FRAMES OF TRANSLATES IN ABSTRACT HILBERT SPACES AND THE GENERALIZED FRAME MULTIRESOLUTION ANALYSIS

MANOS PAPADAKIS

Abstract. We introduce the concept of frames of translates in abstract Hilbert spaces and characterize the countable families of vectors generating such frames. In this context we generalize the concept of the Grammian introduced by Ron and Shen. We apply this characterization to study Generalized frame MRAs of L^2(R). We also provide the characterization of frame multiwavelet sets associated with GFMRAs of L^2(R).

1. Introduction and preliminaries

Let H be a complex Hilbert space. A unitary system is a set of unitary operators acting on H which contains the identity operator I on H. Now, let D be the (dyadic) Dilation operator

(1) (Df)(t) = √ 2f(2t) f ∈ L^2(R)

and T the Translation operator

(2) (T f)(t) = f(t − 1) f ∈ L^2(R).

The unitary system U_{D,T} := {D^nT^m : n, m ∈ Z} called the Affine system has been used extensively in wavelet analysis. Following [4] C is an orthonormal (Riesz) multiwavelet vector set of H with respect to the unitary system if {Uψ : U ∈ U, ψ ∈ C} is an orthonormal (Riesz) basis for the Hilbert space H. Riesz wavelet bases are related to exact sampling and have been used for the construction of fast wavelet algorithms. Nevertheless exact sampling is not always the most favorable type of sampling. In fact, in practice we oversample, so for example we are able to deal with noise more effectively (see [2]). Oversampling is related with wavelet frames.

The family {x_i : i ∈ I} is a frame for the Hilbert space H if there exist constants A, B > 0 such that for every x ∈ H we have that A ‖x‖^2 ≤ ∑ i∈I |⟨x, x_i⟩|^2 ≤ B ‖x‖^2 . 1

We refer to the positive constants A, B as frame bounds. We refer to the frame as tight if A = B, as normalized tight (NTF) if A = B = 1 and to the operator S : H → ℓ^2(I) defined by the equation

(3) Sx = ∑ i < x, x_i > δ_i x ∈ H where {δ_i : i ∈ I} is the standard orthonormal basis of ℓ^2(I), as the analysis operator corresponding to the frame {x_i : i ∈ I}.

In the abstract Hilbert space setting we can define wavelet frames with respect to a unitary system U ([6]). Let C be a subset of H and U a unitary system acting on H. If {Uψ : U ∈ U, ψ ∈ C} is a frame (resp. tight, NT) for the Hilbert space H we call the set C a frame multiwavelet vector set (resp. tight, NT) and the family {Uψ : U ∈ U, ψ ∈ C} a multiwavelet vector frame (resp. tight, NT). If C is a singleton then we drop the prefix multi from all the previous terms.

In the present paper we generalize the theory of multiresolution analysis (MRA) by introducing a very general MRA structure called Generalized Frame MRA (GFMRA). There are numerous contributions in the study of MRAs as well as several generalizations. Most of these generalizations are special cases of our Generalized Frame multiresolution analysis. In [11] we give several details concerning the connection of our work with the work of others.

We focus on unitary systems U acting on H of the form U = U_0G, where U_0 = {D^n : n ∈ Z} and G is an abelian unitary group. Obviously unitary systems of this form generalize the affine system. Definition 1. A sequence {V_j}_{j∈Z} is a GF MRA of H if every V_j is a closed subspace of H, it is increasing, i.e. V_j ⊆ V_{j+1} for every j ∈ Z and satisfies the following properties.

(a) V_j = D^j(V_0), j ∈ Z (b) ⋂ j V_j = {0}, ⋃ j V_j = H (c) There exists a countable subset B of V_0 such that the set G(B) = {gϕ : g ∈ G, ϕ ∈ B} is a frame of V_0.

Every such set B is called a frame multiscaling vector set for {V_j}_j. Every subset C of V_1 such that G(C) = {gψ : g ∈ G, ψ ∈ C} is a frame of W_0 := V_1 ∩ V^⊥_0 is called a frame multiwavelet vector set associated with {V_j }_j.

Notice, that if C is a frame multiwavelet vector set associated with the GFMRA {V_j}_j then the set C is a frame multiwavelet vector set for H, because {D^jgψ : j ∈ Z, g ∈ G, ψ ∈ C} is a frame for H with the same frame bounds as the frame G(C). Although we give this very general definition we will characterize only the NTF multiwavelet sets associated with GFMRAs of L^2(R). For the study of GFMRAs of abstract Hilbert spaces the reader may refer to [12].

It becomes apparent from the definiton of GFMRA that most of the MRAs studied in the literature are special cases of GFMRAs. For instance, the MRAs of L^2(R^n ) generated by multiscaling sets are special cases of the more general GFMRA theory.

Singly generated GFMRAs of L^2(R) with respect to the affine system and their associated frame wavelets were studied in [1], [2] and independently in [8] and [14]. We refer to such GFMRAs as FMRAs. Shen. In all these papers frame wavelets are constructed using the frame scaling functions. Their results can be derived from our more general results. An interesting construction of NT wavelet affine frames of L^2(R) based on multiresolution techniques can be found in [9]. The existence of frame multiwavelet sets associated with finitely generated GFMRAs can be deirved by theorem 2 of [15].

