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Motivation and overview

@ Projection-based model reduction for parametric dynamical
systems

@ Classical POD approach: dump all snapshots in one big matrix,
project the dynamical system onto its n left singular vectors

@ Problem: loss of information about dependency of snapshots on
parameters

@ Solution: use snapshot tensor instead of a matrix; use low-rank
tensor decompositions instead of SVD
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Parametric dynamical system and POD-ROM

@ Dynamical system for u : [0, T) — R solving
U = F(t7u7a)a te (07 T)7 u|t=0:u0 (1)

@ Parameters a = (a4, ... ,aD)T from parameter domain A c RP
@ Snapshots ¢, (a) =u(ty,a) eRM, k=1,... N
@ For afixed a € A assemble snapshot matrix

Ppod(@) = [P1(), ..., pn(e)] € RMXN

@ Choose ROM dimension n < M
@ POD-ROM: project (1) onto the first n left singular vectors of

¢pod(a) lll'l
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POD-ROM for parametric systems

@ Sample parameter domain to get the sampling set
A={ay,... 0k}
@ Assemble a huge matrix of all snapshots

q)j: [¢1(a1)" "7¢N(a1)7"‘ 7¢1(aK)7"'7¢N(aK)] € RM*HN

@ Project dynamical system onto first n left singular vectors of ¢ 7

@ Major drawbacks:
@ Very expensive in both storage and computation

@ Often lacks robustness away from parameter samples A
© Disregards the tensor product structure of parameter space
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Interpolatory tensorial ROM

@ Our solution: interpolatory tensorial ROM (TROM)

@ Combination of two ideas
@ Offline stage: use low-rank tensor decompositions to compress
the snapshot tensor (for all parameters in .A) and account for
tensor-product structure of parameter space

@ Online stage: for a specific out-of-sample o € A\ A compute the
reduced basis using interpolation

@ Assume first A being a D-dimensional box sampled on a
Cartesian grid A with nodes

SOK=n1xnox...xnNp
@ Define snapshot tensor ® ¢ RMxmxxmxN yith entries
. N
(¢):7i17"’7iD7k - ¢k(a11 P 7aDD)

A.V. Mamonov, M.A. Olshanskii Tensorial ROMs 5/17



Offline stage: tensor compression
@ We need a low-rank tensor approximation ® to snapshot tensor
& — @] <Z[|o]

@ Three possibilities:
@ Canonical polyadic (CP) decomposition
R
¢%$:Zuroaqo-~oobovr
r=1

@ High order SVD (HOSVD) Tucker form

_ M np N
¢Q¢ZZZZZ( i quu]OO'Q1O"‘OO'gDOVk

J=1 1=t qo=1 k=1
© Tensor train (TT) decomposition

Ty

b~ Z Z W o oJ1 koo oJB’/D+‘ o Vit w

=1 Jpy1=1
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Online stage: interpolation

@ Define interpolation process via vectors e/(a) € R" such that
for smooth f we have

f(oy) ~ z':[e’(a)],f(af,f), i=1,...,D,
j=1

e.g., use Lagrange interpolation on p nearest grid nodes

@ Using k-mode tensor vector product x, define extraction
de(a) = ® xpe'(a) xg€®(a) - xpi1e°(a) e RN,

which extracts from whole snapshot tensor ® a matrix of
interpolated snapshots most relevant to «

@ Remark: if & € A then Pe(a) = Ppog(@) llll
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Online stage: interpolation and reduced basis

@ Online stage is performed for a specific a € A

@ Once we have ® ~ ® from offline stage, use extraction
be(@) = ® xp€'(a) xg€¥() - xpy1 €7(a) € RMN
@ Compute thin SVD of low-rank
Pe(a) =ZXYT
@ IfZ=[zy,2p,.. ], let the orthonormal reduced basis be
Zn(a) ={z1,...,2n}
@ Interpolatory TROM is obtained by projecting the dynamical

system onto
span Zp(«) lﬂ'l
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Computational efficiency

@ In practice, there is no need to compute SVD of ®e(c) or even to
assemble ¢(a)!

