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Nevanlinna’s theory for meromorphic functions: The proof
of LDL

I Jensen Formula: Let f 6≡ 0 be meromorphic on the closed disc
D(R), R <∞. Let a1, . . . , ap denote the zeros of f in D(R),
counting multiplicities, and let b1, . . . , bq denote the poles of
f in D(R), also counting multiplicities.

log |cf | =

∫ 2π

0
log |f (Re iθ)|dθ

2π
−

p∑
µ=1

log

∣∣∣∣ Raµ
∣∣∣∣+

q∑
ν=1

log

∣∣∣∣ Rbν
∣∣∣∣

−(ord0f ) logR,

where f (z) = cf z
ord0f + · · · , ord0f ∈ Z, and cf is the leading

nonzero coefficient.
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I Let f be meromorphid on C. Let nf (r ,∞) = # of of poles of
f on the closed disc D(r), counting multiplicity.

I Let

Nf (r ,∞) = nf (0,∞) log r +

∫ r

0
[nf (t,∞)− nf (0,∞)]

dt

t

and Nf (r , a) = N1/(f−a)(r ,∞).

I By the definition of the Lebesgue-Stieltjes integral,

Nf (r , 0) = (ord+
0 f ) log r +

∑
z∈D(r),z 6=0

(ord+
z f ) log

∣∣∣ r
z

∣∣∣ ,
where ord+

z f = max{0, ordz f } is just the multiplicity of the
zero at z .

I Jensen’s formula

log |cf | =

∫ 2π

0
log |f (re iθ)|dθ

2π
+ Nf (r ,∞)− Nf (r , 0).
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I The Nevanlinna’s proximity function mf (r ,∞) is defined by

mf (r ,∞) =

∫ 2π

0
log+ |f (re iθ)|dθ

2π
,

where log+ x = max{0, log x}. For any complex number a, let

mf (r , a) = m1/(f−a)(r ,∞).

I The Nevanlinna’s characteristic function of f is defined by

Tf (r) = mf (r ,∞) + Nf (r ,∞).

Tf (r) measures the growth of f . For example: Tf (r) = O(1)
if and only if f is constant; Tf (r) = O(log r) if and only if f is
a rational function.

I FMT(From Jensen’s formula):
Tf (r) = mf (r , a) + Nf (r , a) + O(1).
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Logarithmic derivative lemma:

I LDL: f meromorphic, then∫ 2π

0
log+

∣∣∣∣ f ′f (re iθ)

∣∣∣∣ dθ2π
≤exc O(log rTf (r)).

I Outline of the proof: We first study f ′/f when f has no zeros
and poles. We let r < s < R and let |z | = r .

I Lemma: Suppose h is holomorphic without zeros on |z | ≤ s.
Then

mh′/h(r) ≤ log+(2s)+2 log+ 1

s − r
+log+ max[mh(s),m1/h(s)]

I Proof. From Jensen’s formula

log |h(z)| =

∫ 2π

0
log |h(se iθ)| s

2 − |z |2

|se iθ − z |2
dθ

2π
.

Differentiating with respect to z under the integral to get

h′/h(z) =

∫ 2π

0
log |h(se iθ)| 2se iθ

(se iθ − z)2

dθ

2π
.
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I Using | logα| = log+ α + log+ 1/α. Then
|h′/h(z)| ≤ 2s

(s−r)2 [mh(s) + m1/h(s)]. Taking log+ and

integrating proves the lemma.

I For general f , let G 0
s (z) =

∏
f (a)=0

s2−āz
s(z−a) and

G∞s (z) =
∏

f (a)=∞
s2−āz
s(z−a) , where the products are taken with

the multiplicities. Let P = Ps := G∞s (z)/G 0
s (z), then

h = fP−1 has no zeros and poles in |z | < s and f = hP.
Notice mf ′/f (r) ≤ mh′/h(r) + mP′/P(r) + log 2, we are able to
estimate mf ′/f to get
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I Theorem:

mf ′/f (r) ≤ 3 log+ R + 4 log+ 1

s − r
+ log+ 1

R − s

+ 3 log+ T (R) + 4 log 2 +
s − r

R − s

R

r
Nf (R, 0 +∞).

