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» Jensen Formula: Let f % 0 be meromorphic on the closed disc
D(R), R < co. Let a1,...,a, denote the zeros of f in D(R),
counting multiplicities, and let by, ..., by denote the poles of
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where f(z) = ¢rzo%f ... ordof € Z, and ¢ is the leading
nonzero coefficient.

)
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> Let f be meromorphid on C. Let ns(r,00) = # of of poles of
f on the closed disc D(r), counting multiplicity.
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> Let f be meromorphid on C. Let ns(r,00) = # of of poles of
f on the closed disc D(r), counting multiplicity.

> Let
r dt
Ni(r.50) = ns(0.00) og £+ [ [nr(t,50) — mi(0,00))
0

and Ny (r,a) = Ny/r_z)(r,0).
» By the definition of the Lebesgue-Stieltjes integral,

)
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Let f be meromorphid on C. Let nf(r,00) = # of of poles of
f on the closed disc D(r), counting multiplicity.

Let
N¢(r,o00) = ng(0,00) log r + /or[nf(ta o) — n¢ (0, OO)]%

and Ny (r,a) = Ny/r_z)(r,0).
By the definition of the Lebesgue-Stieltjes integral,

Ne(r,0) = (ord{ f)logr+ Y (ordff)log )5
zeD(r),z#0 z

)

where ord} f = max{0,ord,f} is just the multiplicity of the
zero at z.

Jensen's formula

2
T 0\, do
ogcr| = [ log |F(re) 5 + Wi(r. o) = Ni(r.0).
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» The Nevanlinna's proximity function me¢(r,00) is defined by

2
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mi(r,oc) = [ log" [£(re")| 5.
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where log™ x = max{0, log x}. For any complex number a, let

mf(r7 a) = ml/(f—a)(rv OO)
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27 . do
me(r,00) = / log™ |f(re’9)|2—,
0 vy

where log™ x = max{0, log x}. For any complex number a, let

mf(r7 a) = ml/(f—a)(rv OO)

» The Nevanlinna’s characteristic function of f is defined by
Te(r) = me(r,00) + Ne(r, 00).

T¢(r) measures the growth of f. For example: T¢(r) = O(1)
if and only if f is constant; T¢(r) = O(logr) if and only if f is
a rational function.

» FMT(From Jensen's formula):
Te(r) = me(r,a) + Ne(r,a) + O(1).
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» Using |loga| = log™ a + log™ 1/a. Then
|h /h(z)| < (SE%)Q[mh(s) + myp(s)]. Taking log® and
integrating proves the lemma.
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» Using |loga| = log™ a + log™ 1/a. Then
|h /h(z)| < (SE%)Q[mh(s) + myp(s)]. Taking log® and
integrating proves the lemma.
» For general f, let G9(z) = [T

G(2) = [1f(a)=c0 %, where the products are taken with

the multiplicities. Let P = Ps := G°(z)/G2(z), then

h = fP~! has no zeros and poles in |z| < s and f = hP.
Notice mer/¢(r) < my p(r) + mpr/p(r) + log2, we are able to
estimate my /¢ to get

) and

Os(z a
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» Theorem:

1 1
/ < 3log" R+4logt —— +log" ——
mee(r) < 3logT R+ 4log < + log -

—r

+ 3mg+7xR)+-4bg2+-;

'R
r7NdR0+m)

— S
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» Theorem:

mere(r) < 3logt R+ 4log™

+ 3logt T(R) +4log2 + ;

» For r < R we choose s such that

s—r R

N

+| L
og* R_s<

R
r*Nf(R 0+ c0).

R—sr TAR)+1

Then 52 B N¢(R,0+ 00) < 1. Hence,

R
my /¢(r) < 3log* R+4log™ 7+5 log

- %rw logt T(R)+0(1).
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T¢(r) > e on [ry,00). Then, for every € > 0, there exists a
closed set E C [rp, 00) (called the “exceptional set”) of finite
Lebesgue measure such that if we set p = r 4+ 1/ log!™ T¢(r)
for all r > rp and not in E, we have log T¢(p) < log T¢(r) + 1
and log™ r(pp_r) < (14 ¢€)log™ log T¢(r) + log 2.