At this point we have to introduce a few clarifying remarks on our notation. Let f be a measurable function. We refer to the set {t : f(t) ≠ 0} as the support of function and we denote this set by suppf. In several cases we find convenient and more accurate to denote the function f by f(·), where the · replaces the variable instead of using f(x) which denotes the value of f at x and not the function itself. If S is a bounded linear operator we denote the range of S by R(S). The range space of S is the closure of R(S) and the range projection of S is the orthogonal projection onto the range space of S. We use |A| to denote the cardinality of the set A and A^− to denote its closure in the appropriate topology; if A is a subset of a vector space we denote the linear span of A by [A]. If x , y belong to a Hilbert space H we define the rank-one operator x ⊗ y by the equation: x ⊗ y(z) :=< z, x > y, for every z ∈ H. We reserve the δ notation for the Kronecker’s delta function. The Fourier transform of a function f ∈ L^1(R) is defined by the following equation:

f̂(ξ) := ∫_∞ −∞ f(x)e^{−2πiξx}dx . The Fourier transform of a function f ∈ L^1([0, 1)) is defined similarly. We use F to denote Fourier transform on L^2(R). Last but not least comment on our terminology; we reserve the term subspace for closed linear manifolds.

Now consider the Hilbert space ℓ^2(G). For g ∈ G let ℓ_g be the unitary operator acting on ℓ^2(G) defined by the equation ℓ_g(δ_k) = δ_{gh}. The set {δ_h : h ∈ G} is an orthonormal basis of ℓ^2(G) and the set G^∗ := {ℓ_g :

g ∈ G} is an abelian unitary group acting on ℓ^2(G). In fact the mapping g → ℓ_g, g ∈ G, known as the left regular representation of G is a group isomorphism between G and G^∗. In fact it is not hard to verify that if h, g ∈ G, and a ∈ ℓ^2(G) then ℓ_ga(h) = a(g^{−1}h). Furthermore G^∗ is discrete with respect to the SOT (Strong operator topology).

From now on we will work on G^∗. By ^G^∗ we denote the dual group of G^∗ and by μ the normalized Haar measure on ^G^∗. Let g ∈ G. We define f_g : ^G^∗ → ^G^∗ by the formula f_g(γ) = γ(l_g), γ ∈ ^G^∗. It is not hard to verify that {f_g : g ∈ G} is an orthonormal basis of L^2(^G^∗).

2. Frames of translates

In this section we define and characterize the frames of translates in abstract Hilbert spaces (theorem 2). Theorem 2 generalizes theorems 3.4 in [1], 4.2 in [2], 3.3.5 and 3.4.1 in [13] and 2.5 in [3]. The following lemma provides an abstract characterization of frames of abstract Hilbert spaces.

Lemma 2.1. ([12]) Let H, K be Hilbert spaces, {x_r : r ∈ J} be a complete family of vectors in H, i.e. [x_r : r ∈ J]^− = H. Assume that dim K = |J| and that {e_r : r ∈ J} is an orthonormal basis of K. Then the following are true:

(a) If there exists T ∈ B(K, H) such that T e_r = x_r, r ∈ J, then {x_r : r ∈ J} is a Bessel family of H. Conversely, let T : [e_r : r ∈ J] → H be the linear operator such that for every r ∈ J we have that T e_r = x_r. If {x_r : r ∈ J} is a Bessel family of H, then T can be extended to a bounded operator defined on K.

(b) Let T ∈ B(K, H) and T e_r = x_r for every r ∈ J. If V is the range space of T^∗ and T^∗T |_V : V → V is bounded and invertible (resp. T^∗T is an orthogonal projection), then {x_r : r ∈ J} is a frame (resp. a NTF) of H.

Conversely, if {x_r : r ∈ J} is a frame (resp. a NTF) of H, then there exists a unique T ∈ B(K, H) satisfying T e_r = x_r for every r ∈ J. Furthermore, V := R(T^∗) is closed and T^∗T |_V : V → V is bounded and invertible (resp. T^∗T is an orthogonal projection onto V ).

Remark 1. It can be proved that if {x_r : r ∈ J} is a Riesz basis for H, then the subspace V in (b) of the previous lemma, is equal to K and vice-versa ([12], see also [6]).

Next we will use the previous lemma to characterize all subfamilies of the form {ϕ_k : k ∈ N} of a Hilbert space H such that {gϕ_k : k ∈ N, g ∈ G} is a frame of the Hilbert space H. We call a frame of translates every frame of the previous form and we refer to G as a group of translations.

On more notational comment; the Hilbert space L^2(^G^∗, ℓ^2) consists of all weakly measurable functions ω : ^G^∗ → ℓ^2 such that ∫_^ G^∗ ‖ ω(γ) ‖ 2 ℓ^2 dγ is finite. The norm of ω is defined to be ‖ ω ‖:= (∫_^ G^∗ ‖ ω(γ) ‖ 2 ℓ^2 dγ )_{1/2} . It is not hard to see that {f_gδ_k : g ∈ G, k ∈ N} is an orthonormal basis of L^2(^G^∗, ℓ^2). We define M_g to be the multiplicative operator acting on L^2(^G^∗, ℓ^2) induced by f_g, i.e., M_gf = f_gf, where f ∈ L^2(^G^∗, ℓ^2). Obviously M_g is unitary for every g ∈ G, and M^∗_g = M_g−1 . Finaly, if A is a subset of B(H), we will denote by A^′ the commutant of A.