I For r < R we choose s such that

s − r

R − s

R

r
=

1
2

Tf (R) + 1
.

Then s−r
R−s

R
r Nf (R, 0 +∞) ≤ 1. Hence,

mf ′/f (r) ≤ 3 log+ R+4 log+ R

r
+5 log+ 1

R − r
+7 log+ T (R)+O(1).
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I Borel’s Growth Lemma:

On [r0,∞) with r0 ≥ e such that
Tf (r) ≥ e on [r0,∞). Then, for every ε > 0, there exists a
closed set E ⊂ [r0,∞) (called the “exceptional set”) of finite
Lebesgue measure such that if we set ρ = r + 1/ log1+ε Tf (r)
for all r ≥ r0 and not in E , we have logTf (ρ) ≤ logTf (r) + 1
and log+ ρ

r(ρ−r) ≤ (1 + ε) log+ logTf (r) + log 2.

I Lemma on the Logarithmic Derivative: Let f be a
non-constant meromorphic function on C. Then∫ 2π

0
log+

∣∣∣∣ f ′f (re iθ)

∣∣∣∣ dθ2π
≤exc O(log+Tf (r) + log r).

I Remark: LDL can also be proved by the negative curvature
method (G-J+Calculus Lemma) using

∂z∂z̄(1 + (log |f |2)2)1/2 = (1 + (log |f |2)2)−3/2|∂z log f |2

+(1 + (log |f |2)2)−1/2(log |f |2)∂z∂z̄ log |f |2.
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I Nevanlinna’s SMT: Let a1, . . . , aq ∈ C ∪ {∞}. Let f be a
non-constant meromorphic function on C. Then for any ε > 0,

then (q − 2)Tf (r) ≤exc
∑q

j=1 N
(1)
f (r , aj) + O(log rTf (r)).

I Corollary(Little Picard’s Thorem): If a meromorphic function f
on C omits three points in C ∪ {∞}, the f must be constant.

I Proof: Use Let δ = mini 6=j{|ai − aj |, 1}. Consider
F (z) :=

∑q
j=1

1
f (z)−aj . For each z , suppose that

|f (z)− aj0 | < δ/3q, then, for j 6= j0, |f (z)− aj | > 2
3δ, so

log+ |F (z)| ≥
q∑

j=1

log+ 1

|f (z)− aj |
− q log+ 2q

δ
− log 2.

The rest follows from the LDL by using
f ′/(f − aj) = (f − aj)

′/(f − aj).
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SMT for entire curves into Pn: Cartan’s Method

I We now consider a holomorphic mapping f : C→ Pn.

I Let g be a meromorphic function. Using
g (l)

g = g (l)

g (l−1)
g (l−1)

g (l−2) . . .
g ′

g , we get, from LDL: Let g be a

non-constant meromorphic function. For t > 0 with
0 < tl < p′ < 1, we have, for any 0 < r < R,

1

2π

∫ 2π

0

∣∣∣∣∣g (l)(re iθ)

g(re iθ)

∣∣∣∣∣
t

dθ ≤ C

(
R

r(R − r)
Tg (R)

)p′

.

I If Hj : Lj(x) = 0, 1 ≤ j ≤ q, be hyperplanes in general
position, then, for every z ∈ C,

‖f (z)‖q

|L1(f )(z) · · · Lq(f )(z)|
≤ C

‖f (z)‖n+1

|Li1(f )(z) · · · Lin+1(f )(z)|
.

