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1 | INTRODUCTION

The three-phase three-component problem, also referred to as the black-oil problem in petroleum engi-
neering, is a nonlinear system of coupled partial differential equations and algebraic equations. The
formulation of the problem consists of the mass balance equations for each of the components and of
closure relationships between the physical unknowns such as phase pressure, saturations and mass
fractions. The resulting compositional model is in general used for a large number of components. In
the black oil model, there are three components (water, oil, gas) and three phases (aqueous, liquid,
vapor). We assume that the aqueous phase is comprised of the water component only and that mass
transfer occurs between the liquid and vapor phase: the gas component can be dissolved in the lig-
uid phase and the oil component can evaporate. One of the numerical challenges of multicomponent
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multiphase flows is to efficiently treat the phase appearance and disappearance as components move
from one phase to another one. The literature on black-oil model is vast and dates back from several
decades. We refer the reader to classical books [1-3] and to the papers [4—11] for several approaches to
solve the resulting nonlinear coupled system of equations. Once a set of primary unknowns is selected
(among quantities such as phase pressure, global pressure, phase saturation, mass fraction, molar den-
sities), the main approaches are the fully implicit approach that requires a Newton-based scheme [6],
the IMPES approach in which the pressure is solved implicitely and saturation explicitely [4, 8]
and the sequential approach that solves each equation implicitely and separately from the other ones
[5, 9, 10]. The large number of proposed numerical algorithms in the literature is due to many tech-
nical differences in the details of each approach. It is also worth noting that not all papers address the
full complexity of the multiphase flows and the effects of capillary pressure and gravity are some-
times neglected. Overall, when comparing cost versus accuracy and stability, it is well-accepted that
the sequential approach is the most efficient method for large scale computations.

This paper’s main contribution is to formulate a discontinuous Galerkin (DG) method for solving
the three-phase three-component problem in two-dimensional and three-dimensional porous media.
We start with the compositional model and introduce a new variable, the total mass fraction of gas,
following [12]. The primary unknowns are the liquid pressure, the aqueous saturation and the total
mass fraction of gas. We show that the proposed sequential implicit algorithm converges optimally
for smooth solutions and that it is robust when phases disappear or appear. The main features of the
numerical method are: (a) the use of weighted averages (see [13]); (b) the use of a subiterative scheme
for higher accurary; (c) the use of upwind fluxes; and (d) the projection of the total velocity into H(div)
conforming spaces (see [14, 15] for the benefits of this projection for highly heterogeneous media).
We note that slope limiters are not used in our proposed algorithm as they are not needed for stability.
The choice of primary variables and the formulation of the model problem produce an algorithm that
easily handles the appearance and disappearance of phases without additional effort.

DG methods have been applied successfully for simulating incompressible two-phase flows with-
out mass transfer over the last decade. The use of discontinuous elements allows for a flexible method
that can handle unstructured grids, full matrix coefficients and that produces numerical solutions with
artificial diffusion that is significantly less than in the case of cell-centered finite volume methods.
There is an abundant literature on the topic where DG are used with other methods such as mixed
finite element methods or where they are used stand-alone [16-22]. The DG literature for composi-
tional flows (with mass transfer) is very sparse. For one-dimensional problems, we can mention the
works [23, 24] where DG methods are used to solve the two-component two-phase flow problem of
CO, sequestration problem using either linear relationship between pressure and density or nonlin-
ear relationships. In [25], the black-oil problem in one-dimensional problems has been numerically
discretized by high order DG methods (with polynomials of degree up to four), where mass transfer
between the liquid and vapor phases is modeled by the gas—oil ratio.

Developing flexible numerical methods for solving multi-component multi-phase flows with mass
transfer is an active and rich area of research. In addition to DG methods, mixed hybrid finite element
(MHFE) methods and multi-point flux approximation (MPFA) discretizations are locally mass conser-
vative numerical methods that can handle complex grids and full matrix coefficients [26, 27]. In [28],
MHFE methods for pressure and DG for explicit mass transport update are used for compositional
three-phase flows without capillary pressure. In [29], multi-point flux mixed methods are introduced
for a sequential implicit formulation of the compositional equations. We propose to use DG methods
because they easily allow for the implementation of high order (global or local) polynomial approxi-
mation and local mesh adaptivity. While these attractive features are not the object of this paper, they
form additional motivation for the use of DG methods.
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The paper is organized as follows. Section 2 presents the mathematical equations describing the
black oil problem. The time discretization of our algorithm, based on the formulations of [12, 30]
is introduced in Section 3. Section 4 describes the full discretization of our method using DG finite
elements. The convergence properties of this approximation method are studied with manufactured
solutions in Section 5. Problems involving gravity effects, mass transfer and phase disappearance, are
solved in Sections 6 and 7, respectively. Finally, we show the robustness of our scheme in Section 8
by studying a gas—water injection problem in a highly heterogeneous media.

2 | BLACK OIL MODEL

This section introduces the variables and the equations involved in a black oil problem with three
components (oil, gas, water) and three phases (liquid, vapor, aqueous) in a porous medium Q. We
assume that the oil and gas components may exist in the liquid and vapor phases, and that the aqueous
phase is uniquely formed of water. The notation used in this section is classical for multiphase flows
in porous media [2].

2.1 | Notation and set-up

We introduce the fraction of oil in the liquid phase x,, and the fraction of gas in liquid phase xg ..
They are defined as follows:

mass oil in liquid __ mass gas in liquid

Xot = Xet =

mass liquid mass liquid

The liquid is exclusively composed of oil and gas, so these fractions satisfy the following equality:

Xop +Xgp = 1. 2.1

We also introduce the fraction of oil in the vapor phase x,, ,, respectively the fraction of gas in
vapor phase xg,. They are defined as follows:

mass oil in vapor mass gas in vapor
= Xgy = ——————.

Xoy = ————————>» gV =
mass vapor mass vapor

As the vapor is uniquely composed of oil and gas, these fractions satisfy the relation:
Xoy +Xgy = 1. 2.2)

The aqueous phase is only composed of water so the fraction of water in aqueous phase x,,, is
equal to 1. The saturations of the liquid phase, the vapor phase and the aqueous phases are denoted by
Sy, Sy and S,. They are defined as follows:

S volume liquid phase volume vapor phase volume aqueous phase
f — — a —

volume pore volume pore volume pore

and satisfy the equation:
Si+S,+S,=1. (2.3)

In the following of this paper, we enforce that the mass fractions satisfies:

(Xo.0,Xg2) = (1,0) if Sy =0, 2.4
(XovsXgy) = (0,1) if S, =0. 2.5)
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Moreover, we assume that:
Xgp < Xgy. (2.6)

The purpose of hypothesis (2.4)—(2.5) is to give a definition to the mass fractions of a phase that is
not present. Our choice, of setting x, » = 1 when the liquid phase disappears, is motivated by the fact
that the gas component should turn into vapor faster than the oil component. Thus, before completly
disappearing the liquid phase should only contain oil. The same argumentation is used to set xg, =1
when S, = 0. Hypothesis (2.6) is required to prove that the algorithm introduced in Section 3 gives rise
to a unique set of saturations (S¢, S,, S;). A physical interpretation of this condition is that the gas
component is always more represented in the vapor phase. Such condition is consistent with the above
hypothesis when there is no vapor phase.

