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1. Introduction

Interest in cloaking has surged, as reflected in the many recent reviews [2,3,10]. We introduced a new kind of cloaking for the
two-dimensional Helmholtz equation [11,12]. Our approach uses active sources (cloaking devices) to hide objects placed in an
external region. The advantages of our approach are: (a) by the superposition principle a cloak can be designed for a broad band of
frequencies (excluding discretely many frequencies where the object being cloaked, if non-absorbing, “resonates”) and (b) the
cloak does not need materials with extreme properties which are hard to realize and dispersive, as it is the case in most
transformation based cloaking strategies (see e.g. [6,8,10,16,23] — though an exception is [17]). A significant drawback of our
approach is that we assume full knowledge of the incident field. Also the active sources contain a monopole term which may be
problematic for applications in electromagnetism.

The problem of finding source distributions for cloaking is clearly ill-posed in the sense that if it admits one solution then it
admits infinitely many solutions. In [11,12] we computed particular solutions involving three point-like devices by solving a
constrained least-squares problem with the singular value decomposition (SVD). In an effort to explain rigorously our previous
results, we use the Green representation theorem for the Helmholtz equation (in short Green's formula, see e.g. [5]), to derive
explicitly a particular solution in terms of the incident field (Theorem 1).

Another cloaking method based on Green's formula is the active interior cloak introduced by Miller [19], which uses single and
double layer potentials to cancel the incident field inside a closed curve. Cancelling fields inside (or outside) a region surrounded by
active sources is known in acoustics as “active sound control” and has applications to e.g. noise suppression. We point to the reviews on
active sound control by Peterson and Tsynkov [24] and Ffowcs Williams [7] and to the early work by Malyuzhinets [18]. Jessel and
Mangiante [13] recognized that the single and double layer potentials from Green's formula can be hard to realize and showed that
they can be replaced by a source density in an annular region containing the curve. Here we apply an addition theorem for Hankel
functions to replace the source distribution on a curve by a few active sources, effectively connecting the cloaked region with the
exterior. The sources we get are, as the ansatz used in [11,12], multipolar point-like sources: they are given as a series of cylindrical
radiating solutions to the Helmholtz equation, centered at a few points. We also establish convergence of the series to the fields
required for cloaking and give a specific configuration of sources (Section 2.3) similar to the one we found empirically in [11,12]. The
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problem of controlling the sources in the time domain so that the desired cloaking effect is achieved is not considered here and is left
for future studies.

Other methods for obtaining exterior cloaks include those based on complementary media [14], surface plasmonic resonances
[25], anomalous resonances in the vicinity of a superlens [20-22] and waveguides [26].

A different idea is that of illusion optics [15] where the goal is to hide an object and make it appear as another object. The
Green's formula based approach that we present here also explains why this can be done using active devices, as was recently
observed numerically [27]. We give a way of explicitly constructing the devices to such effect, without the need for solving a least-
squares problem (see Remark 4).

We work in the frequency domain at a fixed angular frequency . In a medium with constant speed of propagation c, the wave
field u(x,w) satisfies the Helmholtz equation

Au+ Ku=0, for XER?, (1)

where k = 2m/\ is the wavenumber and A = 27ic/w is the wavelength. For simplicity we drop the dependency on the frequency and
write u(x)=u(x,).

Remark 1. We assume that the frequency  is not a resonant frequency of the scatterer we want to hide. Resonant frequencies are
left for future studies.

Remark 2. Calling a cloak “active” can be ambiguous as one can refer to a cloak that can hide active sources [9] or a cloak that uses
active sources to hide objects [11,12,19]. The cloaking method we present here is “active” in both senses as we use active devices to hide
objects and in some simple situations it is possible to hide sources (see Remark 3). However here we focus only on cloaking scatterers.