I If f is linearly non-degenerate, then W (f0, . . . , fn) 6≡ 0.
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I Let g be a meromorphic function. Using
g (l)

g = g (l)

g (l−1)
g (l−1)

g (l−2) . . .
g ′

g , we get, from LDL: Let g be a

non-constant meromorphic function. For t > 0 with
0 < tl < p′ < 1, we have, for any 0 < r < R,

1

2π

∫ 2π

0

∣∣∣∣∣g (l)(re iθ)

g(re iθ)

∣∣∣∣∣
t

dθ ≤ C

(
R

r(R − r)
Tg (R)

)p′
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Us the property that

W (f0, . . . , fn)

Li0(f ) · · · Lin(f )
= Ci0,...,in

W (Li0(f ), . . . , Lin(f ))

Li0(f ) · · · Lin(f )
,

then

W (f0, . . . , fn)

L1(f ) · · · Lq(f )
=

Ci0,...,in

Lin+1(f ) · · · Liq(f )

W (Li0(f ), . . . , Lin(f ))

Li0(f ) · · · Lin(f )
.

The technique is called ”pole-type converter” by Siu. We have, for
0 < r < R and 0 < n(n+1)t

2 < p′ < 1,∫
|z|=r

∣∣∣∣ W (f0, . . . , fn)

L1(f ) · · · Lq(f )

∣∣∣∣t ‖f ‖t(q−n−1) dθ

2π
≤ C

(
R

r(R − r)
Tf (R)

)p′

.
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I By Jensen’s formula, we have

−
q∑

j=1

N
[n]
f (Hj , r) ≤

∫
S(r)

log
∣∣∣ W (f0, . . . , fn)

L1(f ) · · · Lq(f )

∣∣∣dθ
2π

+ O(1),

which proves

I Cartan’s SMT: Let f : Cm → Pn be a meromorphic map
which is non-degenerate and H1, ...,Hq be hyperplanes in Pn

located in general position. Then,

(q− n− 1)Tf (r) ≤exc
∑q

j=1 N
[n]
f (Hj , r) +O(logTf (r) + log r).

I Corollary: Any holomorphic mapping f : C→ Pn omitting
n + 2 hyperplanes in general position must be linearly
degenerate.
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The degenerate case

I We consider hyeprplanes Hj , 1 ≤ j ≤ q, in Pm(C), which is
given by

Hj = {X = [x0 : · · · : xm] | Lj(x0, . . . , xm) = 0}.

I H1, . . . ,Hq (or L1, . . . , Lq) are said to be in n-subgeneral
position if, for every 1 ≤ i0 < · · · < in ≤ q, the linear forms
Li0 , . . . , Lin are linear independent.

I If H1, . . . ,Hq in Pn(C) are in general position, then
H1 ∩ Pm(C), . . .H1 ∩ Pm(C) are in n-subgeneral position in
Pm(C) for n ≥ m.
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Nochka’s theorem:

Let H1, . . . ,Hq (or L1, . . . , Lq) be hyperplanes
in Pm(C) in n−subgeneral position. Then there is a
ω : {1, . . . , q} → R(0, 1], called a Nochka weight, and a real
number θ ≥ 1 called Nochka constant with
θ(
∑q

j=1 ω(j)−m − 1) = q − 2n + k − 1,
1 ≤ (n + 1)/(m + 1) ≤ θ ≤ (2n −m + 1)/(m + 1) and that, for
given real numbers E1, . . . ,Eq with Ej ≥ 1 for 1 ≤ j ≤ q, and given
any Y ⊂ {1, . . . , q} with 0 < #Y ≤ n + 1, there exists a subset M
of Y with #M = dim L(Y ) such that {Lj}j∈M is a basis for L(Y )
where L(Y ) is the linear space generated by {Lj |j ∈ Y }, and∏

j∈Y
E
ω(j)
j ≤

∏
j∈M

Ej .
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Degenerated SMT(Cartan’s Conjecture), Nochka:

Let
f = [f0 : · · · : fn] : C→ Pn(C) be a holomorphic map whose image
is contained in some m-dimensional subspace but not in any
subspace of dimension lower than m. Let Hj , 1 ≤ j ≤ q, be
hyperplanes in general position. Assume that f (C) 6⊂ Hj for
1 ≤ j ≤ q. Then

q∑
j=1

mf ,Hj
(r) +

(
n + 1

m + 1

)
N(Rf , r) ≤exc (2n −m + 1)Tf (r)

+O(logTf (r) + log r) + O(1).