2.2 | Black oil problem equations

A black oil problem consists of approximating the solution of the mass conservation of the gas, oil
and water components under the assumptions (2.1)—(2.3). The mass conservation equations of the oil,
gas and water components are expressed as follows:

at(¢(xo,fpfsf +xo,vvav))_ V. (xo,fpf Ae(Vpr—pr8g) +x0,vpv/lv(vpv —-pyg) = Xo,t Peqe+XovPvqvs 2.7
az(‘l)(xg,fpfsf +xg,vvav)) -V (xg,fpf Ae(Vpe—peg) +xg,vpv/lv(vpv -pyg) = Xg.rPeqe+XgvPvqy, (2.8)
at(d)pasa) -V (paﬂa(vpa - pag)) = PaYa> (29)

where p, is the pressure of the liquid phase, p, is the pressure of the vapor phase and p, is the pressure
of the aqueous phase. The function ¢ is the porosity and the coefficients p,, p, and p, are the phases
densities. The phase mobilities are denoted by A, 4, and 4,. We recall that 4; is defined as the ratio
KabsKj/ Hj Where kaps is the absolute permeability, y; is the viscosity that only depends of the pressure
p; and k; is the relative permeability that only depends of the saturation S;. The gravity is denoted by
g and the functions g,, g, and g, are source/sink terms. In the rest of the paper, we assume that

py < pe. (2.10)

This condition is used in Section 3.2.5 to prove that a unique set of saturations (S, S,) is derived
from our formulation.

2.3 | Introduction of capillary pressures and reformulation of black oil problem

The action of capillary effects induces a difference in pressure between the three phases. Although
the quantities p¢, p, and p, differ, they are linked to each other by the capillary pressures p., and p.,
defined as follows:

Pey =Pv =Dt Pea = P¢ ~ Pa- (2.11)

The function p.,, respectively p.,, is assumed to uniquely depend of the variable S,, respectively
of S, and S,. Thus, we can write:

Dey = pC,V(Sv)’ Pca = pC,a(va Sa) (212)

Moreover the capillary pressures are assumed to be differentiable functions of S, and S,. The
introduction of p., and p., allows us to eliminate the variables p, and p, from Equations (2.7)—(2.9).
We note that the component mass fractions, phases densities and porosity are function of the phases
pressures. Furthermore, the phases mobilities are function of the phases saturations. Thus, one can



CAPPANERA AND RIVIERE 5
WILEY

show that approximating the solutions of a black oil problem can be reduced to approximating the
liquid pressure and the aqueous and vapor phase saturations.

3 | ALGORITHM FOR DISCRETIZATION IN TIME

We present a new time stepping algorithm to approximate Equations (2.7)—(2.9) inspired from [12,
30]. This algorithm is consistent with the three-phase black oil model described in Section 2. In the
remainder of the paper, we let 7 > 0 be a time step and n > 0 an integer. A function f evaluated at the
time nt is denoted by f".

3.1 | Strategy and introduction of new variable

To approximate the black oil problem (2.7)—(2.9) we choose the aqueous saturation S, as independent
primary variable. In the wake of Shank and Vestal [12], Hajibeygi and Tchelepi [30], we choose the
liquid pressure and the total fraction of gas in the media, denoted by z,, as the remaining two inde-
pendent primary variables. The liquid pressure is approximated as the solution of the sum of the three
mass conservation Equations (2.7)-(2.9). It reads p, solution of:

0 P(peSe + puSy + paSa)) =V - (peAe(Vpe — peg)) =V - (py Ay (VDy — p18))
-V (paﬂa(vpa - pag)) = prqe + Pv@v + Paqas 3.1

where p, and p, can be substituted with p, and the capillary pressures p., and p., defined by (2.11).
The total fraction of gas in the media z, is defined as follows:

peSe PvSy

+ X, . 3.2
‘ Pfo + pVSV + paSa & Pfo + vav + paSa ( )

g = Xg,

We note that z, is a convex combination of (xg,, Xg,, 0). The assumption (2.6) implies that
0 <z, < x,,. Using the definition of the capillary pressure p.,, the mass conservation of the gas
component can be rewritten in function of z,. It reads z, solution of the following equation:

at(d’ptzg) -V. (Fg(pﬂ)lvpf) -V. (xg,v/lvpvvpc,v) +V. ((xg,fpiif + xg,fp%j'v)g) :fg(pQ)t’ (33)
where
pr = peSe + puSy + paSas (P = prde + podv + padas  (P@: = peqre + pvqy + Paqa-

This formulation also involves the gas fractional flow Fy = xg 2 Fg ¢ + Xg.,Fg, with the following
phases fractional flows:

A A
For = pete and  Fy, = Py .
peie + pvAv + pata Peie + poiy + pata
The source term f, is equal to X, 2f ¢ # + X,,f v Where the liquid source term is f, » = % and the
vapor source term is fy, = %.

We conclude this section with boundary conditions for the three primary variables. The boundary
of the domain is decomposed as follows:

- N p\} S _ 1% 4
Q=T uly =T, ul’, =T ul}.

Dirichlet boundary conditions are imposed on I’ 'Z) for the liquid pressure, respectively on Fz and
[}, for the aqueous saturation and the variable z,. The boundary conditions imposed on these surfaces
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are denoted by pbdy, S';dy and 22%. Neumann boundary conditions are imposed on Fﬁ, for the liquid

¢ 8
pressure, respectively on Ffv and I', for the aqueous saturation and the variable z, as described below:
op, Opc.y S
N ca N c,v N
(pA):Vps-m =Jp> pa’iaa_SaVSa ‘n=jg, xg,vpv/lva_Sv aZ: Vzg ‘=g

3.2 | Time marching

After an initialization step of the variables introduced in the previous sections, the algorithm proceeds
as follows.

3.2.1 | Liquid pressure

The liquid pressure is updated as the solution of the sum of the mass conservation Equations (3.1).
Using a backward difference formula of order one to discretize the time derivative, first order extrap-
olation of fluid—vapor—aqueous phases properties and the definition of the capillary pressures (2.11),

gives p’ff“ solution of the following equation:

¢npn B ¢n_lpn_l n n nn n nn n
% -V. ((pll)z fo+1) -V (pv/lvac,v) +V- (paAanc,a)

= (o)™ =V - (2" 2% + ()" A% + (02)"AD)R). (3.4)
where
(pa); " = phqit + pig! + plagit

The vapor and aqueous pressures are then updated using (2.11) as follows:

Pt =ptt e pr,, pitt = pit - pl 3.5)

Remark 3.1 We can now compute the components fractions x”u;l, atl x’;?, xpt! and

o,

the phases densities p/;™', pi*!, pi*! using p*', pi*! and p;*.

3.2.2 | Aqueous saturation

The aqueous saturation is the solution of the water component conservation equation. Using
Equation (2.11), it gives S, solution of:

at(paSa) + V. (palavpc,a) =V. (Pa/la(VPf - pag)) + Paa- (36)

As the capillary pressure p., is a differentiable function of S, and S,, and only depends of these

variables, one can write:
apc a apc a
vV =—=VS, + -
Pea= 557> T 58,

VS,. (3.7)

Eventually, we solve S"*! solution of the following equation:

n+1 n+1Sn+1 — S on.. n
¢ Pa aT ¢ PaRa + V- (pZ-HAZ( al?;ﬂ) VSZ-H) - pZ+1qz+1
a

a n
-V <p2+‘zz( 53) VS:%) +V - (o AVt - ot e)), (3.8)

where we use a backward difference formula of order one to approximate the time derivative.
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Remark 3.2 We can now compute the phases mobility A7+ using the saturations S"+!.

side is a diffusive term.

3.2.3 | Total gas fraction

Before describing the scheme used to update z,, we note that the saturation S, is a differentiable
function of z,, X, ¢, Xy, Sa» pe, pv, and p, (see Section 3.2.5).