» Lemma on the Logarithmic Derivative: Let f be a
non-constant meromorphic function on C. Then
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/ log™
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» Borel's Growth Lemma: On [ry, 00) with rp > e such that

T¢(r) > e on [ry,00). Then, for every € > 0, there exists a
closed set E C [rp, 00) (called the “exceptional set”) of finite
Lebesgue measure such that if we set p = r 4+ 1/ log!™ T¢(r)
for all r > rp and not in E, we have log T¢(p) < log T¢(r) + 1
and log™ r(pp_r) < (14 ¢€)log™ log T¢(r) + log 2.
Lemma on the Logarithmic Derivative: Let f be a
non-constant meromorphic function on C. Then

ool do
—(re’e) E

21
f
/ log™
0

; <exc O(log™ T¢(r) + logr).

Remark: LDL can also be proved by the negative curvature
method (G-J+Calculus Lemma) using
005 (1 + (log|F[*)*)M/? = (1 + (log | [*)?)~*/?|0; log |
+(L+ (log |F*)*) 72 (log |£|*)0,0; log | .
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» Nevanlinna's SMT: Let a1,...,a4 € CU{oo}. Let f be a
non-constant meromorphic function on C. Then for any € > 0,

then (g —2) Tr(r) <exe 2204 NE(r, 3) + O(log rTe(r)).
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» Nevanlinna's SMT: Let a1,...,a4 € CU{oo}. Let f be a
non-constant meromorphic function on C. Then for any € > 0,

then (g —2) Tr(r) <exe 2204 NE(r, 3) + O(log rTe(r)).
» Corollary(Little Picard’s Thorem): If a meromorphic function f
on C omits three points in CU {oo}, the f must be constant.

» Proof: Use Leté— minjzi{|a; — aj|, 1}. Consider
F(z):=>7, f(z) . For each z, suppose that

|f(z) — aJO|<5/3q,then,forj;£Jo, f(2) — aj| > 34, so
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» Nevanlinna's SMT: Let a1,...,a4 € CU{oo}. Let f be a
non-constant meromorphic function on C. Then for any € > 0,

then (g —2) Tr(r) <exe 2204 NE(r, 3) + O(log rTe(r)).
» Corollary(Little Picard’s Thorem): If a meromorphic function f
on C omits three points in CU {oo}, the f must be constant.

» Proof: Use Let5— minjzi{|a; — aj|, 1}. Consider
F(z):=>7, f(z) . For each z, suppose that

|f(z) — aj)] <6/3q, then, for j # jo, |f(z) — aj| > 36, so
+ > _
log™ |F(2)| Z log™ | qlog™ 5 — log 2.

The rest follows from the LDL by using
F1/(f = aj) = (f — )/ (f — 3)).
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» We now consider a holomorphic mapping f : C — P".

» Let g be a meromorphic function. Using
() () g(I=1) /
g? = ﬁ% e gE’ we get, from LDL: Let g be a

non-constant meromorphic function. For t > 0 with
0<tl<p <1, wehave, forany 0 < r < R,

t /

1 [2r R
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do < C (r(R_r)Tg(R)>p .

10/37



SMT for entire curves into P": Cartan’s Method

» We now consider a holomorphic mapping f : C — P".

» Let g be a meromorphic function. Using
g gl gU-D

g = g0-D 40 "'gE/' we get, from LDL: Let g be a
non-constant meromorphic function. For t > 0 with
0<tl<p <1, wehave, forany 0 < r < R,

t /

do < C (r(RR_r) Tg(R)>p |

» If Hj: Lj(x) =0,1 </ < gq, be hyperplanes in general
position, then, for every z € C,

()9

1 27 g(/)(reie)

g(rei?)

2r Jo

n+1
B 1]

ILi(F)(2) - La(F)(2)] — " [La(F)(2) -+ Lipu (F)(2)]

10/37



SMT for entire curves into P": Cartan’s Method

» We now consider a holomorphic mapping f : C — P".

» Let g be a meromorphic function. Using
g gl gU-D

g = g0-D 40 "'gE/' we get, from LDL: Let g be a
non-constant meromorphic function. For t > 0 with
0<tl<p <1, wehave, forany 0 < r < R,

t /

do < C (r(RR_r) Tg(R)>p |

» If Hj: Lj(x) =0,1 </ < gq, be hyperplanes in general
position, then, for every z € C,

()9

1 27 g(/)(reie)

g(rei?)