In particular, Pn minus 2n + 1 hyperplanes in general position is
hyperbolic.
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Proof:

We may assume that f (C) ⊂ Pm(C), so f : C→ Pm(C) is
a linearly non-degenerate holomorphic map. We also assume that
q ≥ 2n −m + 1. Denote by Ĥj = Hj ∩ Pm(C). Then Ĥj are
hyperplanes in Pm(C) located in n-subgeneral position. Since
H1, . . . ,Hq are hyperplanes in general position, for each z ∈ C,
there are indices i(z , 0), . . . , i(z , n) ∈ {1, . . . , q} such that

q∏
j=1

(
‖f (z)‖‖Lj‖
|Lj(f )(z)|

)ω(j)

≤ C
n∏

t=0

(
‖f (z)‖‖L̂i(z,t)‖
|Li(z,t)(f )(z)|

)ω(i(z,t))

where ω(j) is the Nochka weight corresponding to Ĥj . Applying

Nochka’s theorem with Et =
‖f (z)‖‖L̂i(z,t)‖
|Li(z,t)(f )(z)| ≥ 1, 0 ≤ t ≤ n, there is a

subset M of Y = {i(z , 0), . . . , i(z , n)} with #M = m + 1 such
that {L̂i(z,j)|i(z , j) ∈ M} is linearly independent, and

n∏
t=0

(
‖f (z)‖‖L̂i(z,t)‖
|Li(z,t)(f )(z)|

)ω(i(z,t))

≤
∏

i(z,j)∈M

(
‖f (z)‖‖L̂i(z,j)‖
|Li(z,j)(f )(z)|

)
.

Thus we can apply cartan’s theorem.
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hyperplanes in Pm(C) located in n-subgeneral position. Since
H1, . . . ,Hq are hyperplanes in general position, for each z ∈ C,
there are indices i(z , 0), . . . , i(z , n) ∈ {1, . . . , q} such that

q∏
j=1

(
‖f (z)‖‖Lj‖
|Lj(f )(z)|

)ω(j)

≤ C
n∏

t=0

(
‖f (z)‖‖L̂i(z,t)‖
|Li(z,t)(f )(z)|

)ω(i(z,t))

where ω(j) is the Nochka weight corresponding to Ĥj . Applying
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Extension of Cartan’s theorem to hypersurfaces

I Theorem (Min Ru, 2009): Let V ⊂ PN be a complex
projective variety of dimension n ≥ 1. Let D1, . . . ,Dq be
hypersurfaces in PN of degree dj , located in general position
in V . Let f : C→ V be a Zariski dense holomorphic map.
Then, for every ε > 0,

q∑
j=1

d–1
j mf (r ,Dj). ≤ .(n + 1 + ε)Tf (r).
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I Proof:

We assume that d1 = · · · = dq = d .

I By considering the map φ : V → Pq−1(C) defined by
φ(w) = [Q1(w) : · · · : Qq(w)], we only need to consider the
coordinate hyperplanes in X = φ(V ) for f : C→ X ⊂ PN .

I We use the Veronese mapping to linearlize X . Namely, let
Vm = C[x0, . . . , xN ]m/(IX )m, then
dimVm = nm + 1 := HX (m). Fix a basis φ0, . . . , φnm of
Vm, and consider F = [φ0(f ) : · · · : φnm(f )] : C→ Pnm .

