sin(2θ), 1

)T
,

p(r, θ, z, t) = r2z3 cos(t) + r2 cos(t – z) sin(θ) + rz sin(t – r) cos(2θ).

The density and dynamical viscosity are reconstructed as a linear function of the level set by setting:

ρ = ρ0 + (ρ1 – ρ0)ϕ,

η(ρ) = η0 + (η1 – η0)ϕ,

where the constant (ρ0, ρ1), (η0, η1) are user defined parameter used to set the maximum and minimum of density and dynamical
viscosity. The source term f is computed accordingly.

We first check the convergence of our algorithm using a moderate ratio of density and viscosity, meaning that we set (ρ0, ρ1) =
(1, 10), (η0, η1) = (0.1, 1). Then, we perform a second series of simulations with (ρ0, ρ1) = (1, 100), (η0, η1) = (0.01, 1) to check
the influence of larger ratio of density and viscosities (dynamical and kinematic). The time step τ is set to h/40 with h being the
mesh size of the computational domain. All tests are performed with ccomp = 0 and ϵ = 1. Our results are displayed in Tables
6-7. They show that the explicit version of the semi-implicit algorithm (5.8)-(5.10) is also first-order and stable under classic
CFL condition when smooth level set functions are considered.

T A B L E 6 Explicit scheme. Relative L2 error for test with smooth level set, τ = h/40, νh = 0.125h, ccomp = 0, and ϵ = 1.
Degree of freedom per P2 scalar unknown is denoted by ndf.

L2-norm of error Velocity Pressure Level set

h ndf Error Rate Error Rate Error Rate

(ρ0, ρ1) = (1, 10)
(η0, η1) = (0.1, 1)

0.1 1017 1.23E-3 - 1.37E-2 - 1.67E-2 -
0.05 3821 6.61E-4 0.90 7.24E-3 0.92 8.96E-3 0.90
0.02 23437 2.73E-4 1.28 2.96E-3 1.29 3.71E-3 1.27
0.01 93173 1.38E-4 0.98 1.50E-3 0.98 1.88E-3 0.98
0.005 379689 6.97E-5 0.99 7.66E-4 0.97 9.54E-4 0.98

T A B L E 7 Explicit scheme. Relative L2 error for test with smooth level set, τ = h/40, νh = 0.125h, ccomp = 0, and ϵ = 1.
Degree of freedom per P2 scalar unknown is denoted by ndf. We set m∗,n = ρn+1un for mode 0, and m∗,n = ρnun for all larger
modes.

L2-norm of error Velocity Pressure Level set

h ndf Error Rate Error Rate Error Rate

(ρ0, ρ1) = (1, 100)
(η0, η1) = (0.01, 1)

0.1 1017 5.25E-3 - 2.25E-1 - 1.71E-2 -
0.05 3821 2.63E-3 0.99 1.15E-1 0.97 9.12E-3 0.90
0.02 23437 1.10E-3 1.26 3.90E-2 1.56 3.77E-3 1.28
0.01 93173 5.56E-4 0.98 2.03E-2 0.94 1.92E-3 0.98

0.005 379689 2.82E-4 0.98 1.09E-2 0.90 9.70E-4 0.98

5.4.3 Unsmooth axisymmetric manufactured solution

After we checked the convergence properties of the algorithm for smooth level set in the previous section, we now show that
the algorithm remains convergent and stable under classic CFL condition when the level set function, and so the density, is not



22 Cappanera ET AL.

smooth. This test is performed on the the same computational domain than in the previous section. The analytical solutions are
defined by:

ϕ(r, θ, z, t) = 1(z<t–0.5), u(r, θ, z, t) = (0, r2 sin(t – z), 0.5)T, p = r2z3 cos(t),

where 1(z<t–0.5) is the function that is equal to one when z < t – 0.5 and is equal to zero elsewhere. The density is reconstructed
as a linear function of the level set by setting ρ = 1 + ϕ while the dynamical viscosity is set to a constant η = 1 so the source
term does not involve a Dirac function. Therefore, for this setup, the source term f is defined as follows:

f = (–ρr3 sin2(t – z) + 2rz3 cos(t), (r2 – 3) sin(t – z) +
r2ρ

2
cos(t – z), 3r2z2 cos(t))T.

