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1. Introduction

The current literature has significantly addressed the idea of active manipulation of vector and scalar fields in desired
regions of space.

In fact the active (partial) nulling of fields in the low-frequency acoustics was first studied in [21] (feed-forward control
of sound) and in [28] (feedback control of sound). The reviews [33,15,19,20,32,9,31,7] and references therein discuss the
active sound control problem for arbitrary finite frequency.

For cloaking applications, the strategy proposed in [26] employs a continuous active layer on the boundary of the control
region while the scheme discussed in [11-14,10] (see also [37]), uses a discrete number of active sources located in the
exterior of the control region to manipulate the fields. These field manipulation problems may be thought of as a prelude
to the recommended line of research proposed here. In these works, manipulation of electrostatic fields has been treated
as well as time varying scalar fields in two and three dimensions by using integral representation theorems. These results
were further extended in [27], where a detailed sensitivity analysis is presented.
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In a parallel development in [34,35] the authors make use of the equivalence principle and show how a dipole array
can cancel the known electromagnetic scattered field from a cylinder. Further experimental results on active cloaking are
presented in [22] for the quasistatic regime and in [6] for the finite frequency regime.

Yet another approach for active cloaking is the use of essentially non-radiating sources. The works [24,23] and [25]
studied the structure of such sources and in [5,4] the author considered their applications for the active cloaking.

In [2] an alternative active scattering cancellation strategy is proposed where it is shown that suitably designed active
meta-surfaces (e.g., active smart electrical circuits) can in principle be tuned to suppress the scattering from known incident
fields. These results are supported by simulation and in [36] experimental proof was obtained for a cylindrical scatterer of
2.2-wavelengths in length and 0.31-wavelengths in cross section. In all the above works foreknowledge of the fields to be
reduced was available.

The active manipulation of quasistatic fields by using one source was studied with the help of boundary layer potentials
in [29]. Recently in [30] we extended the results presented in [29] to the active control problem for the exterior scalar
Helmholtz equation. In particular, we characterized an infinite class of boundary functions on the source boundary 9D,
so that we achieve the desired manipulation effects in several mutually disjoint exterior regions. The method is novel
in the sense that instead of using microstructures, exterior active sources modeled with the help of the above boundary
controls are employed for the desired control effects. Such exterior active sources can represent velocity potential, pressure
or currents depending on the regime of interest.

In the current paper we propose a sensitivity and feasibility study for the minimal norm solution of the active manipu-
lation problem considered in [29,30]: one antenna D, approximating a given field in a prescribed near field control region
D. with very little radiation on dBg(0), with R > 1 (see Fig. 1). We make use of the results in [30] and present a detailed
sensitivity and feasibility study for the minimal norm solution of the problem. As we will explain in Section 2 this problem
may be relevant to protection from unwanted interrogation as well as for the question of near field synthesis with small far
field radiation.

The paper is organized as follows: In Section 2 we present the physical motivation behind our study. In Section 3
we recall the general result obtained in [30] in the context of exterior active cloaking. Section 4 we present an L2
conditional stability result for the minimal norm solution with respect to measurement errors of the incoming field. In
Section 5 we present the numerical details of the Tikhonov regularization algorithm with the Morozov discrepancy prin-
ciple for the computation of the minimal norm solution of the exterior active cloaking problem in two dimensions. We
will numerically observe the fact that the scheme requires large antenna powers in the far field and we will provide nu-
merical support for our theoretical stability results. An important part of this section will be focused on the sensitivity
analysis, where we will study: the dependence of the control results as a function of mutual distances between the an-
tenna, control region and far field region; and the broadband character of our scheme in the near field region. Finally,
in Section 6 we highlight the main results of the paper and discuss current and future challenges and extensions of our
research.

2. Motivation and main results

The motivation behind our work is the desire to create stable, low budget schemes, for the approximation of desired
fields in the exterior of controlled active sources with possible applications in antenna synthesis, inverse source problems,
and electromagnetic or acoustic cloaking/shielding.