As the capillary pressure p., is a differentiable function of S,, the term Vp,, can be rewritten as
follows:

a v v v v v
Voo, = 2o (as v, 4 08 a5, 05, oS oS oS, >

Vxer + Vxe, + —=VS, +
38, \oz, " o, T axg, T 08, Ope 99, 74
(3.9)
The variable z”“ is computed as the solution of the following problem:

¢p*n+1 n+1 ()Fg ap- n aS +.n
V. & n+1 y) *n+1 n+1 V. xn+l n+1/w c,V Yoy v n+l1
T <<()z > (P4 sy Py as, ) \oz,) ¢
¢p*” 2 OF, \" o
—— [ o 4V ((F ( aj) z§> (p2);" “Vp2“>
g
Lt jn ap” _nV "+ 95, Vx”+l+ 95, V”Jrl
0zg Oxgr &8s 0%,
( +1 rf+l/1n<apc"> << > Sn+1
(e (8o (27
ope opy 0pq

—-Vv. ((xn+l(pf)n+l/1" +xg+1(p +1)2&ﬂ)g) (310)

where we set

*n+l n+1Sn

P + pV“S” +opISn (A = A 4 gl A+ ol A

We also split the term 2 %, * into its positive and negative parts. For any function f, we denote:
fH=max(0,f),  f~ =min(,f).

We use a backward difference formula of order one to approximate the time derivative and the

following Taylor expansion: Fj*' = Fi + ( ) (¢! — z2) where <(Z > %(zg).

9 t. .
Remark 3.3 We note that p = is strictly positive. Thus, the term ops (%) is posi-
8

tive. We treat implicitly the dlffuswe part of the Laplace operator while the other part,

involving the term < va ) , s treated explicitly for stability purpose. We refer to the annex
8

OF, -
Appendix B for more details on the computation of the terms —£ o, <3‘: ) , and <‘;j” ) .
8

3.24 | Correction of the components fractions

We recall that the densities and xg, are strictly positive, see hypothesis (2.6). Thus in the region where
S, 1s strictly positive, the variable z, is zero if and only if S, and x, S, are zero. The condition S, equal
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to zero implies that x, » equal one and x, » equal zero while the condition x, » equal zero implies that
Xo,¢ 1s one. Similarly the condition S, equal to zero implies that (x,,, X,,) = (1, 0). As a consequence,
we enforce (x,,¢, Xg0) = (1, 0) and (x,,, X)) = (0, 1) in the regions where S, is strictly positive and z¢
is zero. In the region where S, is zero, the maximum value of x, # is z,. Thus, if the computed value
of z, is found to be smaller than x, », we set x, » = z,. In this case, we have §, equal to zero so we can
set xg, to one.

3.2,5 | Liquid and vapor saturations
Using the definition of z, and Equation (2.3), we have 8"+, §™+1) solution of the following problem:

(Zn+1 n+1) n+1Sn+1 +(Zn+l n+1) 3+1Sn+1 Zg+1pg+lsg+l’ (3113)

St =1 -5t (3.11b)
The determinant of the above system is denoted by d and depends on z,:

d(zg) = (zg — Xg.0)pr + (Xgv — Z) - (3.12)

As d'(z,) is equal to p, — p,, a positive term thanks to the hypothesis (2.10), the determinant of the
above system is an increasing function of z,. The variable z, belongs to the interval [0, x,,] so showing
that d(0) is strictly positive would imply that the above system has a unique solution. As shown in
the previous section, z, equal to zero implies that (xg ¢, Xx,,) = (0, 1). Therefore, d(0) = p, is strictly
positive and the above system has a unique solution defined by:

(xn+l n+1)pn+1(1 _ Sn+1) _ n+l n+lSn+1

n+l _
Sf (xn+l +l)pn+l + (Zn+1 n+1)pn+1 (.13)
8V
» (Zn+l n+1) n+1(1 Sn+l) + Zn+lpn+ISn+]
n —
SV - (xn+1 n+1)pn+1 + (Zn+1 n+1)pn+1 : G.14)
g,V

Remark 3.4 We can now compute the phases mobilities A;“, A+ and the capillary

pressures pii!, pit! using the saturations %+, S*! and S;*'

3.3 | Subiteration scheme

In practice, at each time step, we iterate over the equations and approximate the variables
(@i, Sut!, 24t as follows.

e Setk =0 and introduce p’;, Sk and zg equal to (pY, Sg, zg)- Similarly, we introduce densities, mass
fractions, viscosities and relative permeabilities at iteration k.
e Solve p&*! solution of:

O, (P 0P = P) d>"pf—¢"p,
T

—V - (pAVpiT)

-V (p’;A’Wpc,v) +V - (PEAEVDE) + V- (0225 + (0D + (02 1)g) = (o)),

where (pq)f’kJrl = p’;ql;“ + pkg" ™! + pkgkt!. The time derivative is approximated with a backward

difference formula of order one where the term ¢**! p’fr1 is approximated with a Taylor expansion of
order one.
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e Update the mass fractions and densities with karl
e Solve S**! solution of:

k ok g+l _ pe k
D paSa - P"p +V Plam/ll;( ;’S,a> psktl | = phtign!

Ipea\*
V. (P?lﬂ/&( ;’S, > VS’{,) iv. (pk+1/1k(vpk+1 Perlg)y,

e Update the relative permeability and viscosity of the aqueous phase.
e Solve z;*! solution of:

k+1 *k+1 k+1 k k Lk
L zg" _v. 23 EH ATt | — v [ gk g OPey as,\" piH
T 07, as, 07,
¢n *,1 n .
= ——+fM o + 7 (pd);**vpltt
op oS, as, s, \"
)H(-I-l ]f+l/1]( ﬁ V + ka+l v V)H(+l
< Py aS, 0z¢ 0x, 0xg.y &
ope as,
V.- .Xk+,1 k+llﬁ v VSk+l
( s Py aS, E
25, \" S, \" 28, \"
+ v V k+1 + rv V k+1 + el V k+1
(S ) oo () woto (52 ) vt

=V (O 0 2 + g A D),

where (p4),” = ];H Al gk

ket 5k
L+ Ak

vt Pa

e Update the viscosities, relative permeabilities and saturations of the liquid and vapor phases.

e Compute the L? norm of p5*! — p¥ si*! — sk and 5+ — 2&.

o If the above norms are smaller than a given tolerance, set by the user, all the variables and fluid
properties at time ¢, ;. | are updated using the values at iteration £ + 1.

o Else, variables and fluid properties at iteration k are updated with their values at iteration k + 1

and the above process is repeated.

As mentioned in Section 1, one can notice that the algorithm is independent of phase appearance
and disappearance effects, since liquid and vapor phase saturations are not primary variables.

4 | FULL DISCRETIZATION WITH DISCONTINUOUS GALERKIN
FINITE ELEMENT

We describe the spatial discretization, using DG finite element, of the algorithm introduced in
Section 3. The weak formulation presented here is consistent with the subiteration scheme of
Section 3.3.
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4.1 | Domain discretization

Let £, be a conforming mesh of the domain € where the mesh size is denoted by %. Let I', be the set
of all interior faces. The diameter of each face e is denoted by 4. To each face e € I';, we associate a
normal vector n,.

In the following, we also use the operator {-} defined as the weighted average of a function on an
interior face and the operator [-] defined as the difference between the traces of a function from the
neighboring elements of an interior face. The weights involved in the average operator {-} are computed
with the formula introduced in Ern and coworkers [13]. For completeness, we recall the formula of the
weighted average for a diffusion term of the form —V -(AVf) with A a scalar. Let e be an interior face.
We denote by A;, A,, respectively Vf; and Vf,, the values of A, respectively Vf, on the inner and outer
interface of e. The weighted average formula reads:

{AVf : ne} = thIVﬁ ‘N, + a)()Aona i L PN (41)
where the weighted average w; and w, are defined as follows:
wi = Ao w, = Ai (4.2)
AiAo AiAo

In our scheme below, we apply this weighted average to diffusion-like terms and the diffusion
coefficient depends on physical properties such as densities, relative permeabilities and so on.

