Math 1314
Lesson 20
Area Between Two Curves

b
The general “formula” for computing the area betwggo curves iSL (topfunction- bottomfunctionylx.

Command: integralbetween[<function>, <functionstastx-value>, <end-value>|
Top Bolom , a« , b .
Example 1: The graph of (x) = —x*+9 is given below. Find the area of the shaded regi®d-e-x.s - 5 -0

a. Set-up the integral needed to calculate the > I~ 648

desired area.
9 ) =°

& (-x*+4 = D) dx

b Calculate the area.
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Example 2: Find the area betweé(x) =1.6xe*** and g(x) = 0.5x— 3on the intervat-0.07< x< 6.4¢ .

Enter the functions into GGB. S‘(’ﬂ)
a. Set-up the integrals needed to calculate the I
desired area. >
L.4 1
-0.23X 1
(‘.‘oxe.- —(D-SX-S)) Jx P 0o 2 4 /6 "860()
=-0.07
-4
b. Calculate the are
' g -0.07 w. q Q ]
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Sometimes the limits of integration are not givémthis case, we’ll need to graph the functiond fand the
point(s) of intersection of the functions. In G@#’ll use either command:

pﬂ b'\gﬂ;“‘é AJQ& P&'& MM\J)
intersect[<object>, <object>] or intersect[<funecttg <function>, <start-value>, <end-value>|

Example 3: Find the area completely enclosed bythphs of the functions

f(x)=1.3+ 2.8 - 8.%x— 1.:and g(x) = 2.4x* - - &.
Enter the functions into GGB.

g (x)

a. Find the points of intersection.
Command: Answer:

ia‘hfsﬂﬂ‘f [3’ >3] X -LSYd

0.6ISS , 1Ll

)

b. Set-up the integrals needed to calculate theatbarea.

Blue Acen Gran Aree
&c’.mss' 1,62\

Goo-scdaw &\ ovo-seadom

=544 0.6IsS

-

c. Calculate the area.
Command: Answer:

\a‘\eam‘ \:O'\'Mcn [‘g') 3 ,-LS HHLJO.GISSI ‘\). t"!o'-l
}
'lrr\;sr'o-l Lo'\mt.niﬁ,-g-) 2.6I3S I.("LB 04065
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Example 4: Find the area of the region that isletely enclosed by the graph 6{x) = 3x* from x =
=3.

-3 tox

Enter the function into GGB. a. Set-up the integral(s) needed to calculateléiseed area.

o 3
120 S (a(x)—g(%)d‘f ) g (SO‘) -G‘)L\(DG')‘
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b. Calculate the area.
Command: Answer:

;A%m\wuuigs,f;)ox?:] ) .S

Now let’s look at some applications.

=]

Two advertising agencies are competing for a majent. The rate of change of the client’s revenusing
Agency A’s ad campaign is approximatedfpgy below. The rate of change of the client’s revasusing
Agency B’s ad campaign is approximatedgfy) below. In both caseg,represents the amount spent on
advertising in thousands of dollars. In each ctdal revenue is the area under the curve givéhansands of
dollars.

Agency A Agency B

¥ ¥

' L ' L
1000 2000 30 1000 2000 30
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Now let’s put the two graph on the same grid. §reph below shows the relationship between the two
revenue functions. We see that one function ivaltiee other.The area between the two functions
represents the projected additional revenue thatndobe realized by using Agency B’s ad campaign.

¥

T

x

I I
1000 2000 30

This is an example of the kinds of problems you bl able to solve with the techniques you learthis
lesson.

Example 5: Without any effort to curb populatiagth, a government estimates that its populatidhgnow
at the rate off (t) =60e”°* thousand people per year. However, they belieaean education program will

alter the growth rate tg(t) = -t* + 60 thousand people per year over the next 5 yearsv Hany fewer people
would there be in the country if the education paogis implemented and is successful?

Enter the functionsinto GGB.

"~ ‘s'(t) ;a‘\w‘\' T—glﬁ ) 'g453

’x;_ -,_"\....ﬂ

e 99

0 5\10 15 20 25 30

Calculate the area.

Command: Answer:

‘.Aes‘.“\\,e}w.\ LS- 410, 51 S1. 17494

S),\va.y rwrl'v )
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2
Try this one: The management of a hotel chain espés profits to grow at the rate déf(t) =1+t2 million

dollars per year years from now. If they renovate some of theistixg hotels and acquire some new ones,
their profits would grow at the rate @fit) =t -2t + 4 million dollars per year. Find the additional fit®the
company could expect over the next ten years ¥f gfieceed with their renovation and acquisitiomgla

[N

(99 .
. . . “y
Enter the functionsinto GGB. 4 Uo \ Ype N t asS X
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Math 1314
Lesson21
Other Applications of Integration

Consumers’ Surplus and Producers’ Surplus

Theconsumers’ surplusis defined to be the difference between what caste would be

willing to pay and what they actually pay. Itleetarea of the region bounded below by the
demand function and above by the line that reptedée unit market price. In the sketch shown
below, the shaded region represents the consusiaysus.