Assume that {gϕ_k : k ∈ N, g ∈ G} is a frame of H. By the previous lemma there exists a unique T ∈ B(L^2(^G^∗, ℓ^2), H) such that T (f_gδ_k) = gϕ_k, k ∈ N, g ∈ G. Moreover, if V = R(T^∗), then V is closed and T^∗T |_V : V → V is bounded and invertible. Now, let P be the orthogonal projection onto V . Using Polar decomposition ([7]) we have that T^∗ = Y |T^∗| and P is the range projection of both T^∗ and Y . In addition, Y is an isometry, because T T^∗ is invertible, since {gϕ_k : k ∈ N, g ∈ G} is a frame of H. It will be convenient for the reader if we point that T^∗ is the analysis operator corresponding to the frame {gϕ_k : k ∈ N, g ∈ G}. The following lemma gives two key properties of the projection P and the isometry Y .

Lemma 2.2. The following are true:

(a) For every g ∈ G we have that T T^∗g = gT T^∗. (b) Y gY^∗ = M_gP, g ∈ G. (c) P ∈ {M_g : g ∈ G}^′. Proof: (a) If g belongs to G we have that gT T^∗x = ∑ h∈G ∑ k∈N ⟨x, hϕ_k⟩ghϕ_k = ∑ h∈G ∑ k∈N ⟨gx, ghϕ_k⟩ghϕ_k = T T^∗gx, x ∈ H.

(b) Since T T^∗ is invertible |T^∗| is invertible, as well. Define ϕ̃_k := |T^∗|^{−1}ϕ_k, k ∈ N. By (a) T T^∗ belongs to G^′ and so does |T^∗|, because G^′ is a self-adjoint operator algebra closed with respect to the Strong Operator Topology (SOT). Let x be in H. Then we get that

(4) Y x = T^∗ |T^∗|^{−1} x = ∑ g ∑ k ⟨x, gϕ̃_k⟩f_gδ_k .

Since Y is an isometry we obtain that ‖x‖^2 = ∑ g ∑ k | |⟨x, gϕ̃k⟩ | |^2, thus {g~ϕ_k : k ∈ N, g ∈ G} is a NTF for H.

Let h ∈ G. From eq. (4) we get that ⟨Y (gϕ̃_K), Y (hϕ̃_ℓ)⟩ = ⟨gϕ̃_k, hϕ̃_ℓ⟩ = ⟨Y (gϕ̃_k), f_hδ_ℓ⟩, k, ℓ ∈ N. On the other hand we have that ⟨Y (gϕ̃_k), f_hδ_ℓ⟩ = ⟨Y (gϕ̃_k), P (f_hδ_ℓ)⟩. Thus for every k, ℓ ∈ N and g, h ∈ G we have that ⟨P (f_hδ_ℓ), Y (gϕ̃_k)⟩ = ⟨Y (hϕ̃_ℓ), Y (gϕ̃_k)⟩ which implies that P (f_hδ_ℓ) = Y (hϕ̃_ℓ), because {Y (gϕ̃_k) : g ∈ G, k ∈ N} spans Y (V_0). Equation (4) implies that Y^∗(f_gδ_k) = gϕ̃_k, for every g ∈ G and k ∈ N. Therefore, if h is in G and k is in N, we obtain that Y gY^∗(f_hδ_k) = Y (ghϕ̃_k) = ∑ h^′,ℓ ⟨ghϕ̃_k, h^′ϕ̃_ℓ⟩f_h′ δ_ℓ = ∑ h^′,ℓ ⟨ghϕ̃_k, gg^{−1}h^′ϕ̃_ℓ⟩f_h′ δ_ℓ = M_gY (hϕ̃_k) = M_gP (f_hδ_k).

This establishes (b). Now for g, h ∈ G, k ∈ N we have that M_gP (f_hδ_k) = Y gY^∗(f_hδ_k) = Y (ghϕ̃_k) = P (f_gf_hδ_k) = P M_g(f_hδ_k).

This establishes (c).

The space L^2(^G^∗, ℓ^2) is isometrically isomorphic to the space L^2(^G^∗)⊗ ℓ^2. Under the same isomorphism, M_g can be identified with μ_g ⊗ I_ℓ2 , where μ_g is the multiplicative operator defined by μ_gω = f_gω, ω ∈ L^2(^G^∗) and I_ℓ2 is the identity operator on ℓ^2. Therefore {M_g : g ∈ G}^′ can be identified with L(^G^∗)⊗B(ℓ^2). The latter Von Neumann algebra is spatially isomorphic (under the inverse of the isomorphism between L^2(^G^∗, ℓ^2) and L^2(^G^∗) ⊗ ℓ^2) with the Von Neumann L^∞(^G^∗, B(ℓ^2)). This particular Von Neumann algebra contains exactly all essentially bounded WOT-measurable functions F : ^G^∗ → B(ℓ^2). Therefore, {M_g : g ∈ G}^′ is the algebra of all bounded operators F, defined in the following way: For every F there exists F ∈ L^∞(^G^∗, B(ℓ^2)) such that Fω(γ) = F (γ)ω(γ), ω ∈ L^2(^G^∗, ℓ^2) and vice versa. For more details the reader may refer to [5] and in particular to examples 4.3.5 and 4.3.10.