4.2 | Approximation spaces

The liquid pressure, aqueous saturation and variable z, are approximated in the following discontinuous
finite element space:
X ={vivx € P1(K),VK € &}, (4.3)

with the piecewise Lagrange function as basis function of the DG finite element space. The total Darcy
velocity, defined by u; = —(p4),Vp,, and the aqueous velocity, defined by u, = —k sV py, are projected
on the Raviart-Thomas space RT [31]. These projected velocities are used in the approximation of
the variables S, and z, as described in the Sections 4.4 and 4.5. We refer to [14] for details on the
projection method on these finite element spaces.

4.3 | Liquid pressure weak formulation

The liquid pressure pk“ is the solution of the following weak formulation for all ¢ € Xj;:

_Atlme(pk+l ¢)+A/V)(;l k+1,(l))+Abdy(pk+l,¢)+A;,I: k+1 ¢) (44)

where A“me is the term associated to the time derivative, A“’l represents the other volume terms, Abdy

the boundarles terms and A‘“; the interface terms of the 11qu1d pressure weak formulation. They are
defined as follows:

Alime(pk+l ) = / (O, (B PYPET = D) + 950} — ¢ o), 4.5)
Keg,
Avol(pk+1 /(pq)* k+]¢, + z /(pi)kvpk+1 Vd)
Keg, Keg,

/ (DS IVDEy = PSAVPE L — (P2) A5 + (0D A5 + (02 ADg) -V (4.6)

KeS,
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bd — bdy,n+1
A ) = (AT np+ Y yp,;heI/(p’,;“ -p, " e

eel"" ¢ el

Oy, / (AT -me(py™ = pp

/ VP, mep+ ) / AR W

eel’, p

eEF” eEF"
(P22 + (A + () abg - mep + Y [N, 4.7
eeF” ¢ cer? /e
Ap @ d) = / {AVPET )] + Y, v, B! / P ]
eel’, e€l’,

+ ) 0, / [PV - m ) pEH]

eel’),

/ (AP, -}l + ) / (PhALV P - 1) @]
e€l’,

eel’,

/ LD AL+ () A5 + (0 An)g - me ). (4.8)
eEF,

The penalty parameter y,, is a positive number. The variable 6,, is an integer equal to either —1
(Symmetric Interior Penalty Galerkin), O (Incomplete Interior Penalty Galerkin) or 1 (Nonsymmetric
Interior Penalty Galerkin). It is set to zero in the following. The term (pg)™**! is computed with the
densities at subiteration k and the source term at the time iteration n + 1.

4.4 | Aqueous saturation weak formulation

The aqueous saturation S5™! is the solution of the following formulation for all ¢ € X,

1A‘;j‘e<S’;“, $)+ALSE, )+ AV (S, ) + AT SET 4) = 0, 4.9)

where A“me AVO1 A';dy and Alm are respectively the time derivative term, other volume terms, the

a

boundarles terms and the mterface terms of the aqueous saturations weak formulation. They are defined
as follows:

AGSGH ) = / (¢l Sa = ¢S, (4.10)
KeéE,
p) opea\
A;OI(SZH,(l)): / k+llk< pCa) Sz-H V(]ﬁ— Z / k+lﬂk< pCa> VS‘]jV(l)
‘ Keg, Kee,
k+1 a k+1 k+1\2 9k _ k+1 n+l
/ ( + (k™) %g) DY / ¢, 4.11)
KEE, K€EE,

k
AR, ) = / W"( L > VSt g+ Y v bt / (5551 = Sp¥ g

s
e€el’))

_ Z 0S / k+1/1k < pca) kv¢ 'ne(Sfl-'—] _SZdy,n+l)
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0 k
/k+llk< pca> VS]‘f'l'le(ﬁ

eEl"S

eef‘b

/< k+1 a k+1+(pa+1)2/1]§g> .+ Z jgl , 4.12)

—
LGFN

e

ECRTES Wi { k+lzk<a””> 7S o }[¢]+ X it 15t
eel’, a ¢

a c,a
-y o /{pzwz( 5 ) vé-n }[s’;“]
e€l’,

/{ k+1ﬂk<apca> VSk'ne}[dﬂ
eEFh

/{( k1 a k+1 +(p +1)2/1’;g> -ne} [&],
eel";

where y,, > 0 is a penalty parameter and u, the projection of Kabsz';“

4.13)

on the Raviart-Thomas space

RTy. The integer s, can be set to —1, 0, 1. In the rest of the paper, we set §5, = 1.

4.5 | Gas fraction zg weak formulation

The variable zi*' is the solution of the following formulation for all ¢ € Xj;:

1

with AI™, respectively A, Abdy

A[lme(Zk+l ¢)+AV01(Zk+1 ¢)+Abd)’(zk+l ¢)+Alm(Zk+1 d)) =0, (414)

and Amt the time derivative term, respectively the other volume

terms, the boundaries and 1nterface terms, of z¢ weak formulation. They are defined by:

A?gme Z1§+l _ /(¢k+l #, k+1 k+l ¢n Zg)‘l)’
Keg,

k +,k
AVOI(Zk+1 _ / k+1 k,+lﬂk apC,V aSV VZ§+1 +
Keg, oSy 0z
oF, \* N
-Z/(F”(ﬁ) r-a)ir
Keg, 8

Il el nl k+l k+l +1
/(ng P, 4, @ )P
Ke§,

/ AP )AL + 3 (T ANg - Vb,
Keé,

apcv ¢ dSv B as
IR W T ><<a> o (2
eel’) €

/(Fk < > (Zk+l Zg)) >|< Jk+1 'ng¢
eel"p ¢

95,
0z

(4.15)

—k
) Vi + A’;v> Ve

\4

8

(4.16)

—k
k k
> Vze + Asv> -n. ¢



CAPPANERA AND RIVIERE 13
WILEY

/ G AL + X ) aDg  mep + Y vk / @ = 2% g

eel’)

Opes \"
/xk+1 k+lﬂk< D > <65v> neZ1§+1 / 4.17)
dzg eeFZ
. oper \* ({08, \"* s, \ "
Alnt k+1’ - / Xk+1 k+1/1/§ v 4 v4 k+1 + 4 v4 n+Ak -n,
2, (zg" d) & g Py as, 02 <g 92 2g s, | [¢]

op. k oS +.k
+ )y et /[z’g“][¢]+ Zezg/ X! §+un< a) <a ) Vo-m, o [25]
eel’, e eer, e SV g

T
oF,
B ()i
eel’,

/ (D AL + 23 () aDg - e )9, (4.18)
eEFh

eeF”

eerﬂ

where y; > 0 is a penalty parameter, u;” 1 is the projection of —(p5T 2K + T AL + Pt ALV

on the Raviart-Thomas space RT( and 9 ., anintegerin —1, 0, 1. We set 6, = 1 in the following. The
above weak formulation also introduces the variable A];, defined as follows:

k k k
0SV aSV a‘gV
Al = vt 4 ( — ) vt + [ =2 ) vSet!
0xg s 8 0xg, ’ aS,
k k k
aSV k 1 aSV k 1 aSv k 1
+H =)V + (=) Vot + =) Vo',
<()pf> Pe apy g 0pa g

and the upwind operator {-}' defined in the following section.

