Math 1314
L esson 6
TheLimit Definition of the Derivative; Rulesfor Finding Derivatives
We now address the first of the two questions tfudas, the tangent line question.

We are interested in finding the slope of the tamd¢jae at a specific point.

y

A x

We need a way to find the slope of the tangentdimaytically for every problem that will be
exact every time.

We can draw a secant line across the curve, thentha coordinates of the two points on the
curve,P andQ, and use the slope formula to approximate theestdphe tangent line.
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Now suppose we move poi@tcloser to poinP. When we do this, we’ll get a better
approximation of the slope of the tangent line. éWlwe continue to move poifteven closer
to pointP, we get an even better approximation. We armtethe distance betwe&handQ
get smaller and smaller.
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Now let’s give these two points names. We'll exgsréhem as ordered pairs.
y
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Now we’ll apply the slope formula to these two gein

m= fix+h)—f(x) _ f(x+h)-f(x
(x+h)-x h

This expression is calleddiffer ence quotient also called thaveragerate of change.

The last thing that we want to do is to let theaatise betweeR andQ get arbitrarily small, so
we’ll take a limit.

This gives us the definition of tlsope of the tangent line.
The slope of the tangent line to the grapif at the pointP(x, f (X)) is given by
im f(x+h)—-f(x)

h-0

provided the limit exists.
We find theinstantaneousrate of change when we take the limit of the difference quotient.
Thederivative of f with respect to x is the functionf'(read f prime”) defined by

Fx+ hr)] — 1) . The domain off '(x) is the set of alk for which the limit exists.

=i

We can use the derivative of a function to solvayrtgpes of problems. But first we need a
method for finding the derivative.
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Example 1: Suppose the distance covered by a car can beuneebby the function
s(t) = 4t° + 32t, wheres(t) is given in feet antlis measured in seconds. Find the average
velocity of the car over the interval [0, 4].

* Recall that “velocity” is the same as “rate of chgei, and so “average velocity” is the
same as the “average rate of change”

» Also recall that the “average rate of change” isteame as the difference quotient,
f(x+h)-f(x)
™ :

The Four-Step Process for Finding the Derivative

Now that we know what the derivative is, we neelidable to find the derivative of a function.
We’'ll use an algebraic process to do so. We'llas®ur-Step Process to find the derivative.
The steps are as follows:

1. Find f(x+h).

2. Find f (x+h) - f(x).

3. Form the difference quotienft(X+ h- f(x)-

4. Find the limit of the difference quotient agdts close to O:lim Fx+h) = F(x)

h-0

f(x+h) - f(x)

So, f'(x) :Ihlm)

Example 2: Use the four-step process to find the derivativef (x) = x* + 4x.
Step 1: f(x+h).

Step 2: f(x+h) - f(x).
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f(x+h) - f(x)

Step 3:
P h

f(x+h) - f(X)

Step 4: f'(x) = LIET(])

Now find the instantaneous rate of change of yatk. (Recall that thenstantaneous rate of
change is when we take the limit of the difference quotient.)

Rulesfor Finding Derivatives

We can use the limit definition of the derivatiwefind the derivative of every function, but it
isn’t always convenient. Fortunately, there amasaoules for finding derivatives which will
make this easier.

First, a bit of notation:di[f (x)] is a notation that means “the derivative wfith respect t,
X

evaluated ax.”

Rule1l: TheDerivative of a Constant

di[c] =0, wherec is a constant.
X

Example 3:
A. If f(x)=-17, find f'(x). B. If f(x)=+/11find f'(x).

Rule2: ThePower Rule

di[x“] =nx"" for any real numben
X

Example4: If f(x)=x° find f'(x).
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Example5: If f(x):\/;,find f'(x).

Example6: If f(x):%, find f'(x).
X

Rule 3: Derivative of a Constant Multiple of a Function

%[cf(x)] = c%[f (x)] wherec is any real number

Example7: If f(x)=-6x*, find f'(x).

Example 8: If f(x)=%, find f'(x).

53/x
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Rule4: The Sum/Difference Rule
d _d d
a[f(x)ig(X)]—a[f(X)]ia[g(X)]

Example9: Find the derivative:f (x) = -8x" —% + ! +10x—-1.
X° X

Let’s revisit Example 1:

Example 10: Suppose the distance covered by a car can baureddsy the function
s(t) = 4t% + 32t, wheres(t) is given in feet antlis measured in secondsind the instantaneous
velocity of the car whem =4.

Recall that “instantaneous velocity” is the sametlas derivative.

Note, there are many other rules for finding denes “by hand.” We will not be using those in
this course. Instead, we will use GeoGebra fatifig more complicated derivatives.
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