Since the level set presents a sharp profile, it can be seen as a test involving two immiscible fluids of respective density ρ0 and
ρ1. Thus, all the test are performed using ccomp = 1, see section 5.1 for more details on the compression technique. To run with
a CFL number of order one (around 0.5), the time step τ is set to h/20 where h is the mesh size. We perform a series of test with
a mesh size h ranging from 0.1 to 0.005 in P1. Our results are summarized in Table 8. We display the relative errors for the level
set in L1 norm and the relative errors for the velocity and pressure in L2 norm. We note that as the level set is discontinuous,
the best rate of convergence in space is limited to one in L1-norm and half in L2-norm. Thus, we compute the level set error in
L1 norm, and not in L2-norm like for the previous tests. Our results are consistent with a first-order scheme that is stable under
classic CFL conditions. Thus, we conclude that the theoretical restrictive conditions(3.10)-(3.11) do not need to be enforced in
practice and that we expect the semi-implicit and explicit algorithm to remain first order under the condition τ ∝ h.

T A B L E 8 Explicit scheme. Relative L2 and L1 errors for test with nonsmooth level set, τ = h/5, νh = 0.125h, ccomp = 1,
and ϵ = 1. Degree of freedom per P2 scalar unknown is denoted by ndf.

Velocity, L2-norm Pressure, L2-norm Level set, L1-norm

h ndf Error Rate Error Rate Error Rate
0.1 1017 1.52E-3 - 4.65E-3 - 3.01E-2 -
0.05 3821 7.89E-4 0.95 2.44E-3 0.93 1.62E-2 0.90
0.02 23437 3.22E-5 0.98 1.02E-3 0.96 6.71E-3 0.96
0.01 93173 1.62E-5 0.99 5.21E-4 0.96 3.35E-3 1.00

0.005 379689 8.15E-5 1.00 2.71E-4 0.94 1.66E-3 1.02

5.4.4 Gravitational waves in cylinder

We conclude our numerical investigations by presenting a more challenging setup where a stratification of two immiscible fluids
is driven by gravitational waves. This setup was originally introduced in [35] as a benchmark to validate magnetohydrodynamics
software for two fluids and was extended to three fluids in [37]. The original idea of the magnetohydrodynamics setup is to
reproduce the metal pad roll instability. This instability is well-known in metallurgy as it leads to a tilting and rotating motion of
the liquid metal in an aluminum production cell because of the combination of gravity and Lorentz forces. The hydrodynamics
set up, considered here, focuses on studying a tilting motion of the fluids’ interface due to gravitational waves. Thanks to a linear
perturbation analysis, it is shown in [35, 37] that introducing a small perturbation of the initial interface at rest (z = 0) allows us
to determine theoretically the dispersion relation ω (related to the frequency of oscillations) and the viscous damping (related
to the magnitude of the oscillations) of the instability. Moreover, both quantities only depend on the physical parameters of the
problem (e.g. domain, fluids’ density). In the following, we briefly describe the hydrodynamic setting considered here. Then,
we discuss the results we obtain with the artificial compressibility technique described in section 5.4.1 and compare them with
the results obtained with the projection method analyzed in [9].

The computational domain is set to the cylinder of radius two centimeters and height to four centimeters and we set D =
{(r, θ, z) ∈ [0.02] × [0, 2π] × [–0.02, 0.02]}. The cylinder is filled with a stratification of two immiscible fluids of respective
density (ρ1, ρ2), and respective dynamical viscosity (η1, η2) such that the heavier fluid lays at the bottom of the cylinder. At
initialization, the interface between both fluids is set to z = 0. The heights of the bottom and top fluids are denoted by H1, H2

and are both equal to 0.02m. The initial interface is then perturbed by adding a velocity that creates a vertical deformation of the
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form AJm(km1r)e(imθ+ωt)eλt where A is an arbitrary amplitude, Jm is the first kind Bessel function, K = km1R–1 where R = 0.02
is the radius of the cylinder and km1 if the first zero of J′m. The dispersion relation is then given by:

ω = ±

√
(ρ2 – ρ1)gK

ρ1 tanh–1 (KH1) + ρ2 tanh–1 (KH2)
, (5.13)

where the gravity is set to g = 9.81ms–2. The viscous damping λvisc is given in [35], see formula 2.66. The effective dispersion
relation is given by ωcorr = ω + λvisc. We refer to [35] for more details on the physical setup.
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F I G U R E 1 (left) Slice of density profile in plane y = 0 at t = 0.12 for A = 10–2 with 3D interface in grey. (right) Time
evolution kinetic energy mode m = 1 obtained with ϵ = 1, τ = 2.5× 10–4, and mesh sizes h = 10–3 (dash line) and h = 5× 10–4.

In the following, we set A = 10–6, m = 1, H1 = H2 = R = 0.02. The fluids properties are set to:{
(ρ1, ρ2) = (6077, 13475)kg.m–3,

(η1, η2) = (1.686, 1.417) × 10–3m2.s–1.