2. Green's formula cloaks

We present the active interior cloak [19] and using an addition theorem for Hankel functions we show how this cloak can be
replaced by a few multipolar sources (Section 2.2). The price to pay for using a finite number of sources is that the cloaked region
and the region from which the object is invisible are smaller compared to the active interior cloak. We then make some geometric
considerations (Section 2.3) to show that with the particular approach of Section 2.2 we need three or more sources to get a non-
empty cloaked region.

2.1. Active interior cloak

Denote by D the region of R? that we wish to cloak from a known incident field u;. We also assume from now on that D is a simply
connected bounded region of class C2. The arguments in Section 2 can be easily generalized to the case where D is composed of
several simply connected components. In order to cloak D, we construct a solution u4 to the Helmholtz Eq. (1) (in R? excluding the
boundary of D) such that

_ [ —u;(x) for x€D
Ug(X) = {0 " otherwise. @

Hence the total field uy + u; vanishes in D and is indistinguishable from u; outside D. If a scatterer is placed inside D the scattered
field u;, resulting from the incident field uy + u; is zero. Assuming u; is an analytic solution to the Helmholtz Eq. (1) inside D, a field
ug satisfying Eq. (2) can be constructed using Green's formula (see e.g. [5])

ug(%) = f,dS,{ = (n) Vyuy))Gx.y) + wy)n) vy6x.y) }, 3)

where n(y) is the unit outward normal to D at a point y on the boundary 0 D and the Green's function for the two dimensional wave
equation is

Gix.y) = JH (kx—y)), @)

where H{! is the n-th Hankel function of the first kind ([ 1], Section 9). The first term in the integrand in Eq. (3) can be interpreted
as the potential due to a distribution of monopoles on the boundary dD (the single layer) while the second term can be interpreted
as the potential due to a distribution of dipoles oriented normal to dD (the double layer).

In the frequency domain, the cloaking scheme we obtain is the same scheme proposed by Miller [19], where the single and
double layer potentials in Eq.(3) are simulated with many sources completely surrounding the cloaked region D. We give an
example of the field u, generated by Green's formula (3) in Fig. 1. The effect of this active interior cloak can be seen in Fig. 2, where
it is used to hide a kite shaped scatterer [4] with homogeneous Dirichlet boundary conditions. The field is virtually zero inside the
cloaked region, so there are very little scattered waves to detect the object.
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Fig. 1. The field u4 generated by Green's formula (3) The region D is the disk in thick lines with radius 5A and the incident field is a plane wave with angle 5m1/13. The
field u, is very close to the incident field inside D and zero outside D. The integral in Eq. (3) is evaluated with the trapezoidal rule on 28 equally spaced points on dD.
The axis units are in wavelengths A.

2.2. Active exterior cloak

Our aim is to replace the single and double layer potentials on dD appearing in Eq. (3) by a few ng.,, multipolar sources (what
we call “cloaking devices”) located at some points X;0D. The advantage being that the cloaked region is no longer completely
enclosed by a surface. The field generated by such sources can be written formally as

= —oo

Ngey ©
(ext) _ . .
uf ) = 3 30 byl (x). (5)
where the coefficients b; ,=C are to be determined and
Vin(X) = Hy, (kIX|)explim arg(x)]

are radiating cylindrical waves. Here arg(x) denotes the counterclockwise oriented angle from the vector (1,0) to the vector X. By a
radiating solution to the Helmholtz equation, we mean it satisfies the Sommerfeld radiation condition (see e.g. [4]).

In[11,12] we presented a numerical scheme based on the singular value decomposition (SVD) to compute the coefficients b; ,
in a way that u$™® approximates u4 as defined in Eq. (2). We give next in Theorem 1 one way of obtaining these coefficients
explicitly such that uff’“) (X) = ug(x) for X in a certain region RCRR?, effectively reducing the cloaked region to DNR.

Let us assign to each source x; a segment 0D; of the boundary. These segments are chosen such that they partition dD and

0D;NAD; is empty or a single point when i #j. An example of this setup is given in Fig. 3. The coefficients b; ,, are given next.