2r Jo

n+1
B 1]

ILi(F)(2) - La(F)(2)] — " [La(F)(2) -+ Lipu (F)(2)]

» If f is linearly non-degenerate, then W(fy,...,f,) Z0.

10/37



SMT for entire curves into P": Cartan’s Method

» We now consider a holomorphic mapping f : C — P".

» Let g be a meromorphic function. Using
g gl gU-D

g = g0-D 40 "'gE/' we get, from LDL: Let g be a
non-constant meromorphic function. For t > 0 with
0<tl<p <1, wehave, forany 0 < r < R,

t /

do < C (r(RR_r) Tg(R)>p |

» If Hj: Lj(x) =0,1 </ < gq, be hyperplanes in general
position, then, for every z € C,

()9

1 27 g(/)(reie)

g(rei?)

2r Jo

n+1
B 1]

ILi(F)(2) - La(F)(2)] — " [La(F)(2) -+ Lipu (F)(2)]

» If f is linearly non-degenerate, then W(fy,...,f,) Z0.

10/37



Us the property that

W(fo,..., 1)

11/37



Us the property that

W(fo,..., 1)

11/37



Us the property that

W(fo,..., 1)
Li(f)---Li()

then
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)
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The technique is called " pole-type converter” by Siu.
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Us the property that

W(ﬂ),-‘wfn) - C . W(Lio(f)" ’Lin(f))
Li(F)---Li,(F) — " Lig(F)--- Li(F)
then
W(f,...,f) Cioroooiv W(Li(f), .-, Li,(f))
Li(F)- - Lg(f) — Lipy(F)---Li(F)  Li(F)---Lif(F)

The technique is called " pole-type converter” by Siu. We have, for

0<r<Rand0< 2t < <1,

/ W(fy,..., 1)
|z|=r

t do
— o) g tla-n-N =2 < ¢
LA Ly |1 2

™ (r(R—r)
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> By Jensen's formula, we have

q
YoM < [ sl
= S(r) 1(

(... |0
“Lg(f)l2m

+ O(1),
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given by
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» Hi,...,Hg (or Li,...,Lg) are said to be in n-subgeneral
position if, for every 1 < ip < --- < i, < g, the linear forms
Ly, ..., L;, are linear independent.

» If Hy,...,Hq in P"(C) are in general position, then
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Degenerated SMT(Cartan’s Conjecture), Nochka: Let

f=1[fp: - :f):C— P"(C) be a holomorphic map whose image
is contained in some m-dimensional subspace but not in any
subspace of dimension lower than m. Let H;, 1 < j < g, be
hyperplanes in general position. Assume that f(C) ¢ H; for
1<j<gq. Then

n+1
m+1

+O(log T¢(r) + log r) + O(1).

> N(Rf, r) <exc (2n — m+ 1) T¢(r)

-

In particular, P" minus 2n 4 1 hyperplanes in general position is
hyperbolic.
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where w(j) is the Nochka weight corresponding to H Applying

Nochka's theorem with E; = W> 1,0 <t <n, thereis a

subset M of Y = {i(z,0),...,i(z,n)} with #M = m + 1 such
that {Lj;j|i(z,j) € M} is Iinearly independent, and
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Thus we can apply cartan's theorem.
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Extension of Cartan's theorem to hypersurfaces

» Theorem (Min Ru, 2009): Let V C PN be a complex
projective variety of dimension n > 1. Let Dy,...,Dg be
hypersurfaces in PN of degree d;, located in general position

in V. Let f : C — V be a Zariski dense holomorphic map.
Then, for every ¢ > 0,

q
> ditme(r, D)) < (n+ 1+ €)Te(r).
j=1
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get, with a; = (ajo,...,ajn),

nm+1 nm+1
max log ————— = maxlog
H |L H HI O|f |aﬂ
nm+1 N
=max > [ Y ailog(|f(2)Il/I(2)]) | —m(nm+1)log]|f ()],
=1\ /=0 ci(2)
Sx(m,c(z2))

where the max is taken over all possible monomial basis,
ci(z) = log([[f (2)[|/|fi(2)]), e(z) = (co(2), ..., en(2)),

» Sx(m,c) = max(zj’-’gfl aj - c) for c = (cp,...,cn) is called
the Hilbert Weight of X with respect to c.
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» Theorem A: Assume that f : C — X C PN is Zariski dense.
For every € > 0, we have, for m big enough,