¥ s
demand fonction
N -
sugphis cqn_.nthum
Ps ......... BRI pomt

supply functios

O

Then the consumers’ surplus is given®$ = L?E D(x)dx—Qg [P-. In this formula,D(x)

represents the demand functi@@y representgthe quantity sold aRd represents the price.

ell thenopluct for a | ice than vailing
t items, then

. The producer’s surplus is the area of the region
bounded below by the line that represents the amceabove by the supply curve.
In the sketch shown below, the shaded region repteshe producers’ surplus.

Similarly, producers may be willi
mark i

¥ .
demand function

equilibrimm
point

The producers’ surplus is given B8 = Q. [F- —jOQE S(x)dx. In this formula,S(x) represents

the supply functionp. represents the unit market price a@g represents the quantity
supplied.
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Example 1: Suppose the demand for a certain ptaslgiven by
p=D(x) =-0.01x* - 0.X+ €éwherep is the unit price given in dollars ards the quantity
demanded per month giveniin units of 1000. Thekatagrice for the product is $4 per unit.

a. Find the quantity demanded.

Enter the demand function into GGB. Then ¢reaté@aconstant function f(x) = 4, in order to find
the point of intersection of the demand function and the constant function. This answer will the
guantity sold.

Command: Answer:

indergeot Y-b > 81 @d{ 2 =10

Clo,9) -
R 1D, 000 uv\f\tb

b. Find the consumers’ surplus if the market pfigethe product is $4 per unit.
Recall: CS=[*“D(x)dx-Q. P,

First apply the formula.
\°

D) de — D*H
0

Command:

el LBy 00 —0 = W, el

Answer: * “ ) (‘""' “.7
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Sometimes, the unit price will not be given. lasteproduct will be sold at market price, and
you'll be given both supply and demand equatidnsthis case, we can find the equilibrium
point (Section 4.2) which will give us the equililom quantity and price.

Example 2: The demand function for a popular n&kKE2-speed bicycle is given by

p =D(x) =-0.00&* + 25( wherep is the unit price in dollars ands the quantity demanded in
units of a thousand. The supply function for tame product is given by

p = S(X)=1010006¢* + 0.0+ 10 wherep is the unit price in dollars ands the quantity
supplied in units of a thousand.

Begin by entering the functionsinto GGB.
a. Assume the market price is set at the equilibrprice. Find the equilibrium point.

Command: Answer:

'\Acrs‘w'\' i:D 'Sl L-% b)“ l%’)

(2‘1‘1.“!(.\?,) \( 9, O’L"&)

b. Determine the consumers’ surplus. el L"SOO J \l'b)
Recall: CS= [ D(x)dx-Q. [P.

0 Q P p
First apply the formula. &E d ©

200
D(X) & = 32p0% 140

0
Command:
ia’*%m\ T_D_,O,?.o'ol - 30D0¥%\O
p; b/ ol
=~ \2,000 x 1000
Answer:

\!

¢\1) 000 ) 000
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c. Determine the producers’ surplus.
Recall: PS=Q. [P~ [ * S(x)dx

First apply the formula.
300

300% ILWO - S(_x)dﬂc

o
Command:
300 10 - 'mxesro-\ [_S , 0, 3001 — 19, 700
X (000
Answer:
4 17, 700, 00°
Probability

The study of probability deals with the likelihoofla certain outcome of an experiment. When
you flip a coin, the probability that the coin lanith heads facing up % When you roll a
six-sided die and record the number that land$hieruppermost face, the probability that the die
lands with the number 3 facing upwardséis

You can also find the probability of something atimg over a continuous interval. Suppose
you want to know how long a brand of light bulbt&asNow the possible set of answers contains
more than a discrete set of numbers (e.g., songetther than 1, 2, 3, etc.). The light bulbs can
last any positive length of time. We can find ghiebability that the light bulbs life span is on a
given interval [a, b].

This problem is an example of a problem that ingsla probability density function. This type
of function can be used to determine the probatiitiat an event occurs on a given interval
[a, b]. All probability density functions must nebese three criteria:

1. f(x)=0 for all x
2. The area under the graph bfx) is exactly 1.
3. The probability that an event occurs in an e€Yy@&nb] can be computed using the definite

. b
integral L f(x)dx.
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Example 3: The functiorf (x) = 0.00Z2°%* gives the life span of a popular brand of lighttul
wherex gives the lifespan in hours arfdx) is the probability density function. Find the
probability that the lifespan is between 500 hamd 1000 hours.

a. Set up the integral needed to answer the guesti

todO
0.00%¢ "7’

S00

b. Find the probability.

Command: Answer:
integnd ] §, 500,000 1 pazas

Example 4: A company finds that the percent ofatstions that experience a profit in the first
2
year of business has the probability density flamci(x) :%x(l—éx] , 0sx<1.

——

What is the probability that more than 50% of thenpany’s locations experienced a profit
during the first year of business?

a. Set up the integral needed to answer the guesti

\ r]
26 A
—_ X - X
S —x (\- 3 ) i
0S
b. Find the probability.
Command: Answer:

i/\'\e.%m\ T_P)o.s“ \1 0.C7¢\

2. C &K C

S. D
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