Math 1314
L esson 23
Partial Derivatives

When we are asked to find the derivative of a fiomcof a single variablef (x), we know
exactly what to do. However, when we have a famctif two variables, there is some
ambiguity. With a function of two variables, wendand the slope of the tangent line at a point
P from an infinite number of directions. We will gntonsider two directions, either parallel to
thex axis or parallel to thg axis. When we do this, we fix one of the variablésen we can
find the derivative with respect to the other vialea Treck 5 a conghad

So, if we fixy, we can find the derivative of the function witsspect to the variable And if we
fix X, we can find the derivative of the function witkspect to the variable

These derivatives are callpdrtial derivatives.
_ _ o wek. - WM respek Yo
First-Order Partial Derivatives

We will use two different notations:

g_f = f, In this case, you considgms a constantDer'\w"-(u ..pr;\—. X

” .

g_f = f, In this case, you considems a constantbu_;w_.\.;.,._ wek 5
y

We can use GGB to determine the first-order padaivatives. The command is:
derivative[<function>,<variable>]

Example 1: Supposé (x,y) = x* —3xy*> +4y® Enter the function into GGB.

of ¢
a. Find&‘ X"

Command: Answer:
der\w‘\\w.tg )X-l %.x - &(’(,5) - QAX _-551

b. Find ﬂ = fy.
oy
Command: Answer:

deciuive L5) 51 %v =P 04Y) = -Lry 44y

Lesson 23 — Partial Derivatives 1



We can also evaluate the first partial derivatiaea given point.

Example 2: Find the first-order partial derivasva the function
f(x,y) = 4x°y* + 2x°y®-1%*+ 3/°+ 1( evaluated at the point (-1, 3).

Enter the function into GGB.

a. f,
Command:

Ikr\w‘\';wT_&Jﬂ

Command:

e (4,3

b. fy‘(_m)
Command:

(-13)

-S)f = a(!,5)

N U A A

Command: b(-—\)g

= lzs(tgl Ay ¥

Answer:

33 247

Answer:

24

Answer:
3 72
eX” FxX ¢4 gy

Answer:

49

Second-Order Partial Derivatives

Sometimes we will need to find the second-ordetigladerivatives. To find a second-order
partial derivative, you will take respective pdrtarivatives of the first partial derivative. Tree

are a total of 4 second-order partial derivatives.

There are two notations, but we will only use ohthem. g Aade 9
ls“‘*w x
=Ll gooL. ()
* o ox* ax\ox ¥ oxgy odylox
\Fhed g sy  @d %
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Example 3: Evaluate the second-order partial dérigs of f (x,y) = 3x* - x’y>+ 5xy + 6y° at

the point (1, 2).Enter the function into GGB. Then produce the first-order partials.

a. f>0<|12

Command Answer:
\ohOnke  deciwet "'—[‘I xl *‘x“ alx,y)s x sx‘53 Sy
A ordis clerivrive L% 743 ‘?',9( b(x@- o~ bxa

Command: Answer:

b(ho S
b. f \ ”
Command: Answer:

2.k Decer et iws "’taﬂ X,9) = -Qx*y?t s

Command: Answer:

A(\,‘L) e = ~—3|

c. f ‘12)

Command:

Answer
‘& orke  deciuhie [S .\31 9‘5 = slxy)= 3% ) Tasx *\qﬁ
Ad Ordece  clo—\wNive [ﬁ-l‘f] g,y th 5) - -b)(sa Answ;r

Command:
Wiy ¢z LO
d. fyx‘(lyz)
Command: Answer:
A Ocdler G‘G-v'\w\‘;utT_S) Zl {-yx - J' (x-’a) x _q x‘ts-;_ y S
Command: Answer:

:)L‘.\T:) - k: -3\
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A function of the formf (x, y) = ax’y"™® wherea andb are positive constants afik b<1 is

called aCobb-Douglas production function. In this functionx represents the amount of money
spent for labor, andrepresents the amount of money spent on capiparaditures such as
factories, equipment, machinery, tools, etc. Turetion measures the output of finished
products.

The first partial with respect tois called themarginal productivity of labor. It measures the
change in productivity with respect to the amounnoney spent for labor. In finding the first
partial with respect tg, the amount of money spent on capital is heldatrestant level.

The first partial with respect tpis called themarginal productivity of capital. It measures the
change in productivity with respect to the amoumnnoney spent on capital expenditures. In
finding the first partial with respect §o the amount of money spent on labor is held atrstant
level.

Example 4: A country’s production can be modelgdhe function f (x, y) = 50x*°y"* wherex
gives the units of labor that are used gmdpresents the units of capital that were used.

a. Find the first-order partial derivatives anddbeach as marginal productivity of labor or
marginal productivity of capital.

Enter the function into GGB.

Command: Answer:

' ”"‘ .U“-‘ t..*.
decwviw |5, ] g - alxg - ‘.Eo_.:/-—-:- 3 Dol pedactidb

3 x /3 o llnr
Command: Answer:
L _ _so /3 M,.-ﬂ,,,\ \:maluér;uab
daciuwe [ 5, 51 4, = b [xg) = 3 yt/3 o pita)

b. Find the marginal productivity of labor and tharginal productivity of capital when the
amount expended on labor is 125 units and the atrsp@mt on capital is 27 units.