[ e sx(m e & < (14970
———Sx(m,c(re"”))—. <. €

o mHx(m)> XV 2 f
where Sx(m, c) is the Hilbert weight of X with respect to

c(z) = (log([lf(2)lI/fo(2)]), - - -, log([IF (2)I/|fn(2)])).
nm+1:= Hx(m).
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» Theorem B is obtained from Theorem A using Mumford's
result
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> It can be proved that if the coordinate hyperplanes are in
general position on X, then

ex(c) > (ciy + -+ +¢,)-

Theorem B together with the above result implies the
following result:
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» Theorem: Let f = (fy:---:fy): C—= X CPY(C)bea
Zariski-dense holomorphic map, where dim X = n. Assume

that the coordinate hyperplanes are in general position on X.

Then, for every € > 0,
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» Theorem: Let f = (fy:---:fy): C—= X CPY(C)bea
Zariski-dense holomorphic map, where dim X = n. Assume
that the coordinate hyperplanes are in general position on X.
Then, for every € > 0,

o 1 IIF(re)] dO
/0 ImaﬁnlogHW% Sexc (n+1+€)Tf(r)
k=0

» Let f : C — V be a Zariski-dense holomorphic map. For given
hypersurfaces Dy, ..., Dq defined by Q1, ..., Qq, assuming
they have the same degree, we consider the map
¢: V — P971(C) defined by ¢(w) = [Qi(w) : -+ : Qq(w)].
The above theorem, when applying to X = ¢(V) and
F=¢of:C— X, implies the SMT for hypersurfaces.



» Recall the definition of Chow weight: To X c PN with
dim X = n,deg X = d, we can associate, up to a constant
scalar, a unique polynomial

Fx(U()7 ey Un)

in n+ 1 blocks of variables u; = (ujo,...,uin),i =0,...,n,
which is called the Cayley-Chow form of X, with the following
properties:
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which is called the Cayley-Chow form of X, with the following
properties: Fyx is irreducible and homogeneous of degree A in
each block uj,i =0,...,n,; and Fx(uo,...,u,) =0 if and
only if XN Hyy N -+ N H,, #0.
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> Let t be an auxiliary variable. We consider the decomposition
Fx(tcouOo, e, tNugps .t PUng, tCNUnN)

= teoGo(uO,...,un)—l—--'—l- te’G,(uo,...,u,,)

with ¢g > e > - > e,.
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Hyperbolicity

» For a complex manifold, n = dimc X, one defines the
Kobayashi pseudo-metric : x € X, £ € TX

al€) = inf (" sthere is £ - D(r) = X, £(0) = x,£.(0) = €}
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The negative curvature method

> Let X be a Riemann surface, i.e., a 1-dimensional complex
manifold. Let
do® = 2a(z)dzdz

be a Hermitian pseudo-metric on X. Gauss curvature:
_ —18%loga
K= 7 "z -
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The negative curvature method

> Let X be a Riemann surface, i.e., a 1-dimensional complex
manifold. Let
do® = 2a(z)dzdz

be a Hermitian pseudo-metric on X. Gauss curvature:
_ —18%loga
K= 7 "z -

» Example: Let D( ) be the disc of radius r on C. The Poincare

metric ds? = (42’ ‘72722)2 has K =

» Ahlfors's Schwarz lemma: Let do? be any Hermitian
pseudo-metric on D whose Gaussian curvature is bounded
above by —1. Then do? < ds,%.

» Corollary: X be a Riemann surface with Ky < —1. Then X
is hyperbolic.

26 /37



» Let M’ be a complex submanifold of a Hermitian manifold M.
Then the holomorphic sectional curvature H/,, of M’ does not
exceed the holomorphic sectional curvature Hy of M.
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exceed the holomorphic sectional curvature Hy of M.

» Let (M, ds3,) be a Hermitian manifold whose holomorphic
sectional curvature (in the classical sense) is bounded above
by —1, then f*ds2, < ds? for f € Hol(D, M), where ds? is
the Poincaré metric of the unit disc D.