4.6 | Upwind scheme
To facilitate the transport of phases by the total Darcy velocity u,, an upwind scheme is used to approx-

#, k+1

imate fluxes across interfaces for the term <F § + ( ) (Zk+1 )> u” ! n,. Let us fix an interior

face e that is shared by two mesh elements K; and K, such that n, is outward of K;. For readibility, we
denote the fluxes as follows

oF
D= Fléf + < > (Zk+1 Z§)7 DEY = -xg,fpﬁﬂf +xg,vp%)'w

)
k
The upwind value { (F o+ ( P ) - Zé)) u ne} across the face e is then computed

as follows:
k 1 1 s, k+1 s, k+1 . .
A e ] 50| @Dl + @Dl me g0,
¢t P) (Zg _Zg) -, )1 s, k+1 s, k+1 .
2 10| (@ Dl + @ Dl m, ifE <o,

where

¢ = ((Du, + D*g)[k, + (Du, + DE™g)[ ) - m, (4.19)
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5 | STUDY OF ALGORITHM’S CONVERGENCE PROPERTIES

In this section we use manufactured solutions to test the convergence properties of our scheme, that
we have implemented within the DUNE framework [32-35] We introduce a set of solutions of a
three-phase black oil problem on a two dimensional domain. Two sets of fluids properties are consid-
ered. The first case uses fluids with the same densities and viscosities. It allows us to show the benefits
of using the subiteration scheme introduced in Section 3.3. The second test shows the correct behavior
of the algorithm with phases of different densities and viscosities. The parameters, such as the time
and density, involved in the numerical tests are all expressed in International System of Units (SI).

5.1 | Manufactured solutions and test set up

The following tests aim to approximate the set of manufactured solutions defined as follows:

pet,x,y) = 2+ xy? + 2% sin(t + ), (5.1)
2 x2 2

Setx.y) = ==, (52)

3 —cos(t+ x)
Su(t,x,y) = — s (5.3)

1 + 2x%y? + cos(t + x)
Sat,x,y) = Y - , (5.4)
where the variable z, can be shown to be equal to:

3 —cos(t+ x)

Zg(t,x,)’) = 8 . (55)

The computational domain is the unit square Q= [0, 1]%. The porosity of the domain is constant
equal to 0.2 everywhere. The phase relative permeabilities, respectively the capillary pressures, are
defined as follows [36, 37]:

Kabs = 1, ks = S¢(Se + Sa)(1 = S,), Ky = S2, K, = Sa. (5.6)

3.9 6.3
=—""_In(1-S5,+0.01), e = —==—In(S, + 0.01). .
00D n(1 — S, + 0.01) Pea = 1G0T n(S, + 0.01) (5.7)

We note that for this example, mass transfers are not considered so we set:

Pecy

Xer =0, Xor =1, Xgy =1, Xop = 0. (5.8)

Once the phases densities and viscosities are set, the term sources ¢g;, g, and g, are computed
accordingly. The convergence tests are performed on a set of six uniform grids with respective mesh
size h € {0.2, 0.1, 0.05, 0.025, 0.0125, 0.00625}. The convergence properties are evaluated by using
a time step 7 that is set proportional to / or #* with a final time T = 1. As our scheme is first order in
time and space, we expect the convergence rate in the L? norm to be of order one when 7 = 4 and order
two with 7 = h?.

5.2 | Tests with three components of equal densities and viscosities

We consider a fluid composed of phases that share the same densities and the same viscosities, all set
equal to one. We compare in Table 1 the results obtained with our algorithm when the subiteration
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TABLE 1 Convergence tests with components of equal densities and viscosities. The mesh size is denoted by / and the
number of degrees of freedom per unknown by 7. The time step 7 is set to the mesh size h. Tolerance of subiteration
scheme set to 1077 when used

L?-norm of error Liquid pressure Aqueous saturation Gas fraction z,

h nge Error Rate Error Rate Error Rate

No subiteration

0.2 25 3.16E—03 - 3.01E-02 - 4.86E—02 -

0.1 100 9.69E—04 1.71 8.30E-03 1.86 1.45E-02 1.74
0.05 400 5.10E-04 0.93 6.13E-03 0.44 4.02E-03 1.85
0.025 1,600 3.04E—-04 0.75 4.16E-03 0.56 1.31E-03 1.62
0.0125 6,400 1.74E-04 0.80 2.43E-03 0.78 7.33E-04 0.84

With subiteration

0.2 25 2.68E—03 - 4.23E-02 - 4.35E-02 -

0.1 100 5.11E-04 2.39 1.24E-02 1.77 1.41E-02 1.63
0.05 400 1.20E—04 2.09 3.72E-03 1.74 4.02E-03 1.81
0.025 1,600 4.13E-05 1.54 1.12E-03 1.73 9.48E—-04 2.08
0.0125 6,400 2.75E-05 0.59 3.47E-04 1.69 2.40E—04 1.98

scheme, introduced in Section 3.3, is either disabled or enabled with a tolerance set to 10~7. These
computations were done with a time step 7 set to the mesh size &. The relative errors displayed when the
subiteration scheme is disabled are consistent with an algorithm of order one. When the subiteration
scheme is used, the rate of convergence is often close to two and the relative errors associated to the
three unknowns p¢, S, and z, are better than the relative errors obtained without subiteration.

We conclude that it is preferable to use the subiteration scheme when the time step follows a
Courant—Friedrichs—Lewy (CFL) like condition where 7 is proportional to . More information on
CFL can be found in [38].

5.3 | Tests with three components of different densities and viscosities

We consider the same solutions and settings introduced previously except that we set the densities
and viscosities as follows:

pl = 37 Pv = 17 Pa = 59 (59)
= 0.75, 4, = 0.25, ta = 0.5. (5.10)

Due to the approximation of the time derivative in the z, equation, the problem is approximated
. . . . . . PrHl phti kel .
with the subiteration scheme. Indeed at the first subiteration, the term % uses the saturation

at time 7, to approximate the quantity pf*l. As the term p; depends of the time, an error of order zero
is introduced in the first subiteration. It drives us to approximate this problem with the subiteration
scheme where the tolerance is set to 1077, The results are displayed in Table 2. In this case, the relative
errors using a time step 7 set to /10 are very similar to the one where = = h*/10 (up to 10-20%). It
indicates that the error is dominanted by an error in space. The rate of convergence tends to two in
both case which is consistant with the use of finite element of order one.

The results presented in this section show that our algorithm behaves as expected for three-phase
black oil problem involving variable fluid properties and capillary pressure effects. As mentioned in
Sections 5.2, the subiteration scheme greatly improves the approximations for time step of same order
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TABLE 2 Convergence tests with components of different densities and viscosities. Subiteration’s tolerance set to 1077,
The mesh size is denoted by 4 the time step by 7 and the degrees of freedom per unknown by n,

L?-norm of error Liquid pressure Aqueous saturation Gas fraction z,
h ngg Error Rate Error Rate Error Rate
T=h10
0.2 25 2.58E-03 - 4.53E-02 - 9.20E-02 -
0.1 100 1.02E-03 1.34 1.34E-02 1.76 3.02E-02 1.61
0.05 400 3.80E—-04 1.42 3.99E—-03 1.75 9.57E-03 1.66
0.025 1,600 1.20E-04 1.66 1.14E-03 1.81 2.83E-03 1.76
0.0125 6,400 3.16E-05 1.93 3.06E—04 1.90 7.64E—-04 1.89
7 =h*/10
0.2 25 2.67E-03 - 4.56E-02 - 9.34E-02 -
0.1 100 1.11E-03 1.27 1.36E-02 1.75 3.10E-02 1.59
0.05 400 4.29E-04 1.37 4.09E-03 1.73 9.98E-03 1.64
0.025 1,600 1.46E-04 1.56 1.19E-03 1.78 3.04E-03 1.71

than the mesh size. As a consequence, all the computations reported in the rest of the paper use the
subiteration scheme with a tolerance set to 1073.

6 | ACTION OF GRAVITY ON A WATER INJECTION PROBLEM

We study the effect of gravity in a two component-two phase injection problem, with no mass transfer
between the phases. The porous medium is a vertical rectangular column filled with oil in liquid phase.
The aqueous phase (water) is injected from the top horizontal face of the medium. As expected, our
results show that the presence of gravity can either increase or slow the front propagation of the wetting
phase, depending of its orientation in the vertical direction.