Command: Answer:

&( “LS'JQ"-» 9.0 uh\'\;/ UU:\\§ o‘\ :‘IL"MQ_ .'w\ lf—\»f‘
Command: Answer:

Y \25,27) 4.3 u.ui‘\.s/ undks oF ncrese  tw Cepde)
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Math 1314
Lesson 24
Maxima and Minima of Functions of Several Variables

We learned to find the maxima and minima of a fiomcof a single variable earlier in the
course. We had a second derivative test to datermhether a critical point of a function of a
single variable generated a maximum or a minimunpogsibly that the test was not conclusive
at that point. We will use a similar techniqudital relative extrema of a function of several
variables.

Since the graphs of these functions are more coatplil, determining relative extrema is also
more complicated. At a specific critical numbeg @an have a max, a min, or something else.
That “something else” is called a saddle point.

—

.: \%,;;,_;;;:fl

A i

T, b fla, B

S

i by=0

x5 e, b

The method for finding relative extrema is very gamto what you did earlier in the course.

1. Find the first partial derivatives and set theguoial to zero. You will have a system of
equations in two variables which you will need ¢dve to find the critical points.

2. Apply the second derivative test. To do ti@m) must find the second-order partial
derivatives. LetD(x,y) =/f, f, —(fxy)z. You will computeD (a,b) for each critical point
(a,b). Then you can apply the second derivative tesfufioctions of two variables:

» If D(a, b) > 0 and/f,, (a,b) <0, thenf has a relative maximum &, (0).

« If D(a, b) > 0 and'fgi@b) > 0, thenf has a relativeiminimum aa, (o).

* If D(a, b) < 0, thenf has neither a relative maximum nor a relative mum at &, b)
(i.e., it has a saddle point, which is neither axmar a min).
* If D(a b) = 0, then this test is inconclusive.
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Example 1: Find the relative extrema of the fumati f (x,y) = —3x* + 2xy — 2y* + 1&+ /- ¢
Begin by entering the function into GGB.
a. Find the first-order partials.

Command: Answer:
dtriw’ilwl- [cf_,)l] 'Ex Y (&,3)‘: -—bx -\-13 A4

Command: Answer:

dec i ive B'_,:j] R\, = \:b‘;s) = AX -'43 rT
b. Set each first-order partial equal to zero @mer each into GGB.
Command: Answer:
-WX +32y W= O C, “Ixdy =7
Command: Answer:
X -US 4+ ~=-0O OL'. 1-23 = =)

c. Find the point of intersection of the equationpart B. These points of intersection are the
critical points of the functioh

Command: Answer:
in‘\crs‘yj\’ EC'J d] (3,1) — ikl po'\nj\'

2
d. DetermineP(¥) = T [T, _( fxy) _

Command: Answer:
deriwkie Le,X] Saczgloy =-2

Command: Answer:
deciveNive i\:, *’] g,y - h(be) - -.|.|

Command: Answer:

Joriive L& vl ‘g'x:\-.-. 'uLx,g) = A

e. Apply the second derivative test to classifgheeritical point found in step C.

D(%,9) = (- (-4) - (> Ly = - €O

- A
= a0 >0 - R, Max fv‘\' (3,9

f. For any maxima point and minima point foundgart E, calculate the maxima and minima,
respectively.

Command: -S- ( S, L) Answer: 3
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Example 2: Find the relative extrema of the fumeti (x,y) = 2x® + y* —9x* -4y +12x - 2.

Begin by entering the function into GGB.
a. Find the first-order partials.
Command: Answer:

Command: Answer:

b. Set each first-order partial equal to zero @mir each into GGB.
Command: Answer:

Command: Answer:

c. Find the point of intersection of the equationpart B. These points of intersection are the
critical points of the functioh
Command: Answer:

2
d. DetermineP(%Y) = f. [T, _( fxy) _

Command: Answer:
Command: Answer:
Command: Answer:

e. Apply the second derivative test to classifgheeritical point found in step C.

f. For any maxima point and minima point foundgart E, calculate the maxima and minima,
respectively.
Command: Answer:
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Example 3: Suppose a company’s weekly profitshmamodeled by the function
P(x,y)=-0.2¢ - 0.25°- 0.2y+ 100+ 99— 40(where profits are given in thousand
dollars and x and y denote the number of standendsiand the number of deluxe items,
respectively, that the company will produce andl 9¢bw many of each type of item should be
manufactured each week to maximize profit? Wh#tésmaximum profit that is realizable in
this situation?

Begin by entering the function into GGB.

a. Find the first-order partials.

Command: Answer:

Command: Answer:

b. Set each first-order partial equal to zero @migr each into GGB.
Command: Answer:

Command: Answer:

c. Find the point of intersection of the equationpart B. These points of intersection are the
critical points of the functioh
Command: Answer:

2
d. DetermineP(*¥) = fu _( fxy) _

Command: Answer:
Command: Answer:
Command: Answer:
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e. Apply the second derivative test to classifgheeritical point found in step C.

f. How many of each type of item should be manuwfisexi each week to maximize profit?

g. What is the maximum profit that is realizabighis situation?
Command: Answer:
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