I Consider monomial basis {xaj} of Vm, then
xaj = Lj(φ0, . . . , φnm). Applying Cartan’s SMT for F with
linear forms Lj , we get, for every ε > 0,

∫ 2π

0
max
K

log

∏
j∈K

‖F (re iθ)‖‖Lj‖
|Lj(F )(re iθ)|

 dθ

2π
. ≤ .(nm + 1 + ε)TF (r).
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∏
j∈K

‖F (re iθ)‖‖Lj‖
|Lj(F )(re iθ)|

 dθ

2π
. ≤ .(nm + 1 + ε)TF (r).
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I Since Lj(φ0, . . . , φnm) = xaj and F = [φ0(f ) : · · · : φnm(f )], we
get, with aj = (aj0, . . . , ajN),

max log
nm+1∏
j=1

1

|Lj(F )(z)|
= max log

nm+1∏
j=1

1∏N
i=0 |fi (z)|aji

= max
nm+1∑
j=1

 N∑
i=0

aji log(‖f (z)‖/|fi (z)|)︸ ︷︷ ︸
ci (z)


︸ ︷︷ ︸

SX (m,c(z))

−m(nm+1) log ‖f (z)‖,

where the max is taken over all possible monomial basis,
ci (z) = log(‖f (z)‖/|fi (z)|), c(z) = (c0(z), . . . , cN(z)),

I SX (m, c) = max(
∑nm+1

j=1 aj · c) for c = (c0, . . . , cN) is called
the Hilbert Weight of X with respect to c.
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I Theorem A: Assume that f : C→ X ⊂ PN is Zariski dense.
For every ε > 0, we have, for m big enough,∫ 2π

0

1

mHX (m)
SX (m, c(re iθ))

dθ

2π
. ≤ .(1 + ε)Tf (r)

where SX (m, c) is the Hilbert weight of X with respect to
c(z) = (log(‖f (z)‖/|f0(z)|), . . . , log(‖f (z)‖/|fN(z)|)),
nm + 1 := HX (m).

I Theorem B:

1

deg(X )(dim(X ) + 1)

∫ 2π

0
eX (c(re iθ))

dθ

2π
. ≤ .(1 + ε)Tf (r)

where eX (c) is the Chow weight of X with respect to
c(z) = (log(‖f (z)‖/|f0(z)|), . . . , log(‖f (z)‖/|fN(z)|)).
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I Theorem B is obtained from Theorem A using Mumford’s
result

lim
m→∞

1

mHX (m)
SX (m, c) =

1

(dim(X ) + 1) deg(X )
eX (c).

I It can be proved that if the coordinate hyperplanes are in
general position on X , then

eX (c) ≥ (ci0 + · · ·+ cin).

Theorem B together with the above result implies the
following result:
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I Theorem: Let f = (f0 : · · · : fN) : C→ X ⊂ PN(C) be a
Zariski-dense holomorphic map, where dimX = n. Assume
that the coordinate hyperplanes are in general position on X .
Then, for every ε > 0,∫ 2π

0
max
i0,...,in

log
n∏

k=0

‖f (re iθ)‖
|fik (re iθ)|

dθ

2π
≤exc (n + 1 + ε)Tf (r).

I Let f : C→ V be a Zariski-dense holomorphic map. For given
hypersurfaces D1, . . . ,Dq defined by Q1, . . . ,Qq, assuming
they have the same degree, we consider the map
φ : V → Pq−1(C) defined by φ(w) = [Q1(w) : · · · : Qq(w)].
The above theorem, when applying to X = φ(V ) and
F = φ ◦ f : C→ X , implies the SMT for hypersurfaces.
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I Recall the definition of Chow weight: To X ⊂ PN with
dimX = n, degX = d , we can associate, up to a constant
scalar, a unique polynomial

FX (u0, . . . , un)

in n + 1 blocks of variables ui = (ui0, . . . , uiN), i = 0, . . . , n,
which is called the Cayley-Chow form of X , with the following
properties:

FX is irreducible and homogeneous of degree 4 in
each block ui , i = 0, . . . , n,; and FX (u0, . . . , un) = 0 if and
only if X ∩ Hu0 ∩ · · · ∩ Hun 6= ∅.
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I Let t be an auxiliary variable. We consider the decomposition

FX (tc0u00, . . . , t
cNu0N ; . . . ; tc0un0, . . . , t

cNunN)

= te0G0(u0, . . . , un) + · · ·+ terGr (u0, . . . , un)

with e0 > e1 > · · · > er .

We define the Chow weight of X
with respect to c by

eX (c) := e0.
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Hyperbolicity

I For a complex manifold, n = dimCX , one defines the
Kobayashi pseudo-metric : x ∈ X , ξ ∈ TX

κx(ξ) = inf{1

r
; there is f : D(r)→ X , f (0) = x , f∗(0) = ξ}

I On Cn,Pn or complex tori X , one has κX ≡ 0.

I X is said to be hyperbolic (in the sense of Kobayashi) if the
associated integrated pseudo-distance is a distance (i.e. it
separates points).

I Theorem (Brody): If X is compact then X is Kobayashi
hyperbolic if and only if there are no entire holomorphic
curves f : C→ X (Brody hyperbolicity).

I Conjecture (S. Lang) If a projective variety X defined over Q
is hyperbolic, then X (Q) is finite.
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The negative curvature method

I Let X be a Riemann surface, i.e., a 1-dimensional complex
manifold. Let

dσ2 = 2a(z)dzdz̄

be a Hermitian pseudo-metric on X . Gauss curvature:

K = −1
a
∂2 log a
∂z∂z̄ .

I Example: Let D(r) be the disc of radius r on C. The Poincare

metric ds2 = 4r2dzdz̄
(r2−|z|2)2 has K ≡ −1.

I Ahlfors’s Schwarz lemma: Let dσ2 be any Hermitian
pseudo-metric on D whose Gaussian curvature is bounded
above by −1. Then dσ2 ≤ ds2

P .

I Corollary: X be a Riemann surface with Kds2 ≤ −1. Then X
is hyperbolic.
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I Let M ′ be a complex submanifold of a Hermitian manifold M.
Then the holomorphic sectional curvature H ′ds2 of M ′ does not
exceed the holomorphic sectional curvature Hds2 of M.

I Let (M, ds2
M) be a Hermitian manifold whose holomorphic

sectional curvature (in the classical sense) is bounded above
by −1, then f ∗ds2

M ≤ ds2 for f ∈ Hol(D,M), where ds2 is
the Poincaré metric of the unit disc D.

I Let (M, ds2
M) be a Hermitian manifold whose holomorphic

sectional curvature (in the classical sense) is bounded above
by −1. Then M is hyperbolic.
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the Poincaré metric of the unit disc D.

I Let (M, ds2
M) be a Hermitian manifold whose holomorphic

sectional curvature (in the classical sense) is bounded above
by −1. Then M is hyperbolic.

27 / 37



I Let M ′ be a complex submanifold of a Hermitian manifold M.
Then the holomorphic sectional curvature H ′ds2 of M ′ does not
exceed the holomorphic sectional curvature Hds2 of M.

I Let (M, ds2
M) be a Hermitian manifold whose holomorphic

sectional curvature (in the classical sense) is bounded above
by −1, then f ∗ds2

M ≤ ds2 for f ∈ Hol(D,M), where ds2 is
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The construction of metrics

I let M = P1(C)− {ai}qi=1 and let ‖z , a‖ denote the spherical
distance of P1(C). Define a hermitian metric dσ2 on M by

dσ2 =
1∏q

i=1 ‖z , ai‖2(log c‖z , ai‖2)2
· 4

(1 + |z |2)2
dzdz̄

where c > 0 is a constant.