6.1 | Problem setting

We consider a three-dimensional domain Q= [0, 10] X [0, 10] X [0, 100]. The system is composed of
a liquid phase and an aqueous phase with the following properties:

¢ =02, pr = 800, pa = 1000, pe = 1073, ta =8.9x% 1074, (6.1)

ke =82, Ko = S2, Kabs = 6.24 % 10713, (6.2)
The capillary pressure is based on the Brooks-Corey [39] model.

$:-05 % 10° if S, > 0.05,

6.3
(1.5 - 108,) x 0.057%° x 10>  otherwise. (63)

Pea =
Initially, the medium is mainly filled with oil with an initial liquid saturation S¢l¢ = gy = 0.9. Water
is injected from the top horizontal face via the following Dirichlet boundary condition:

(t/10°)

Sulocioo = 0.1+ 0.67—L 2
=0 1+ (/109

(6.4)
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(a) (b) (c)

S| S| S|
l 0.9 I 0.9 I 0.9
1068 0,67 068
-0.45 - 0.45 -0.45
I 0.23 I 0.23 I 0.23
g, = —9.81. gz =0. gz =9 .8L

FIGURE 1  Snapshots of the liquid saturation profile for various gravities at the time 7= 10°. Q = [0, 10] X [0, 10] X [0, 100]
with 2= 1 [Color figure can be viewed at wileyonlinelibrary.com]

To let the water fills the container, the pressure is set to a linear profile in the vertical direction as
follows:
Pelimo =2 x 10° = 2(100 — z) x 10* (6.5)

This initial condition is used as a Dirichlet pressure boundary condition on the faces (z = 0) and
(z =100). Homogeneous Neumann conditions are applied elsewhere. Mass transfer effect or source
terms are not considered such that the rate of injection of water mainly depends of the pressure profile
and the gravity that is set to:

g=(0,0,g)". (6.6)

where g, is a real to set. The propagation speed of the water then depends of the quantity Vp, — p,g
involved in the transport terms of Equation (3.3). We note that capillarity effect also plays a role in the
transport of the water.

6.2 | Influence of gravity on front propagation

We study three cases where the vertical component g, of the gravity g is set to either —9.81, 0 and 9.81.
The case g, = 0 correspond to an injection problem without gravity effect while the case g, = 9.81
can be seen as a test with gravity effect modulo a change of frame for the vertical direction. The
computations presented in this section use a uniform grid with a mesh size 2 = 1 and a time step set
to 7 = 10* (CFL ~0.14).

Figure 1 shows 3D snapshots of the liquid saturation for the three different cases at time T = 10°.
As the pressure gradient is negative in the vertical direction, we recover that the front propagation is
accelerated for g, = —9.81, respectively reduced for g = 9.81, with respect to the computation without
gravity effect.

The time evolution of the aqueous saturation at the point (5, 5, 50) is displayed in Figure 2. The
saturation S, reaches a level of 0.7 at the time T = 9 x 10° for g = —9.81, respectively T = 1.2 x 10°
for g =0and T = 1.9 x 10° for g = 9.81. It shows that the water is propagating 1.33 times faster
with g =—9.81, respectively 1.58 times slower with g = 9.81, than with g = 0. As the magnitude of
the vertical component of the pressure gradient is roughly equal to two times p, X 9.81, disregarding
the effect of the capillary pressure would lead us to expect the injected water to fill the container 1.5
times faster with g = —9.81, respectively two times slower with g = 9.81, compared to the case without
gravity. The results obtained by our algorithm are coherent with this prediction.
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Time in 10° s

FIGURE 2 Time evolution of the liquid saturation for various gravities at the point (5, 5, 50) [Color figure can be viewed at
wileyonlinelibrary.com]

7 | MASS TRANSFER WITHIN A THREE-COMPONENT THREE-PHASE
SYSTEM

We test our numerical scheme with a flow problem involving mass transfer between the liquid and vapor
phases in a three-dimensional heterogeneous medium. Both gas and water are injected in a porous
medium initially saturated with oil in liquid phase. Depending of the local pressure, the gas component
can be found in liquid and/or vapor phase. The oil component is forced to remain in liquid phase
by setting x,, = 1.

7.1 | A mechanism of mass transfer

The set up considered in this section relies on the idea that gas tends to be in vapor phase under low
pressure and in liquid phase under high pressure. To study a problem involving mass transfer, we
introduce two threshold pressures p?hr =2x10® and ptlhr = 3 x 10® such that the gas component is
entirely in vapor phase for pressures lower than p?hr and entirely in liquid phase for pressures higher
than p|, .

Following [30], the oil and gas mass fractions in the liquid phase depend on the liquid phase
pressure:

STD
U /Y i | 2N 1)
TR0 T )
where p;TD = 100 and p3™ = 800 are the liquid and vapor densities at standard conditions. Unlike

[30] where the volumetric gas fraction dissolved in the liquid phase f is defined as in [40], we consider
a function f that is an increasing function of p, made to be constant for pressures lower than p?hr and
higher than ptlhr. The function f is defined as follows:

0 if pp < p?hr
(0" )2—3.0€2 .
fpo) =404 (10+ ZCEB0D) gy < po <), (7.2)
0.8 otherwise.

—0.5(p +p° ) e . -
where p* = % and € = % Figure 3 displays the profile x, ,.
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FIGURE 3  Profile of the gas mass fraction x, , as a function of liquid phase pressure

7.2 | Phases properties. Problem’s initial and boundary conditions
The domain of computation € is set to [0, 1,000] x [0, 100] x [0, 100]. The densities and viscosities
of the liquid, vapor and aqueous phases are:

T

BU > pV Bg >

Ha = e =107, p, =107%, p, pa = 1000. (7.3)

where f is defined by (7.2), B, and B, are the gas and oil formation volume factors introduced in [40].
We set B, =0.25 and B, = 1. The porosity and relative permeabilities are:

¢ =02, ke =52, Ky = S2, Ka = S2. (7.4)

The porous medium is heterogeneous as the absolute permeability of the media is discontinuous.

6.24x 107 if (x, y,2) € [100,200] x [30,70] x [0, 100]
abs = (7.5)

6.24 x 107'?  otherwise.

The capillary pressure are defined with a formula based on the one of Brooks-Corey [39] with
A =2.Itreads:

5,95 X A, if S, > 0.05,
Pey = 05 . (7.6)
(—=1.54+108,) X 0.05° X A,  otherwise,
and
8793 X A, if S, > 0.05,
Pca = 05 . (77)
(1.5-10S,) x0.057"° x A, otherwise,

where A, is set to 107,
The reservoir is initially saturated with liquid, meaning (S¢, S,, S)l;=o0 = (1, 0, 0), and the initial
pressure is set to:

Pelico = 4.0x 108 — 10°x. (7.8)

We note that under these conditions, the initial liquid phase is composed of roughly 9% of gas
and 91% of oil. Water is injected by enforcing the following Dirichlet boundary conditions on the
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Phases
Phases

0 /ﬁ Aqueous 0 Aqueous

0 10 20 30 40 50 60 70 0 10 20 30 40 50 60 70
Time in day Time in day
(%, y, 2) = (150, 50, 50). (%, ¥, 2) = (150, 85, 50).

FIGURE 4 Time evolution of the phases distribution at different locations (x, y, z). The quantity S, is represented by the
lower line and the quantity S, + S|, is represented by the upper line

variable S,:
3
t

— (7.9)
10(1 +7)

Sal@=0) =
with 7 = £ X 107> where the time is denoted by 7. The liquid phase pressure in the reservoir is then
slowly reduced by setting:

3

Pelpmouietoh = 40 % 10° = 10°x — 2.0 x 10° d = (7.10)
14+

It allows us to inject a fluid composed of gas or a mixture gas—oil depending of the pressure
magnitude. It is done by imposing the following conditions on the saturation S,:

1 = Sulx=0 if ps > 3% 108,
Seli0 =91 = Sulsmo — 2.7 = 9pslieo X 107°) i 2% 108 < pslrmo < 3 % 108, (7.11)
0 otherwise.