Thus for P ∈ {M_g : g ∈ G}^′ there exists a function P ∈ L^∞(^G^∗, B(ℓ^2)) such that (P f)(γ) = P (γ)f(γ), γ ∈ ^G^∗. Notice that we used the same notation for the projection P and the operator-valued function P in L^∞(^G^∗, B(ℓ^2)). Throughout the present paper we adopt this convention in order to simplify our notation and we hope that this will not confuse the reader. Since P is a projection it turns out that P (γ) is a projection a.e. in ^G^∗.

Using (c) of the previous lemma we obtain that M_gY |T^∗| Y^∗ = M_gP Y |T^∗| Y^∗ = Y gY^∗Y |T^∗| Y^∗ = Y g |T^∗| Y^∗ = Y |T^∗| gY^∗ = Y |T^∗| Y^∗(Y gY^∗) = Y |T^∗| Y^∗M_gP = Y |T^∗| Y^∗M_g . On the other hand we have that T^∗T = (Y |T^∗| Y^∗)^2, therefore T^∗T belongs {M_g : g ∈ G}^′ as well. This implies that there exists A ∈ L^∞(^G^∗, B(ℓ^2)) such that

T^∗T ω(γ) = A(γ)ω(γ) a.e. in ^G^∗.

Note that the range projection of T^∗T is P as well. Since T^∗T (V ) = V we obtain that P T^∗T P = T^∗T P , thus T^∗T P = P T^∗T . Furthermore, we have that T^∗T P = T^∗T , because T (I − P ) = 0. Therefore we have that P (γ)A(γ)P (γ) = A(γ)P (γ) = A(γ) a.e.

Since T^∗T |_V is invertible and its inverse belongs to the Von Neumann algebra {M_g : g ∈ G}^′, we get that for a.e. γ ∈ suppP the restriction of A(γ) on the range of P (γ) is invertible. In fact we have the following: There exist B_1, B_2 > 0 such that for a.e. γ ∈ suppP and x ∈ P (γ)(l^2) we have that B_1 ‖x‖ ≤ ‖A(γ)x‖ ≤ B_2 ‖x‖ . Finally, it not hard to verify that for every k ∈ N the following equation is satisfied:

(5) A(·)δ_k = ∑ g∈G ∞∑ l=1 ⟨ϕ_k, gϕ_l⟩f_gδ_l, γ ∈ ^G^∗. The latter equation shows that A is the autocorrelation function corresponding to the frame of translates {gϕ_k : k ∈ N, g ∈ G}. Theorem 2. Let {ϕ_k : k ∈ N} be a subset of the Hilbert space H such that {gϕ_k : k ∈ N, g ∈ G} is complete in H.

(a) Define

a_k := ∑ g ∑ l < ϕ_k, gϕ_l > f_gδ_l k ∈ N.

Assume that for every k ∈ N the function a_k is well defined, ‖a_k(·)‖_ℓ2 is in L^2(^G^∗) and the linear operators A(γ) defined for a.e. γ ∈ ^G^∗ on [δ_k : k ∈ N] by the equation A(γ)δ_k = a_k(γ) satisfy the following properties:

(1) A belongs to L^∞(^G^∗, B(ℓ^2)).

(2) Let P (γ) be the range projection of A(γ) a.e. There exists B > 0 such that for every x ∈ P (γ)(ℓ^2) we have that B ‖x‖ ≤ ‖A(γ)x‖.

Then {gϕ_k : k ∈ N, g ∈ G} is a frame of H with frame bounds B and ‖A‖_∞. Conversely, if {gϕ_k : k ∈ N, g ∈ G} is a frame of H with frame bounds B, C, then there exists A ∈ L^∞(^G^∗, B(ℓ^2)) such that ‖A‖_∞ ≤ C satifying equation (5) and property (2). Moreover the function P (·) belongs to L^∞(^G^∗, B(ℓ^2)).

(b) Assume that {gϕ_k : k ∈ N, g ∈ G} is a frame of H. Then the following are true:

i){gϕ_k : k ∈ N, g ∈ G} is a Riesz basis of H if and only if P (γ) = I_ℓ2 a.e.

ii){gϕ_k : k ∈ N, g ∈ G} is a NTF of H if and only if A(γ) is an orthogonal projection a.e.

iii){gϕ_k : k ∈ N, g ∈ G} is an orthonormal basis of H if and only if A(γ) = I_ℓ2 a.e.

Proof: (a) The neccessity part of (a) was proved in the discussion preceeding the statement of the theorem. Next we prove the sufficiency part of it. Let T be the linear operator defined on [f_gδ_k : k ∈ N, g ∈ G] satifying T (f_gδ_k) = gϕ_k. We will show that T can be extended to a bounded operator defined on L^2(^G^∗, ℓ^2), thus proving, due to (a) of lemma 2.1, that {gϕ_k : k ∈ N, g ∈ G} is a Bessel family of H. Let {b_{k,g}} be a sequence of scalars such that all but a finite number of b_{k,g} are zero. Then we get that T ( ∑ k,g b_{k,g}f_gδ_k) = ∑ k,g b_{k,g}gϕ_k. But < ∑ k,g b_{k,g}gϕ_k , ∑ k,g b_{k,g}gϕ_k >= ∑ k,g ∑ k^′,g^′ b_{k,g}b_k′_{,g}′ < gϕ_k, g^′ϕ_k′ >

= ∑ k,g ∑ k^′,g^′ b_{k,g}b_k′_{,g}′ < ϕ_k, g^{−1}g^′ϕ_k′ >. On the other hand, the definition of a_k implies that | < ϕ_k, g^{−1}g^′ϕ_k′ > | = | < a_k, f_g−1_g′ δ_k′ > | ; now, property (1) gives that | < ϕ_k, g^{−1}g^′ϕ_k′ > | ≤ ‖A‖_∞ for all k ∈ N, g, g^′ ∈ G.