(b)

20

-20 -1

-20 0 20 -20 0 20
Fig. 2. Active interior cloak (a) inactive and (b) active. The region D where Green's formula is applied is the circle of radius 5\ in thick lines. The field inside the

cloaked region D is virtually zero, so that outside the cloaked region the field is indistinguishable from the incident plane wave with direction 5m/13. The axis units
are in wavelengths A.
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Fig. 3. Active exterior cloak construction. The contribution of portion 0 D; to the single and double layer potentials in Green's formula (3) is replaced by a multipolar
source located at x;¢0D.

Theorem 1. Multipolar sources located at X;0D, j =1, ...,ngey, can be used to reproduce the active interior cloak in the region

Ngey

szQ{XER ||x x| > sup|y |}

The coefficients bj,m in Eq. (5)such that u e"”( X) = uy(x) for x € R are given by

bim = fan,dsy{ (—n@) Vyui(y) ) Un (y=%)) + ws(y)n(y) VyUy, (y—xj)} (6)
for j=1,...,nex and for m €7Z. Here U,,(X)are entire cylindrical waves,

U, (X) =], (kX|)exp[im arg(X)].

Proof. Clearly, the integral over the whole boundary 0D in Green's formula (3) can be written as the sum of the integrals over the
segments 0D;. For segment dD;, we use Graf's addition formula ([1], Section 9.1.79) to express the Green's function G(x,y) as a
superposition of multipolar sources located at x;,

Gxy) = zHy (Klx—x—(y—x))]) ’

where the series converges absolutely and uniformly on compact subsets of [x—Xx;| > |[y—X;| (this can be seen by e.g. adapting
Theorem 2.10 in [4] to two dimensions). Splitting the integral in Green's formula (5) into integrals over dD; and using the

expansion in Eq. (7) we get for XER,

Ngey -
U@ ds { v, X,
700 = 3 f < ) Sy, 2 Vo (x%,)Un(y-%)
wRW) Ty X Vo (k%) Un (v |
The desired Eq. (6) can be obtained by rearranging the infinite sum and the integral. For the first term in the integrals in Eq. (8),

the uniform convergence of the series in Eq. (7) for ye0D; allows us to switch the infinite sum and the integral. The second term
involves the gradient

VyUn (y—xj) = klz%zlj,’n (I<|y—xj\>exp [—im arg (y—xj)}

+ Jn (k|y—xj|) (—im exp [—im arg(y—xj>] )Vyarg<y—xj) .
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Fig. 4. A configuration for a cloak with three devices forming an equilateral triangle such that |x;| = 6 for j=1,2,3. The region D where we apply Green's formula is
the disk of radius o centered at the origin. The region R?\R appears in gray. The green colored region is the effective cloaked region DNR.

Since we assumed X;¢ 0 D, the gradient

1
(y—xj ) th xi=| X2
Vyarg<y—xj) = W, with x ={ X ], (10)
is bounded fory € BDj. Using the series representation for Bessel functions (see e.g. ([1], Section 9.3.1) and ([4], Section 3.4)) we
can get the estimates

n n—1
In(®) = o (1 4+ 01/ m), ht) = gy + 01/m) -
HP @ = 20D 4 o)

valid for t>0 as n — e, uniformly on compact subsets of (0, «). Using Eq. (11) and the expression for the gradient in Eq. (9) we can
estimate the terms

Ty (X! y—x|"
Vi (x=%;) VyUn (y—;) = O(xxjm = (12)
as m— e uniformly on compact subsets of [x—x;| > [y—x;|. Therefore the series in the second integrand of Eq. (8) converges
absolutely and uniformly in dD; and the infinite sum and the integral can be switched. d

Note that Theorem 1 does not guarantee that the effective cloaked region DNR is not empty. However we do have that the
device's field vanishes far away from the devices (i.e. uff’“) (x) = 0 for |x| large enough) because R?\R is bounded. Later in Section

2.3 we give a specific configuration where DNR is not empty.