We note that S, tends to 0.1 as p, gets closer to 2 x 10% which makes the above boundary condition
continuous in time. The corresponding Dirichlet condition on the variable z, can be deduced from
Equations (2.3) and (3.2). Homogeneous Neumann conditions are applied to p,,S, and z, elsewhere.

7.3 | Numerical results

We study the above setting with a uniform grid of mesh size 4= 10 and a time step 7 = 10° s, meaning
0.012 day (CFL ~ 0.624). As the computational time grows, we expect the liquid phase to disappear for
the benefit of a vapor-aqueous system composed of gas and water with S, =0.9 and S, =0.1. Indeed, for
large time the pressure magnitude becomes smaller than 2 x 108. As a consequence the fluids injected
are gas and water with respective saturation S, = 0.9 and S, = 0.1. Figure 4 displays the time evolution
of the phase distribution at the locations (50, 50, 50) and (85, 50, 50). We recover the expected behavior
as the liquid phase disappears with time while the aqueous saturation grows to 10% (see lower black
lines). Moreover, the plot shows that the vapor and aqueous phases are propagating faster in the region
of higher mobility. We also note that the evolution of the phase distributions is smoother with time as
no discontinuity of the media’s permeability is encountered.
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FIGURE 5  Profile of the mass fraction x,, along the line (y =50) N (z=>50) at different times T [Color figure can be viewed
at wileyonlinelibrary.com]
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FIGURE 6 Profile of the pressures along the line (y=50) N (z=>50) at different times T. (a) p, in blue, (b) p, in green, (c) p,
in red [Color figure can be viewed at wileyonlinelibrary.com]

During the early transient regime, meaning ¢ <2 X 10° s (i.e., 2.3 days) such that 1% < 0.9, the
system is mainly composed of liquid and vapor phases. While the vapor phase is exclusively composed
of gas, due to imposing x, » = 1, Figure 5 shows that the liquid phase is a mixture of oil and gas. As
time increases, the fraction of gas in the liquid phase tends to zero. This component disappearance
happens first in area close to the region x = 10°. It is consistent with the boundary conditions imposed
to the liquid pressure as pg|,=1.000 goes under 2 x 10% before p,|,—o. Figure 6 displays the profile
of the pressures on the same line and at the same times used to represent x, » in Figure 5. It shows
that the liquid pressure becomes smaller than 2 x 108 for x > 800 at time 7 = 1.39 days and at time
T =2.43 days for x > 200. These results are consistent with the profile of x, » where this mass fraction
is zero for x > 200 at time 7 = 2.43 days and for x > 800 at time 7 = 1.39 days.

In Figure 7, we display snapshots of the liquid saturation to show the influence of the low mobility
region in the transport of the injected components. We recall that the low mobility area is represented
by the region [100, 200] x [30, 70] x [0, 100]. It has an absolute permeability 10 times smaller than in
the rest of the reservoir. Figure 7a shows that the injected phases are not flooding the low permeability
region as the liquid phase remains high there. As the time incrases, the injected phases manage to
recover a homogeneous vertical front of propagation as shown in Figure 7b near the plan (x = 300).

8 | RANDOM DISTRIBUTION OF ABSOLUTE PERMEABILITY

We investigate the robustness of our algorithm for problem involving highly heterogeneous media.
The three-phase three-component set up consists of injecting a mixture of gas and water in a reservoir
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FIGURE7 Snapshots of the liquid saturation profile at various times T [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 8 Distribution of the random permeability k... The effective permeability is multiplied by k¢ = 6.24 x 10713
[Color figure can be viewed at wileyonlinelibrary.com]

mainly filled with oil. The absolute permeability is made highly heterogeneous by generating it ran-
domly on each grid cell with a ratio of magnitude of order 10°. The dimension of the reservoir, denoted
by Q, is set to [0, 100] x [0, 10] x [0, 10].

8.1 | Injection with an absolute permeability generated randomly

The three phase fluids system considered has the same physical properties than the test of Section 7 up
to one exception: we set f =(0. We recall that f was previously defined in Equation (7.2). Setting this
function to zero means that x, » = 0 such that mass transfer does not occur. We refer to Equations (7.3)
and (7.4) for a definition of the porosity and the fluids densities, viscosities and permeabilities. The
absolute permeability of the reservoir is defined as follows:

Kabs(X, ¥, 2) = KrandKref 8.1

where kf is set to 6.24 X 10713, The function K anq is @ piecewise constant function that takes value in
[1, 10%]. Its values on the grid’s cells are generated randomly. Figure 8 displays the three-dimensional
distribution of kg in the domain Q. A two dimensional representation, in the plane (y=35), is also
shown. It confirms that the absolute permeability considered in this test is highly heterogeneous in
the whole domain. The capillary pressures are defined as in Section 7 where the coefficient A, is set
to 10°.

The reservoir is initially filled with a mixture of liquid and vapor phases by setting:

(8¢, Sv, Sa)li=0 = (0.9,0.1,0). (8.2)
The initial pressure is defined as follows:
Pelimo =2.0%x 107 —x x 10°. (8.3)

Dirichlet boundary conditions that matches the liquid pressure initial condition are applied on the
faces (x = 0) and (x = 100). The following boundary conditions are enforced on the aqueous and vapor
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FIGURE 9 Time evolution of the phases distribution at the point (40, 5, 5). The quantity S, is represented by the lower line
and the quantity S, + S, is represented by the upper line. Q = [0, 100] x [0, 10] X [0, 10] with k=1

saturations:
3 o7
Salo=0) = ——» Sola=0) = 0.1 + ———— (8.4)
10(1 +17) 10(1 +1)
with 7 = ¢ x 1072, The Dirichlet conditions imposed to the variable Zg can be derived from

Equations (2.3) and (3.2). Homogeneous Neumann conditions are applied to p¢, S, and z, elsewhere.

The set up is approximated with a uniform grid of mesh size 7 = 1. The time step 7 is set to 0.5
(CFL ~ 0.312). Figure 9 displays the time evolution of the phase distribution at the point (40, 5, 5).
The propagation of gas in the reservoir is represented by a smooth curve till water appears around the
time 7 =2,000s. At this instant, the vapor saturation has nearly reached its asymptotic value equal to
0.9. Thus, for time 7' >2,000 s the remaining liquid phase is replaced with water. This figure alone
could lead us to believe that the front propagation of gas and water in the media is acting similarly
than in a case with homogeneous media. However this local behavior does not reflect how the gas
and water propagate in the reservoir. To have a better understanding, we show in Figure 10 a thresh-
old of the three-dimensional profile of the aqueous saturation at different times. The minimum value
of the threshold is set to 0.01 and the maximum value to 0.1. We can notice the appearance of fin-
gering effect, phenomena that is known to occur in highly heterogeneous media see [15, 41-45].
Indeed, the front of propagation of the water component is not anymore a flat vertical surface and so
even after a large computational time. Due to the presence of high and low mobility regions, located
randomly in the reservoir, the injected water follows the direction that are more optimal to its prop-
agation which lead to the creation of little fingers. Similar behavior can be observed with the oil
component.