» Let (M, ds?,) be a Hermitian manifold whose holomorphic
sectional curvature (in the classical sense) is bounded above
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The construction of metrics

» let M =P1(C)— {a;}]_, and let ||z, a| denote the spherical
distance of P1(C). Define a hermitian metric do? on M by
1

4
do? = : dzdz
71 llz,ail?(log c||z, a;]|?)? (1 +]z]?)?

where ¢ > 0 is a constant.
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The construction of metrics

» let M =P1(C)— {a;}]_, and let ||z, a| denote the spherical
distance of P1(C). Define a hermitian metric do? on M by
1

4
do? = : dzdz
71 llz,ail?(log c||z, a;]|?)? (1 +]z]?)?

where ¢ > 0 is a constant. Taking small ¢ > 0, one finds that
the Gaussian curvature K2 < —k < 0 with a constant
k > 0. So M is Kobayashi hyperbolic.

» P" — UJ‘.’ZII-IJ-, where H; are hyperplanes in general position
and g > 2n+ 1. Assume that there exists a non-constant
holomorphic map f : D(R) — P" — U, H;. Assume that
f : D(R) — P™ be linearly non-degenerate, and let w(j) be
the Nochka weight associated to H; N P™.
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» Use Ahlfors’ method:
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> Use Ahlfors’ method: Let Fy be the k-th associated map of f.

Let px(H) = [|Fi; H||, Qk = £ak( )dz A dz and
Ak

_ dra (M) ) V) 1
7= Gl [( ) st 9k where
Cy is the positive constant, A\, = 1/[m — k + 2q(m — k)?/N]
and NV > 1.
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> Use Ahlfors’ method: Let Fy be the k-th associated map of f.

Let px(H) = [|Fi; H||, Qk = £ak( )dz A dz and
Ak

S\ w)
ox = G 1L, [(m(f@)) o1 4, where

ok (Hj) (N—log ¢i(H;))>?
Cy is the positive constant, A\, = 1/[m — k + 2q(m — k)?/N]
and NV > 1.
> We take the geometrlc mean of oy and define
A S i Jk"’/’\kdz/\ dz, where By =1/ S 2 AL
and ¢ = 2([T7=0 Ay M )B'". Then For ¢ > 2n— m+2, and

Ylwl)- (m+1)
2q/N < —m(m+2)

> Write I = ¥_1h(z)dz A dz, then

Ric I >T. So f is constant.

aBm/Ak

Bm
. 1 m—1
hz) = cITis <¢o)(H)> =1 [Hko (WTog 64 ()7
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Extention of LDL

» Recall LDL: f meromorphic, then

2
f
/ log™
0

"o dO
?(re ) o <exc O(log rTe(r)).
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Let M be a compact complex manifold.
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Let M be a compact complex manifold. Let D = Dy 4 --- + Dq
be a divisor on M in simple normal crossing. For simplicity we also
assume that D/ are linearly equivalent. Denote by QF,(log D) the
logarithmic cotangent bundle of M of weight k with at worst
simple poles along D, i.e., for each point x € M, the fiber
Q’M}X(Iog D) consists of polynomials w, such that UD; is defined by
[T, zi = 0 for some local coordinate system zi, ..., z, of x, and

J
w is of the form

dzi \ ! dz \'m
w = Z av,..n(21,- .., 2n) <211> (q>

Vit vn=k Zm
o (dzmy )V - (dzn)".

31/37



» Generalized LDL: Let D be a divisor of simple normal crossing
on a compact complex manifold M or let D be a trivial
divisor. Let w € HO(M,Qk, (log D). Let f : C — M be a
holomorphic curve. Write Fro = (dz, then

27 N 0 de
log™ |¢(re")|=— <exc O(log rT¢(r)).
0 27T
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Reason: Can use meromorphic functions as coordinate
functions to bound w so LDL can be applied.
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» Generalized LDL: Let D be a divisor of simple normal crossing

on a compact complex manifold M or let D be a trivial
divisor. Let w € HO(M,Qk, (log D). Let f : C — M be a
holomorphic curve. Write f*w = (dz, then

27 N 0 de
log™ |¢(re")|=— <exc O(log rT¢(r)).
0 27T

Reason: Can use meromorphic functions as coordinate
functions to bound w so LDL can be applied.

Schwarz Lemma: Let E be a very ample divisor and D be a
divisor of simple normal crossing on a compact complex
manifold M or let D be a trivial divisor. Let f : C— M — D
be a holomorphic curve, then f*w = 0 for all non-trial

w € H'(M,Qk,(log D) ® [—E]).