Remark 3. In order to guarantee that the field u4(x) in Green's formula (3) vanishes outside D, we need an analytic incident
field u;(x) inside D. If the field u;(x) is a radiating and also a C? solution to the Helmholtz Eq. (1) outside D (as it is the case when
there are sources and non-resonant scatterers inside D), then Green's formula (3) converges outside D to u;(x) and inside D to zero
(see e.g. [5]). This is the principle behind noise suppression [7] and the same idea could be used to cloak some (assumed known)
active sources and scatterers in D.

Remark 4. Clearly the same Green's formula approach can be used to create illusions with active sources [27]: one can
simultaneously cloak an object and generate waves that correspond to the scattering from a completely different object (the
“virtual object”). All we need is knowledge of the scattered field u}(x) generated by hitting the virtual object with the incident
u;(x). Since u¥™ (x) is a radiating solution to the Helmholtz equation, to achieve illusion simply subtract uY" from u; in Eq. (6) (this
is assuming that uY(x) is C* outside D).
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Green’s formula SVD
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Fig. 5. Comparison of the Green's formula method (left column) and the SVD based method [11,12] (right column). The circle in thick lines is where we apply
Green's formula. The dashed circle is where we enforce that the field be close to the incident field and the solid circle is where we enforce that the device's field is
close to zero. The first row corresponds to the device's field and the second row to the total field.

Remark 5. The proof of Theorem 1 generalizes easily to the Helmholtz equation in three dimensions. We leave this generalization
for future studies.

2.3. An explicit example of an active exterior cloak

In this Section we describe one possible realization of the cloak configuration presented in Theorem 1. First notice that with this
particular method we need to have ng., >3 for a non-empty effective cloaked region DNR (with D and R given as in Theorem 1).
This is consistent with our numerical results in [11,12], as we observed that at least three devices are apparently needed to cloak
plane waves with an arbitrary direction of propagation.

To see that at least three devices are needed, first notice that R*\R = U]’.’dg 1 Bj where the B; are disks centered at the j-th device
location x; and dD;C B;. We thus get

Tdey

If we have only one device (nge, = 1), then DCR?\R and thus the effective cloaked region is empty. If we have two devices and D
is simply connected, then we must also have DCR?\R, as the union of two non-disjoint disks is simply connected.

With three devices we take as an example the configuration shown in Fig. 4. Here the devices are located at a distance 6 from
the origin and are the vertices of an equilateral triangle. The region D where we apply Green's formula is the disk of radius o
centered at the origin. The circle D is partitioned into three arcs 0D;, j=1,2,3 of identical length which are chosen so that the
distances supycyp, [y—X;| are equal for j=1,2,3.

Simple geometric arguments show that the region R of Theorem 1 is the complement of the union of the three disks in gray in
Fig. 4, with radius

r(0,8) = ((0-8/2)" + 382/4)”2, (13)
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Fig. 6. Comparison of the cloak performance for the SVD method with M(5) terms (blue) and the Green's identity method with M(6) terms (red) and 2M(5) terms
(green). In (a) we measure how small is the total field inside the cloaked region and in (b) how small is the device field far away from the devices.

and centered at x;, j=1,2,3. To get an idea of the dimensions of the effective cloaked region RND (in green in Fig. 4), we look
at the radius of the largest disk that can be inscribed inside. This disk has radius

T (0,0) = 6—1(0, ). (14)

Thus for fixed 6 the largest effective cloaked region is obtained when o= §/2, which corresponds to the case where the
intersection of two of the disks in gray in Fig. 4 is a single point. Then the radius of the largest disk that can be inscribed inside RN D
is

rop(6) = (1—\/§/2)6z0.136. (15)
3. Numerical experiments
We compare the Green's formula based method with the geometry described in Section 2.3 and the maximal cloaked region

size (i.e.0=§/2) to an SVD based method [11,12]. In the SVD based method three distances are needed to describe the devices and
the cloaked region: the distance 6 from the devices to the origin, the radius « of the cloaked region and the radius vy of the circle
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where we enforce that the device's field be small. The numerical experiments in [11,12] were done with a«=§/5 and y=26. To
compare the cloaked regions for both methods we choose

o =rp(d) = (1—\/§/2)a

and leave vy unchanged. In this way the cloaked region for the SVD method should be the largest disk that fits inside the effective
cloaked region DNR of the Green's formula method.