Taking small c > 0, one finds that
the Gaussian curvature Kdσ2 ≤ −k < 0 with a constant
k > 0. So M is Kobayashi hyperbolic.

I Pn − ∪qj=1Hj , where Hj are hyperplanes in general position
and q ≥ 2n + 1. Assume that there exists a non-constant
holomorphic map f : D(R)→ Pn − ∪qj=1Hj . Assume that
f : D(R)→ Pm be linearly non-degenerate, and let ω(j) be
the Nochka weight associated to Hj ∩ Pm.
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holomorphic map f : D(R)→ Pn − ∪qj=1Hj . Assume that
f : D(R)→ Pm be linearly non-degenerate, and let ω(j) be
the Nochka weight associated to Hj ∩ Pm.
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I Use Ahlfors’ method:

Let Fk be the k-th associated map of f .

Let φk(H) = ‖Fk ;H‖, Ωk =
√
−1

2π ak(z)dz ∧ dz̄ and

σk = Ck
∏q

j=1

[(
φk+1(Hj )
φk (Hj )

)ω(j)
· 1

(N−log φk (Hj ))2

]λk
· ak , where

Ck is the positive constant, λk = 1/[m − k + 2q(m − k)2/N]
and N ≥ 1.

I We take the geometric mean of σk and define

Γ =
√
−1

2π c
∏m−1

k=0 σ
βm/λk
k dz ∧ dz̄ , where βm = 1/

∑m−1
k=0 λ

−1
k

and c = 2(
∏m−1

k=0 λ
λ−1
k

k )βm . Then For q ≥ 2n −m + 2, and

2q/N <
∑q

j=1 ω(j)−(m+1)

m(m+2) , Ric Γ ≥ Γ. So f is constant.

I Write Γ =
√
−1

2π h(z)dz ∧ dz̄ , then

h(z) = c
∏q

j=1

(
1

φ
ω(j)
0 (Hj )

)βm ∏q
j=1

[∏m−1
k=0

a
βm/λk
k

(N−log φk (Hj ))2βm

]
.
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Extention of LDL

I Recall LDL: f meromorphic, then∫ 2π

0
log+

∣∣∣∣ f ′f (re iθ)

∣∣∣∣ dθ2π
≤exc O(log rTf (r)).

I Consider on P1 with inhomogeneous coordinate w , and
consider ω = dw/w (differential form with log-singualrity
along D = {0,∞}, and write f ∗ω = ζdz), then∫ 2π

0
log+ |ζ(re iθ)|dθ

2π
≤exc O(log rTf (r)).
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Let M be a compact complex manifold.

Let D = D1 + · · ·+ Dq

be a divisor on M in simple normal crossing. For simplicity we also
assume that D ′i are linearly equivalent. Denote by Ωk

M(logD) the
logarithmic cotangent bundle of M of weight k with at worst
simple poles along D, i.e., for each point x ∈ M, the fiber
Ωk
M,x(logD) consists of polynomials ω, such that ∪Dj is defined by∏m
j=1 zj = 0 for some local coordinate system z1, . . . , zn of x , and

ω is of the form

ω =
∑

ν1+···+νn=k

aν1,...,νn(z1, . . . , zn)

(
dz1

z1

)ν1

· · ·
(
dzq
zm

)νm
. . . (dzm+1)νm+1 · · · (dzn)νn .
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I Generalized LDL: Let D be a divisor of simple normal crossing
on a compact complex manifold M or let D be a trivial
divisor. Let ω ∈ H0(M,Ωk

M,x(logD). Let f : C→ M be a
holomorphic curve. Write f ∗ω = ζdz , then∫ 2π

0
log+ |ζ(re iθ)|dθ

2π
≤exc O(log rTf (r)).

Reason: Can use meromorphic functions as coordinate
functions to bound ω so LDL can be applied.