This proves that ‖ ‖ ∑ k,g b_{k,g}gϕ_k ‖ ‖^2 ≤ ‖A‖^2_∞ ∑ k,g |b_{k,g}|^2, which implies

that T can be extended to a bounded operator on the whole L^2(^G^∗, ℓ^2). We denote this extension again by T . This in particular, implies that {gϕ_k : k ∈ N, g ∈ G} is a Bessel family of H.

Now, let V be the range space of T^∗ and assume that P is the projection onto V . It is not hard to verify that T^∗T commutes with {M_g : g ∈ G} and that A ∈ L^∞(^G^∗, B(ℓ^2)) satisfies T^∗T ω(γ) = A(γ)ω(γ) a.e. As in the proof of the neccessity part of (a) P is induced by a function P ∈ L^∞(^G^∗, B(ℓ^2)), where P (γ), a.e. in ^G^∗, is the projection we defined in property (2). The same property also implies that T^∗T | V is invertible, thus proving that {gϕ_k : k ∈ N, g ∈ G} is a frame of H. The conclusion about the frame bounds follows easily.

(b) If {gϕ_k : k ∈ N, g ∈ G} is a Riesz basis of H lemma 2.1 implies that P = I, thus P (γ) = I_ℓ2 a.e. On the other hand, if P (γ) = I_ℓ2 a.e. the arguments of the previous paragraph imply that P = I, so {gϕ_k : k ∈ N, g ∈ G} is a Riesz basis of H.

If {gϕ_k : k ∈ N, g ∈ G} is a NTF of H lemma 2.1 implies that T^∗T , where T is the operator we defined in the proof of the neccessity part of (a), is a projection. This implies that A(γ) is a projection a.e. Similarly one can prove that the converse statements in (i) and (ii) are true. Statement (iii) follows from the fact that a Riesz basis which is also a NTF is an orthonormal basis and vice-versa.

Remark 2. Property (2) of the previous theorem follows that A(γ) is invertible only a.e. in the suppP = suppA. Although the previous theorem deals only with the case of infinite countable subsets {ϕ_k : k ∈ N} of H the theorem remains true even in the case of finite subsets {ϕ_k : k = 1, 2, . . . , n} (n ∈ N) of H as well, with certain obvious modifications. Specifically, in this case instead of using the spaces L^2(^G^∗, ℓ^2) and L^∞(^G^∗, B(ℓ^2)) we use the spaces L^2(^G^∗, C^n ) and L^∞(^G^∗, C^{n×n} ). Let G be the translation group {T^n : n ∈ N}, where T is the translation operator defined by eq. (2). Our final goal in this section is to characterize the subfamilies of functions {ϕ_k : k ∈ I} of L^2(R), where I is an arbitrary subset of N such that {T^nϕ_k : k ∈ I, n ∈ Z} is a Riesz basis or a frame, or a NTF, or an orthonormal basis for the closed linear span of {T^nϕ_k : k ∈ I, n ∈ Z}. Now, set e_n(ξ) := e^{2πinξ}, n ∈ Z. Corollary 3. Let I ⊆ N and {ϕ_k : k ∈ I} be a subset of L^2(R). Define a_{l,k}(ξ) := ∑ m∈Z ϕ̂_k(ξ + m)ϕ̂_l(ξ + m) k, l ∈ I ξ ∈ [0, 1) and a_k(ξ) := (a_{1,k}(ξ), a_{2,k}(ξ), . . .), ξ ∈ [0, 1).

(a) Assume that for every k ∈ I the function ξ → ‖a_k(ξ)‖_ℓ2 is in L^2([0, 1)) and that the linear operators A(ξ) defined for a.e. ξ ∈ [0, 1) on [δ_k : k ∈ I] by the equation A(ξ)δ_k = a_k(ξ) satisfy the following properties:

(1) A belongs to L^∞([0, 1), B(ℓ^2(I))).

(2) Let P (ξ) be the range projection of A(ξ) a.e. There exists B > 0 such that for every x ∈ P (ξ)(ℓ^2(I)) we have that B ‖x‖ ≤ ‖A(ξ)x‖. Then {T^nϕ_k : k ∈ I, n ∈ Z} is a frame of its closed linear span with frame bounds B and ‖A‖_∞. Conversely, if {T^nϕ_k : k ∈ I, n ∈ Z} is a frame of its closed linear span with frame constants B, C, then there exists A ∈ L^∞([0, 1), B(ℓ^2(I))) such that ‖A‖_∞ ≤ C satifying the following equation A(ξ)_{l,k} = ∑ m∈Z ϕ̂_k(ξ + m)ϕ̂_l(ξ + m) k, l ∈ I, ξ ∈ [0, 1)

and property (2). Moreover P (·) belongs to L^∞([0, 1), B(ℓ^2(I))).