@ Instead, all necessary calculations can be performed for a small
core matrix

@ Also, no need to form Z,(a) = {z1,...,2,} explicitly

@ Can write z; = UB;(x), where U is computed and stored offline
and parameter-specific coefficients 3;(«) are computed online

@ Dynamical system can be pre-projected onto U at the offline
stage

|
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Particular case: HOSVD-TROM

@ Offline stage: compute tensor approximation

Z Z Z Z )igrsagokW 0 of 00 g ovk,

=ta=1 a=1k=1

22

assemble matrices

U=[u',.. uM cRMM g _[g! oM eR™M =1 D
@ Online stage: form core matrix

Co(a) = sz(S1e1 (a)) X3 (Sgez(a)> XDt <SDeD(a)) e RMxN

Reduced basis coefficients 3;(«) are the first n left singular
vectors of Ce(av) llll
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Prediction analysis

@ We measure prediction power of reduced basis
Zn(a) = {z4,...,25} by how well u(f, a) can be represented in it

@ The following bound holds

N n 5
s ) 0.3
N
< ﬁ ((06)2052 ol + > 5,-2)+cacu max { (o201, 1} 52,
i=n+1
where

o Cj, C, depend on interpolation process
o Cy = |ullc(o,T;cr(a))

e 5; are the singular values of ®¢(c) lﬂl
@ 0 is the maximum grid step of A
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Numerical experiments: heat equation, D = 4

@ Heat equation
w;=Aw, te(0,T]

for w(t, X, &) in a domain Q with three holes
@ Parameters (D = 4) enter the boundary conditions

(n-Vw +aq(w—1))|, =0,

1 1
n-VW+W> = —ajy, 1=1,2,3,
ezl - b

the rest of the boundary is insulated
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Heat equation: out-of-sample TROM performance

@ Given true w(ly, X, ) and ROM w(tx, X, o) solutions, define relative ROM solution error

k:T,?.).(,N || W(tkv X, a) - W(tk7 X, a)HLZ(Q)
Rx(a) =

)

k:TyéiN||W(Tk,X,a)||L2(n)
for Xe {CP, HOSVD, TT, POD}, and relative gain
Gx = Rpop (@) /Rx (),

@ Report mean of Gy over 200 random realizations (") € A\ A

g§=10""° mean Gy
K CP HOSVD TT
135 =5 x 3° 24.76 25.08 25.08
1000 = 8 x 5° 35.21 35.52 35.51
3430 = 10 x 7° | 37.80 38.80 38.80

e=10"" mean Gy
n CP HOSVD TT
10 38.66 38.80 38.80
20 49.80 155.65 154.03
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Heat equation: out-of-sample predictive power

@ We use

1 1/2
Evey = sup (g 10= ZoZ0)oe(@)] )

and its L?(.A) analogue to check predictive power of HOSVD-TROM for
out-of-sample o, where Z, = [z4, ..., 2]
@ The study is for D = 2 parameters: a1y = ap = az and ay

TROM and POD prediction error vs n TROM prediction error vs § TROM prediction error vs &
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Numerical experiments: advection-diffusion, D =9

Advection field n(x, ) Solution w(T, X, o)

1 55
/
2
"
0 02 04 06 08 1
@ Advection-diffusion equation for w(t, x, cx):

w; = vAw —n(X,a) - Vw + f(x), te (0,T]

with Gaussian source f(xX) in a unit square with insulated boundary
@ Divergence-free advection field parametrized with D = 9 parameters

ntea) = (00 0) = (Gooe) + 2 () - wi

h(x,a) = «qcos(mxq) + ap cos(mxo) + ag cos(mxy) cos(mxo) m

+ ay cos(2mXq) + as cos(2mXa) + ag cos(2mwXq ) cos(mXz)

+ a7 cos(mxy) cos(2mXz) + g cos(2mxq) cos(27mXp).
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Advection-diffusion equation: TROM performance

@ Numerical results: diffusion coefficient v = 0.01, M = 4797,
K =20 x 28 =5120

@ Report mean of Gx for HOSVD- and TT-TROM, CP decomposition is too
memory intensive

@ Good results for &= 1072, n = 10, no need to use more expensive

options
£=107° n 5 8 10
mean HOSVD | 6.95 | 22.56 | 32.66
Gx TT 6.95 | 22.54 | 31.83
£=107° n 5 10 15
mean HOSVD | 6.95 | 33.34 | 19.45
Gy TT 6.95 | 33.34 | 19.45
£=10"7 n 5 10 15
mean HOSVD | 6.95 | 33.34 | 19.45
Gx TT 6.95 | 33.34 | 19.45
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Conclusions and future work

@ Framework for model reduction for parametric dynamical systems
based on low-rank tensor approximation of snapshots (offline);
tensor decompositions provide a universal basis that retains
information about solution variation with respect to parameters

@ Information from compressed tensor representation is used to
compute the (coefficients of) ROM basis for any incoming
parameter, including out-of-sample (online)

@ Prediction power analysis

Future work
@ Model reduction for non-linear dynamical systems, DEIM in tensor
framework, etc.
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