I Schwarz Lemma: Let E be a very ample divisor and D be a
divisor of simple normal crossing on a compact complex
manifold M or let D be a trivial divisor. Let f : C→ M − D
be a holomorphic curve, then f ∗ω ≡ 0 for all non-trial
ω ∈ H0(M,Ωk

M(logD)⊗ [−E ]).
Reason: Vanishing on an ample divisor E contributes to faster
growth than O(logTf (r) + log r).
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I One usually uses Riemann-Roch, together with some
vanishing theorems, to produce a meromorphic differential
ω ∈ H0(M,Ωk

M(logD)⊗ [−E ]) in order to use Schwarz
lemma.

33 / 37



I The case of logarithmic jet differentials are defined
analogously. Consider algebraic differential operators which
can be written locally in multi-index notation

P(f[k]) = P(f ′, f ′′, ..., f (k))

=
∑

aα1···αk
(f (t))f ′(t)α1f ′′(t)α2 · · · f (k)(t)αk

where aα1···αk
(z) are holomorphic coefficients on X and

t → z = f (t) is a curve, f[k] = (f ′, f ′′, ..., f (k)) its k-jet.
Obvious C∗-action :

λ · f (t) = f (λt), (λ · f )(k)(t) = λk f (k)(λt)

implies weighted degree m = |α1|+ 2|α2|+ · · ·+ k |αk |.
I Define EGG

k,m = the sheaf (bundle) of algebraic differential
operators of order k and weighted degree m.
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I Schwarz Lemma. Let D be a divisor of simple normal crossing
on a compact complex manifold M or let D be a trivial
divisor. Let f : C→ M − D be a holomorphic curve, Let
P ∈ H0(X ,EGG

k,m(logD)⊗O(−A)) be a global algebraic
differential operator whose coefficients vanish on some ample
divisor A. Then P(f[k]) ≡ 0.

I Proof of the case that f is a Brody curve: One can assume
that A is very ample and intersects f (C). Also assume f ′

bounded (this is not so restrictive by Brody!). Then all f (k)

are bounded by Cauchy inequality.Hence
t ∈ C→ P(f ′, f ′′, ..., f (k))(t) is a bounded holomorphic
function on C which vanishes at some point. Apply Liouville’s
theorem!
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bounded (this is not so restrictive by Brody!). Then all f (k)

are bounded by Cauchy inequality.

Hence
t ∈ C→ P(f ′, f ′′, ..., f (k))(t) is a bounded holomorphic
function on C which vanishes at some point. Apply Liouville’s
theorem!
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I Conjecture(Green-Griffthis, Lang):

Let M be a projective
manifold of general type. Then there exists a subvariety
Y ⊂ M such that for every non constant entire curve
f : C→ M, f (C) ⊂ Y .

I By definition, proving the algebraic degeneracy means finding
a nonzero polynomial P on M such that P(f ) = 0. All known
methods of proof are based on establishing first the existence
of certain algebraic differential equations
P(f , f ′, f ′′, . . . , f (k)) = 0 of some order k, and then trying to
find enough such equations so that they cut out a proper
algebraic locus Y ⊂ M.
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The construction (existence) of holomorphic jet differential on M
can be achieved by using RR+vanishing theorem, or using
Holomorphic Morse inequalities.

Recently Demailly constructed the
holomorphic jet differential on M so that the Schwarz lemma can
be applied when KM > 0. Also, S. Diverio, J. Merker, and E.
Rousseau improved the result of Siu, and showed that if X ⊂ Pn+1

with dimX = n and deg(X ) ≥ 2n
5
, then there is proper subvarity

Y of X such that any non-constant holomorphic map f : C→ X
satisfies f (C) ⊂ Y . In addition, S. Diverio and S. Trapani recently
showed that one can indeed get codimY ≥ 2 and therefore a
generic hypersurface X ⊂ P4 of degree d ≥ 593 is hyperbolic.
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