(b) Assume that {T^nϕ_k : k ∈ I, n ∈ Z} is a frame of its closed linear span. Then the following are true:

i) {T^nϕ_k : k ∈ I, n ∈ Z} is a Riesz basis of its closed linear span if and only if P (ξ) = I_ℓ2_{(I)} a.e.

ii) {T^nϕ_k : k ∈ I, n ∈ Z} is a NTF of its closed linear span if and only if A(ξ) is an orthogonal projection a.e.

iii) {T^nϕ_k : k ∈ I, n ∈ Z} is orthonormal if and only if A(ξ) = I_ℓ2_{(I)} a.e.

Proof. The proof follows directly from theorem 2 and the following two facts. First, the translation group is algebraically isomorphic to Z. By considering the left regular representation of the translation group on ℓ^2(G) we get G^∗ which is discrete and algebraically isomorphic to Z, so its dual ^G^∗ is homeomorphicaly isomorphic to the additive group [0, 1), where addition is defined modullo 1. Second, a trivial calculation involving Plancherel’s theorem shows that for k, l ∈ I we have that < ϕ_k, T^nϕ_l >= ^a_{l,k}(n), for every n ∈ Z. □

If I is finite then the function A has a very elegant representation. Set Φ := (ϕ̂_1, ϕ̂_2, . . . , ϕ̂_n). Then A(ξ) = ∑ m∈Z Φ(ξ + m)^∗Φ(ξ + m) a.e.

In the case |I| = 1 the previous corollary gives the Benedetto and Li characterization of frames of translates of a single function in L^2(R) (see [1] theorem 3.4, [2] theorem 4.2).

3. Generalized Frame MRA of L^2(R)

We begin this section with the characterization of all the NTF multiwavelet sets associated with a GFMRA of L^2(R) with respect to the system U_{D,T} . In order to give a flavor of our more general results we assume throughout this section that {V_j}_j is a GFMRA of L^2(R) and {ϕ_k : k ∈ N} is a NTF multiscaling set associated with {V_j}_j. GFMRAs of L^2(R) where introduced in [10], where it was proved that every orthonormal wavelet ψ is associated with a GFMRA of L^2(R), i.e. {T^nψ : n ∈ Z} is an orthonormal basis of V_1 ∩ V^⊥_0 .

Define Y : V_0 → L^2([0, 1), ℓ^2) by the equation

Y (f) = ∑ n∈Z ∑ k∈N ⟨f, T^nϕ_k⟩e_nδ_k , f ∈ V_0. Note that Y is the analysis operator corresponding to the frame {T^nϕ_k : k ∈ I, n ∈ Z}. Since {ϕ_k : k ∈ N} is a NTF multiscaling set and Y is an isometry, for every f ∈ V_0 we have that f = ∑ n∈Z ∑ k∈N ⟨f, T^nϕ_k⟩T^nϕ_k. Since D^∗ϕ_k belong to V_0 for every k, we can define m_k := Y D^∗ϕ_k. We call the family {m_k : k ∈ N} the low pass filter set corresponding to the multiscaling set {ϕ_k : k ∈ N}. We also have that D^∗ϕ_k = ∑ n∈Z ∑ l∈N ⟨D^∗ϕ_k, T^nϕ_l⟩T^nϕ_l, for every k ∈ N. Applying the Fourier transform on both sides of the previous equation we obtain that

(6) ϕ̂_k(2ξ) = 1 √ 2 ∑ l∈N m_{l,k}(ξ)ϕ̂_l(ξ) a.e., k ∈ N,

where m_{l,k}(ξ) = ∑ n ⟨D^∗ϕ_k, T^nϕ_l⟩e^{−2πinξ}. The following proposition generalizes the Quadrature Mirror filter or Smith-Barnwell condition. Proposition 4. ([12]) There exists a unique M_0 ∈ L^∞([0, 1), B(ℓ^2)) such that M_0(ξ)δ_k := m_k(ξ) = (m_{1,k}(ξ), m_{2,k}(ξ), . . .) a.e. satisfying the following property:

P_1(ξ) := 1 2 [M_0(ξ)^∗M_0(ξ) + M_0(ξ + 1/2)^∗M_0(ξ + 1/2)]

is a.e. an orthogonal projection.

We call the function M_0 the low pass filter corresponding to {ϕ_k : k ∈ N}. Let A ∈ L^∞([0, 1), B(ℓ^2)) be the autocorrelation function corresponding to the NTF multiscaling set {ϕ_k : k ∈ N}. By corollary 3 A(ξ) is a.e. a projection (this does allow A to vanish on set of positive measure). Now, let ψ_k be a NTF multiwavelet set associated with {V_j}_j. In the same manner we define h_k := Y D^∗ψ_k, k ∈ N. We call the family {h_k : k ∈ N} a high pass filter set. We have the following characterization of high pass filter sets.

Theorem 5. ([12]) Let {ϕ_k : k ∈ N} be a set of NTF multiscaling vectors for the GFMRA {V_j}_j . Assume that {ψ_k : k ∈ N} is a subset of V_1. Set h_k := Y D^∗ψ_k, k ∈ N. Then {ψ_k : k ∈ N} is a set of NTF multiwavelet vectors associated with {V_j }_j if and only if the following are true:

(1) There exists H ∈ L^∞([0, 1), B(ℓ^2)) such that H(ξ)δ_k := h_k(ξ) a.e.