Therefore, the theoretical dispersion relations and viscous damping are given by:
ω = 18.0259865641184,

λvisc = –0.106761084127129,

ωcorr = ω + λvisc = 17.9192254799912.

We run two series of tests where the mesh size is set respectively to h = 0.001 and h = 0.0005 in P1. The final time is set to
T = 5s and each series of tests is performed with time steps τ varying from 0.02 to 0.00025. The results we obtain with the
explicit artificial compressibility technique are displayed in Table 9. All simulations are performed with ϵ = 1 and ccomp = 1.
They confirm that the algorithm is first-order. On the other hand, we also display the results we obtain with the projection
method from [9] in Table 10. It shows that the projection method, that also uses the momentum as primary unknown, fails to
capture the correct dynamics. This phenomena was originally observed by one of the authors when studying incompressible
multiphase magnetohydrodynamics setup whose fluids’s interface undergoes strong deformation [52, 36]. It led us to develop
the artificial compressibility technique that we presented and analyzed in this paper.
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T A B L E 9 Gravitational wave: errors obtained with explicit artificial compressibility techniques. νh = 0.125h, ccomp = 1, and ϵ = 1.

h τ ωnum Error ωcorr Rate λvisc–num Error λvisc Rate

0.001

0.02 1.53E1 1.47E-1 – -2.95E-1 1.77E0 –
0.001 1.67E1 6.99E-2 1.07 -2.24E-1 1.10E0 0.69

0.0005 1.74E1 2.79E-2 1.32 -1.69E-1 5.86E-1 0.91
0.00025 1.78E1 6.29E-3 2.15 -1.39E-1 3.06E-1 0.94

0.0005

0.02 1.53E1 1.43E-1 – -2.70E-01 1.53E0 –
0.001 1.68E1 6.37E-2 1.17 -2.21E-1 1.07E0 0.51

0.0005 1.76E1 1.95E-2 1.71 -1.64E-1 5.38E-1 0.99
0.00025 1.80E1 4.56E-3 2.47 -1.34E-1 2.55E-1 1.08

T A B L E 10 Gravitational waves: errors obtained with explicit projection method from [9]. νh = 0.125h and ccomp = 1.

h τ ωnum Error ωcorr Rate λvisc–num Error λvisc Rate

0.001

0.02 1.62E1 9.59E-2 – -5.69E-1 4.33E0 –
0.001 1.63E1 8.95E-2 0.10 -4.51E-1 3.22E0 0.43
0.0005 1.63E1 8.76E-2 0.03 -3.87E-1 2.62E0 0.30

0.00025 1.63E1 8.72E-2 0.01 -3.54E-1 2.32E0 0.18

0.0005

0.02 1.63E1 8.99E-2 – -6.07E-1 4.69E0 –
0.001 1.65E1 7.71E-2 0.22 -4.94E-1 3.63E0 0.37
0.0005 1.66E1 7.36E-2 0.07 -4.30E-1 3.03E0 0.26

0.00025 1.66E1 7.25E-2 0.02 -3.97E-1 2.72E0 0.16

6 CONCLUSIONS

We introduce a semi-implicit algorithm for the incompressible Navier-Stokes equations with variable density and viscosity that
combines an artificial compressibility method and a momentum based approximation. We establish the stability and temporal
convergence of the proposed algorithm under the assumption that the density approximation satisfies a min-max principle and
is first order in time. While theoretical results involve non optimal criterion, like a time step bounded by the square of the
density’s gradient magnitude, we showed that in practice the algorithm is stable and convergent under classic CFL condition
even when the density presents large ratio of magnitude or is discontinuous. Eventually, we also introduce an explicit version of
the algorithm and show that it maintains the same stability and convergence properties than its semi-implicit counterpart but has
the advantage of being suitable for spectral methods. To compare our artificial compressibility method with a projection-type
algorithm introduced by one of the author in [10], we consider similar setups than the one studied in [9] which shows that both
methods behave similarly on problems with manufactured solutions. We conclude our investigations with a more challenging
setup, involving immiscible incompressible flow driven by gravitational waves. Our results show that the proposed method
recovers theoretical results, such as wave’s oscillation frequency and viscous dumping from [35] while the projection method
from [10] does not. For future investigations, we consider developing a second-order method based on the recent development
of high-order artificial compressibility methods for flows with constant density in [27, 25] and flows with variable density in
[49]. Another direction consists in adapting the Scalar Auxiliary Variable (SAV) technique, see [61, 39, 67], to our framework
which would result in an unconditionally stable explicit artificial compressibility method for flows with variable density.
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