8.2 | Random permeability with a channel of higher magnitude

We consider the same set up and numerical resolution than previously apart that the absolute
permeability is generated as follows:

k! K if3<z<L7,
Kabs(X, ¥, 2) = { rand 1€l (8.5)
K

S Kref otherwise,
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FIGURE 10 Threshold of the aqueous saturations in a 3D rendering. Minimum value represented is S, = 0.01 and maximum
value represented is S, = 0.1 [Color figure can be viewed at wileyonlinelibrary.com]
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FIGURE 11 Time evolution of the phases distribution at different points (x, y, z). (a) The quantity S, is represented by the
black line. (b) the quantity S, is represented by the lower line and the quantity S, + S, is represented by the upper line. Q =[0,
1,000] x [0, 100] % [0, 100] with 2= 10

where K is set to 6.24 x 10713, The functions k!  and k2 . are piecewise constant functions that
takes value in [50, 1,050], respectively [1, 10]. This permeability is considered to create a region
of high mobility represented by the channel [0, 100] X [0, 10] % [3, 7]. Figure 11 displays the time
evolution of the phases distribution at the points (5, 5, 2) and (5, 5, 5). The vapor and aqueous phases
are propagating faster at the point (5, 5, 5) as it is inside the channel of higher mobility. Indeed, the
aqueous phase start to appear around the time 400 s at the point (5, 5, 5) while it does not appear after
4,000 s at the point (5, 5, 2). This difference is consistent with the difference of absolute permeability
that is in average 100 times larger in the channel than in the rest of the media.

Fingering effect similar to the one observed in the previous Section 8.1 can be observed as shown
in Figure 12. This figure displays the region where the aqueous saturation is in the interval [0.01, 0.1]
at the time 2,000 and 4,000 s. Small fingering effects can be seen near the two fronts of propagation,
one in the high mobility region and one near the face x = 0 outside the channel. Such effects could be
more accentuated by adding gravity effects or setting different order of magnitude for the aqueous and

liquid viscosity.
9 | CONCLUSION AND PERSPECTIVES
We have introduced a new time and space discretization technique that uses a DG method to approx-

imate the three-phase and three-component black oil problem. The algorithm is based on the formu-
lations introduced in [12, 30]. The scheme allows for the occurrence of mass transfer between the
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FIGURE 12 Threshold of the aqueous saturations in a 3D rendering. Minimum value represented is S, = 0.01 and maximum
value represented is S, =0.1 [Color figure can be viewed at wileyonlinelibrary.com]

liquid and vapor phases. It has been validated on numerous problems ranging from convergence tests
with manufactured solutions to more physical set up that involve gravity and phase disappearance.
The robustness of the algorithm has been checked on highly heterogeneous media where the absolute
permeability varies over three-order of magnitude. The benefits of using high order finite element is
currently being investigated for viscous fingering problem. Future studies are also engaged to show
the ability of our algorithm to approximate well production problem [47]. Qualitative and performance
comparisons between this technique and codes using different formulation or approximation method
on benchmarks [46] are being considered.
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APPENDIX A: NOMENCLATURE

TABLE A1l

Nomenclature of physical variables. The phase i can

either represent the liquid phase (i =1), the vapor phase (i=v) or
the aqueous phase (i =a). The component j can either represent oil
(j=o0), gas (j=g) or water (j=w)

Notation
Pi
pi
Pey
pr,a
Xji
Ai
Hi
Ki
Kabs
Si
Zg

qi

Physical quantity

Density of the phase i

Pressure of the phase i

Vapor capillary pressure

Aqueous capillary pressure

Mass fraction of component j in phase i
Mobility of the phase i

Viscosity of the phase i

Relative permeability of the phase i
Absolute permeability

Saturation of phase i

Total fraction of gas

Source term related to the phase i
Porosity

Gravity

APPENDIX B: DETAILS ON THE COMPUTATION OF SOME PARTIAL DERIVATIVES

This appendix aims to provide information necessary for the correct implementation of the algorithm

o . i . oF, . —
described in Section 3. It focuses on describing how the variables a—‘“ and the partial derivatives of the
8

liquid and vapor saturations are computed.

B.1 | Computation of %
“8

.. OF, . . .
To compute the derivative =, we rewrite F; as a function of z,. We assume that the relative perme-

ability k., respectively k, angd K4, 1s a differentiable function of S, and S, respectively of S, and S,,.
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We can write:
kK1 = K¢(Sz, Sa), Ky = K,(S)) and Ko = Kq(Sa). (B.1)

The definition of F, can be rewritten as follows:

u xg,fﬂvpf’ff(sf, Sa) +xg,vﬂf’pv’<v(sv)
“ ﬂaﬂvpf’(f(st’a Sa) + ﬂaﬂfvav(Sv) + ﬂfﬂvpaKa(Sa) '
As Sy and S, are functions of the variable z,, see Equations (3.13) and (3.14), we can compute the

F,=

. .. OF,
derivative a—b as follows:
8

ﬂa”f”vpfpv Ky (S ) K[ (Szf’a Sa)d £ — Kf(sfs Sa)K (S ) ) + HaMe Ky papra(S ) K/ (Sfa Sa)déf
oF,
8
aZg 8 (”aﬂv fo(Sf, Sa) + ”aﬂfvav(Sv) + ﬂf#vpa’(a(sa))z
ﬂg”f”\’pfpv (Kf(SfSa)KC(SV)? - KV(SV)Z%(Sf’ Sa)% ) + /’ta”;ﬂvpapv’(a(sa)’((’(sv)%
+ X v i ‘ 8 g .
& (“a/"lrpf’(f(sf’ Sa) + #al‘fvav(Sv) + /’lt’”vpa’(a(sa))z
We note that the term — can be replaced by ——= in the above formula. It reads:
2 ok, a9,
oF, MMM Pep (e = 3) (KV(S VRS Su) + KASPRIS.) ) 5
0zg — (Haboprrs(Se,Sa) + uaufpvxv(sv) + e o paka(Sa))?
0 as,
MHale HvPa <xg,fﬂvpf KKZ(SK, Sa) — xg,vﬂfpv’(;(sv)> a_;Ka(Sa)
t4
(B.2)
(Hattvpeke(SesSa) + Hatte prKu(Sy) + He pypaka(Sa))?
B.2 | Derivatives of the saturations S, and S, with respect to z,
The quantities % and % can be derived from Equations (3.13) and (3.14):
t4 8
% _ _pfpv(xg,v - xg,f)(l =84 — pa(pvxg,v - pfxg,f)Sa (B.3)
()Zg ((xg,v - Zg)pv + (Zg - xg,f)pf)z '
98, _ Pepv(xgy = Xg )L = Sa) + pa(pyXgy = peXes)Sa (B.4)
azg ((xg,v - Zg)pv + (Zg - xg,f)pf’)z ’ .
4 _
The terms Zj and % used in Equation (3.10) are defined as follows:
8 8
<asv >+ _ pepvgy = X )L = S) + pupiXenSa ®5)
azg ((xg,v - Zg)pv + (Zg - ng)pzf’)z .

- - S
< as, > _ PaPtXg,0a . (B.6)
azg ((xg v Zg)pv + (Zg - xg,f)pf)

B3 | Other partial derivatives involving the saturation S,
aS,  0dS, dS

The terms —~
ox, Xt 0}6 apf l)p‘

d — used in Equation (3.10) can be derived from Equation (3.14). We

have:
6Sv _ Pf(/’v(l - Su)(zg - xg,v) + paSaZg)

ang B ((xg,v - Zg)pv + (Zg - xg,f)pf)z

(B.7)
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aS, _ —p(pe(—=1+ Sa)(ng — Zg) + paSaZg)

- ) B38)
a)Cg,v ((xg,v - Zg)l)v + (Zg - xg,f)pz,’)
% _ _(xg,f - Zg)(pv(l - Sa)(xg,v - Zg) - paSaZg) (B.9)
ops ((xg,v - Zg)pv + (Zg - xg,f)pf)z ' -
@ _ _(xg,v - Zg)(pf(l - Sa)(zg - xg,f) + paSaZg) (B.10)
apy ((xg,v - Zg)pv + (Zg - xg,f)pf)z ' .
Sa
95, i (B.11)

0pq B (xg,v - Zg)ﬂv + (Zg - xg,f)pf '