(2) P_2(ξ) :=^1_2 [H(ξ)^∗H(ξ) + H(ξ + 1/2)^∗H(ξ + 1/2)] is an (orthogonal) projection a.e.

(3) 0 = M_0(ξ)^∗H(ξ) + M_0(ξ + 1/2)^∗H(ξ + 1/2) a.e. (4) For a.e. ξ in [0, 1) we have that the columns of the following matrix ( M_0(ξ) H(ξ) M_0(ξ +^1_2 ) H(ξ +^1_2 ) )

form a complete set for A(ξ)(ℓ^2) ⊕ A(ξ + 1/2)(ℓ^2). We call this matrix modulation matrix.

In [12] we prove that we can always construct the function H, which we call a high pass filter corresponding to the low pass filter M_0. We also provide two algorithms for the construction of high pass filters. In the example that follows we will apply to some extend the second of the two algorithms. Theorem 5 follows directly from theorems 7 and 10 of [12]. These theorems characterize all frame multiwavelet vector sets associated with a GFMRA of an abstract Hilbert space satisfying two additional very general hypotheses. Similarly with eq. (6), if {h_k : k ∈ N} is a high pass filter set, then we have that

(7) ψ̂_k(2ξ) = 1 √ 2 ∑ l∈N h_{l,k}(ξ)ϕ̂_l(ξ) a.e., k ∈ N,

where h_{l,k}(ξ) = ∑ n ⟨D^∗ψ_k, T^nϕ_l⟩e^{−2πinξ}. Example 6. In this example we will use [−1/2, 1/2) instead of [0, 1). Let ϕ ∈ L^2(R) be a function with the following properties: ^ϕ is continuous, ^ϕ(ξ) = 0 for every ξ such that |ξ| ≥ b, where 0 < b < 1/4 and 0 < ^ϕ(ξ) ≤ 1 for every ξ ∈ (−b, b). Moreover let c ∈ (b/2, b). We assume that ^ϕ(ξ) = 1 for every ξ ∈ (−c, c). Set V_0 to be the closed linear span of {T^nϕ : n ∈ Z} It is not hard for someone to verify that F(V_0) = L^2([−b, b)). Now, define ϕ_1 = ϕ and ϕ_2 = F^{−1}(^ϕ_2), where

^ϕ_2(ξ) := { 0 if |ξ| ≥ b √ 1 − ^ϕ(ξ)^2 if |ξ| < b Apparently {T^nϕ_1 : n ∈ Z} ∪ {T^nϕ_2 : n ∈ Z} is contained in V_0 and as we will show by calculating the autocorrelation function A corresponding to the set {ϕ_1, ϕ_2} the former set is a NTF of V_0. An easy calculation shows that A(ξ) = 0 if |ξ| > b v(ξ) ⊗ v(ξ) if c ≤ |ξ| ≤ b δ_1 ⊗ δ_1 if |ξ| < c where δ_1 = (1, 0), δ_2 = (0, 1) and v(ξ) := ^ϕ_1(ξ)δ_1 + ^ϕ_2(ξ)δ_2. Obviously ‖v(ξ)‖ = 1 if c ≤ |ξ| ≤ b. This proves that if A(ξ) ≠ 0 then it is a rankone projection, so by corollary 3 {T^nϕ_1 : n ∈ Z} ∪ {T^nϕ_2 : n ∈ Z} is a NTF of V_0. The intuitive idea behind this particular selection of ϕ_2 is to “compensate” ϕ̂_1 in the frequency band, specificaly in neighborhoods of −b, b, because ϕ_1 cannot guarantee stable reconstruction of functions supported in neighborhoods of −b, b in the frequency domain. Now define V_j = D^j(V_0), where D is the dyadic dilation operator and j ∈ Z. Apparently {V_j}_j is a GFMRA of L^2(R).

The hypothesis c ∈ (b/2, b) yields a fairly simple form for the low pass filter M_0. In fact a proper calculation of the 1-periodic function M_0 has to involve the isometry Y but we will refrain from giving details. We simply give the form of M_0.

M_0(ξ) = ( m_1(ξ) m_2(ξ) 0 0 )

where m_1(ξ) = √ 2 ^ϕ_1(2ξ) and m_2(ξ) = √ 2 ^ϕ_2(2ξ), ξ ∈ [−1/2, 1/2). We hope that the reader will excuse this particular use of the notation m_{1,} m_2 which is inconsistent with the notation we established before theorem 5. Next we have to find a 2 × 2 matrix valued function H satisfying conditions (1)-(4) of theorem 5. More precisely we will define H ∈ L^∞([0, 1), C^{2×2} ) satisfying the following properties:

•^1_2 [H(ξ)^∗H(ξ) + H(ξ +^1_2 )^∗H(ξ +^1_2 )] is an orthogonal projection. • M_0(ξ)^∗H(ξ) + M_0(ξ +^1_2 )^∗H(ξ +^1_2 ) = 0. • The columns of the modulation matrix ( M_0(ξ) H(ξ) M_0(ξ +^1_2 ) H(ξ +^1_2 ) ) form a frame for A(ξ)(C^2 ) ⊕ A(ξ +^1_2 )(C^2 ) a.e.