Reason: Vanishing on an ample divisor E contributes to faster
growth than O(log T¢(r) + logr).
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» One usually uses Riemann-Roch, together with some
vanishing theorems, to produce a meromorphic differential
w € H°(M,Qk,(log D) ® [—E]) in order to use Schwarz
lemma.
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» The case of logarithmic jet differentials are defined
analogously. Consider algebraic differential operators which
can be written locally in multi-index notation

P(f) = P(f,f", .. fH)
= D aaa (FE)F ()™ (22 - F R (1)

34 /37



» The case of logarithmic jet differentials are defined
analogously. Consider algebraic differential operators which
can be written locally in multi-index notation

P(f) = P(f,f", .. fH)
= D aaa (FE)F ()™ (22 - F R (1)

where a,,...q, (z) are holomorphic coefficients on X and
t — z=f(t)is acurve, fiqg=(f', ", ..., F(K)) its k-jet.

34 /37



» The case of logarithmic jet differentials are defined
analogously. Consider algebraic differential operators which
can be written locally in multi-index notation

P(f) = P(f,f", .. fH)
= D aaa (FE)F ()™ (22 - F R (1)

where a,,...q, (z) are holomorphic coefficients on X and
t — z=f(t)is acurve, fiqg=(f', ", ..., F(K)) its k-jet.
Obvious C*-action :

A-f(t) = F(At), (A- )P (1) = AF(Ae)

implies weighted degree m = || 4 2|aa| + - - - + k|ay].

» Define Eng = the sheaf (bundle) of algebraic differential
operators of order k and weighted degree m.
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» Schwarz Lemma. Let D be a divisor of simple normal crossing
on a compact complex manifold M or let D be a trivial
divisor. Let f : C — M — D be a holomorphic curve, Let
P € HY(X, ESC(log D) ® O(—A)) be a global algebraic
differential opérator whose coefficients vanish on some ample

divisor A. Then P(fi) = 0.
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» Proof of the case that f is a Brody curve:

35/37



» Schwarz Lemma. Let D be a divisor of simple normal crossing
on a compact complex manifold M or let D be a trivial
divisor. Let f : C — M — D be a holomorphic curve, Let
P € HY(X, ESC(log D) ® O(—A)) be a global algebraic
differential opérator whose coefficients vanish on some ample
divisor A. Then P(f[k]) =0.

» Proof of the case that f is a Brody curve: One can assume
that A is very ample and intersects f(C). Also assume f’
bounded (this is not so restrictive by Brody!). Then all £(k)
are bounded by Cauchy inequality.
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» Schwarz Lemma. Let D be a divisor of simple normal crossing
on a compact complex manifold M or let D be a trivial
divisor. Let f : C — M — D be a holomorphic curve, Let
P € HO(X, ESC (log D) ® O(—A)) be a global algebraic
differential opérator whose coefficients vanish on some ample

divisor A. Then P(f[k]) =0.

» Proof of the case that f is a Brody curve: One can assume
that A is very ample and intersects f(C). Also assume f’
bounded (this is not so restrictive by Brody!). Then all £(k)
are bounded by Cauchy inequality.Hence
teC— P(f,f", .. fK))(t) is a bounded holomorphic
function on C which vanishes at some point. Apply Liouville's
theorem!
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» Conjecture(Green-Griffthis, Lang):
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The construction (existence) of holomorphic jet differential on M
can be achieved by using RR+vanishing theorem, or using
Holomorphic Morse inequalities.
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The construction (existence) of holomorphic jet differential on M
can be achieved by using RR+vanishing theorem, or using
Holomorphic Morse inequalities. Recently Demailly constructed the
holomorphic jet differential on M so that the Schwarz lemma can
be applied when Ky, > 0. Also, S. Diverio, J. Merker, and E.
Rousseau improved the result of Siu, and showed that if X ¢ P+l
with dim X = n and deg(X) > 27" then there is proper subvarity
Y of X such that any non-constant holomorphic map f : C — X
satisfies f(C) C Y. In addition, S. Diverio and S. Trapani recently
showed that one can indeed get codim Y > 2 and therefore a
generic hypersurface X C P* of degree d > 593 is hyperbolic.
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