We first compare in Fig. 5 the device's fields and the total field in the presence of a scatterer for both the SVD method and Green's
formula method. Here the devices are at a distance 6 =10\ from the origin, with k=1 and A = 2m. In all our numerical experiments
the series in Eq. (5) is truncated to m= — M, ...,M. For the SVD method we follow the heuristic M(6) = (k& / 2) (1 ++3/2)in[12],
which for the setup of Fig. 5 gives M(10A) = 59. For comparison purposes we used the same number of terms in the Green's formula
method. In both methods, the device's field cancels out the incident field in region near the origin without changing the incident
plane wave. The region where the total field vanishes is larger for the Green's formula method than for the SVD method. And for the
former method, the cloaked region seems larger than what is predicted by Section 2.3.

The fields near the devices (the “urchins” in Fig. 5) are very large as can be expected from the asymptotic behavior of Hankel
functions at the origin

HY (t) = O(t"”')as t—0 for ne7\{0}.

The Green's formula allows us to replace each of the devices by a closed curve containing the device and with appropriate single
and double layer potentials. The curves could be chosen as circles outside of which the device's field has reasonable values (e.g. less

(@) cut-off |uy(x)| =100

09
0.85 [T Y
08|
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0.7 |
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(b) cut-off uy(x)| = 5

091
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Fig. 7. Estimated device radius relative to 6 for different values of 6. The dotted line corresponds to the radius of the devices if they were touching circles. The SVD
method with M(8) terms is in blue, the Green's identity method with M(8) terms is in red and with 2M(6) terms in green.
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than 5 or 100 times the magnitude of the incident field). For both methods these circles do not touch, leaving “throats” connecting
the cloaked region to the exterior, so the cloaked region remains outside these “extended” devices.

We also considered larger cloaked regions in Fig. 6, keeping the same configuration as in Fig. 5 but taking §&[5,50]A. To
evaluate the cloak performance we plot in Fig. 6 the quantity

M, on the circle|x| = (1 —\/§/2)6,
ol 2
which measures how well the device's field cancels the incident field inside the cloaked region and

g2
lluill 2

, on the circle|x| = 25,

which measures how small the device's field is relative to the incident field far away from the devices.! With the same number of
terms M(6) the SVD method outperforms the Green's formula method in both the cloaked region and far away from the devices.
When 2M(6) terms are used for the Green's formula method, the relative errors improve, but the convergence of the series in Eq.
(5) seems slower in the cloaked region than far away from the devices.

We estimate in Fig. 7 the size of the “extended” devices (i.e. the “urchins” where the device's field is large) by assuming they are
disks centered at the device's locations x;. The disk radius for the device centered at x; is estimated by finding the closest
intersection of the level set |u4(x)| = B with each of the segments between x; and the other two devices. The quantity plotted in
Fig. 7 is the maximum of these distances rescaled by 6 and is always below the radius at which the extended cloaking devices do
not leave gaps with the exterior (for both cut-off values 3 =15 and 10). The cost of having more terms in Green's formula is that the
extended devices leave narrower throats. Presumably in the limit M — « these extended devices touch and correspond to the
region R*\R in Theorem 1.

Remark 6. A natural question is whether changing the integrals over dD; in Eq. (6) to integrals over subsets of 0 D; gives good
cloaking devices. Since in the region R of Theorem 1 the device's field is identical to that of the active interior cloak, we can
reformulate the question as follows: does making small openings in dD give a good active interior cloak? This is not the case
because the resulting active interior cloak has fields identical in R to the fields for the cloak taking all of D into account minus the
fields obtained by integrating Green's formula (3) on the portions of 0D that were excluded. The excluded portions have a
monopole and dipole distributions that radiate and spoil the cloaking effect that we are after, even for small openings.
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