It is not hard to see that A(ξ) ⊕ A(ξ +^1_2 ) vanishes on the intervals [−1/2 + b, −b) ∪ [b, 1/2 − b) and on the remaining intervals is a rankone projection, because the support of A is the interval [−b, b) and b < 1/4. Therefore the last of the above properties suggests that at most one of the last two columns of the modulation matrix should be non zero. This suggests to set the fourth column of the modulation matrix identically equal to zero. The second of the above properties implies that the third column of the modulation matrix must be a.e. orthogonal (whenever it is non zero) to the first two columns of the modulation matrix. We will show how this can be accomplished in two cases. The remaining cases follow easily.

If^c_2 ≤ |ξ| <^b_2 then m_1(ξ) and m_2(ξ) are both non zero a.e. so the first two columns of the modulation matrix are both non zero. This implies that in this case the last two columns of the modulation matrix have to be equal to zero. On the other hand, if c ≤ |ξ| < b, then A(ξ) = v(ξ) ⊗ v(ξ), while A(ξ +^1_2 ) = 0. Also M_0(ξ) = M_0(ξ +^1_2 ) = 0. In this case, we select the third column of the modulation matrix to be the vector (v(ξ), 0), because {v(ξ)} is an orthonornal basis of the range of the rank-one projection A(ξ). Considering all the possible cases for ξ we construct the high pass filter H given below.

H(ξ) = 0 if |ξ| > b, or |ξ| ≤ b/2 ( 1 0 0 0 ) if b/2 ≤ |ξ| ≤ c ( ^ϕ_1(ξ) 0 ^ϕ_2(ξ) 0 ) if c ≤ |ξ| ≤ b Therefore we have that the high pass filter set in this case is the singleton {h}, where

h(ξ) = 0 if |ξ| > b, or |ξ| ≤ b/2 (1, 0) if b/2 ≤ |ξ| ≤ c ( ^ϕ_1(ξ), ^ϕ_2(ξ)) if c ≤ |ξ| ≤ b .

Finally, it is not hard to check that the filter h defines the frame wavelet ψ := F^{−1}(χ_{[−2b,−b)∪[b,2b)}). We would like to conclude with two remarks focusing on this last result. Since F(V_0) = L^2([−b, b)) we can easily see that the GFMRA we defined above can be generated by the frame scaling function F^{−1}(χ_{[−b,b)}) as well. Then immediately one realizes that the associated frame wavelet is the particular ψ we found above. We think that the most interesting part of the whole process is not the construction of the frame wavelet but the construction of the filters (m_1, 0), (m_2, 0), h and their particular functional properties.

One of our future goals is to study the process of constructing this type of QMF filters in depth and its connections with the work of others.

4. Acknowledgements

Supported by funds provided by a Ralph E. Powe Junior Faculty Enhancement Award and by a University of Houston New Faculty Research Award.

References

[1] J.J. Benedetto, S. Li, The theory of multiresolution analysis frames and applications to filter banks, Appl. Comp. Harm. Anal., 5 (1998), pp. 389-427.

[2] J.J. Benedetto, O.M. Treiber, Wavelet frames: Multiresolution analysis and the unitary extension principle, textit Wavelet Transforms and Time-Frequency Signal Analysis, L. Debnath (Ed.), Birkhauser, Boston MA, 2000.

[3] M. Bownik, The structure of shift invariant subspaces of L^2(R^n), to appear J.

Funct. Anal.

[4] X. Dai and D. Larson, Wandering vectors for unitary systems and orthogonal wavelets, Memoirs Amer. Math. Soc., Vol. 134, nr. 640, 1998.

[5] P.A. Fillmore, textit A user’s guide to operator algebras, John Wiley & sons, Inc. 1996.

[6] D. Han, D.R. Larson, Frames, bases and group representations, to appear, Memoirs Amer. Math. Soc.

[7] R.V. Kadison, J.R. Ringrose, Fundamentals of the theory of operator algebras, Vol. II, GSM Vol. 16, American Mathematical Society, 1997.

[8] H.O. Kim, J.K. Lim, On frame wavelets associated with frame multiresolution analysis, to appear Appl. Comp. Harm. Anal.

[9] M. Paluszyński, H. Šikić, G. Weiss, S. Xiao, Generalized low pass filters and MRA frame wavelets, to appear J. Geom. Anal.

[10] M. Papadakis, On the Dimension function of orthonormal wavelets, to appear Proc. Amer. Math. Soc.

[11] M. Papadakis, Generalized frame multiresolution analysis of abstract Hilbert spaces and its applications, to appear SPIE Proc. 4119 (2000), Wavelet Applications in signal and Image Processing, A. Aldroubi, A. Laine, M. Unser (Eds.).

[12] M. Papadakis, Generalized frame multiresolution analysis of abstract Hilbert spaces and frames of translates, preprint, 2000.

[13] A. Ron, Z. Shen, F rames and stable bases for shift-invariant subspaces of L_2(R^d ), Canad. J. Math. textbf 47(1995), 1051-1094.

[14] I.W. Selesnick, L. Sendur, Iterated oversampled filter banks and wavelet frames, to appear SPIE Proc. 4119 (2000), Wavelet Applications in signal and Image Processing, A. Aldroubi, A. Laine, M. Unser (Eds.).

[15] E. Weber, A functional analytic construction of wavelets, preprint, 2000.