Our analysis focuses on a the following situation:

Problem. A single active antenna, D,, approximates a desired pattern in its near field region, D., with very little spillover
in the far field (e.g. beyond a certain fixed radius R).

The geometry of the problem is sketched in Fig. 1. In Proposition 4.1 and Corollary 4.1 we prove, under suitable source
type conditions, the stability of the minimal energy solution (the Morozov solution) of the above problem. In Section 5 we
also provide a sensitivity numerical analysis of the minimal energy solution (e.g., its stability, power budget and accuracy)
with respect to various parameters: distance between antenna D, and control region D., wave number k, noise level ¢, far
field boundary R. The numerical sensitivity analysis performed in Section 5 suggest that the scheme proposed by us has a
broadband character and is feasible (good accuracy with good power budget) only in a thin sub region in the near field of
the sources but possible for a wide enough angular span.

Our result proposes a stable scheme for the synthesis of active sources with controllable near fields and very weak
far fields and, besides their possible applicability in near field synthesis applications, this type of sources are theoreti-
cally very important in the analysis of the inverse source problems since they are near the kernel of the far field operator
and thus are the main cause of instabilities. Their understanding will guide us to a proper penalization of the cost func-
tional to avoid such instabilities. A separate publication with the 3D analysis is in preparation and will be communicated
Soon.

The presented results imply that one can control a thin but angularly wide near field region of a small active weak
radiator and this fact implies the possibility to build a suitable array of such elements with the property that they will
cancel an incoming field with very little radiation in the far field. Thus, paired with an appropriate feedback control loop,
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Fig. 1. An antenna defined by dD, with a control region D, and far field region Bg(0).

we believe that such an array could be mounted in a thin electromagnetic transparent skin around a given scatterer (the
array being a small distance away from the scatterer) and protect it from unwanted interrogation by canceling the incident
field in the region between the array and the scatterer.

The same question in the acoustic regime is currently studied by our group and will be reported in a forthcoming
publication.

3. Background

In this section we will recall the main result regarding the active exterior control problem for the Helmholtz equation
obtained in [30]. We will focus only on the case where one active external source (antenna) D, protects a control region
D, from an interrogating far field and maintains an overall small signature beyond a disk of large enough radius R.

The general setup for this question will be as follows. Let Bg C R? be the ball of radius R > 0. We assume 0 € D, C By
is the region inside a single antenna with sufficiently smooth boundary dD,. We also let D. € Bg be the control region,
which is assumed to satisfy D, N Dy = # (see Fig. 1). The numerical simulations in the current work are performed for the
two dimensional case but the methods are adaptable to the three dimensional setting as well. Consider the function space

E=1%0D.) x L>(3BR),

endowed with the scalar product

@z= [ 0T wdsy+ [ 0T ds, 31)
D dBR
which is a Hilbert space. For the remainder of the paper we will assume that every L? space of complex valued functions

will be endowed with the usual inner product. As in [30] consider K : L2(dD,) — &, the double layer potential operator
restricted to dD. and 9By, respectively, defined by

Ko(x,2) = (K1¢(X), K20(2)), ¢ € L*(Dy), (32)
where
K7 :L?(8Dg) — L*(D¢), K1 (X) = / ¢(y)%d5y, forx € 9D,
dDq y
Ko : L>(dDg) — L%(3BR), K2¢(z) = / ¢(y)%dsy, for z € 9BR(0). (3.3)
y
0Dy

Here ®(x,y) represents the fundamental solution of the relevant Helmholtz operator, i.e.,
eik|x—y|
——, ford=3
D(x,y)={ XVl (3.4)

THSD (kjx — yI), ford =2

with H(()l) = Jo + 1Yo representing the Hankel function of first type. Note that in (3.3) the integrals are to be understood as
singular integrals defined through an operator extension from C(dDg). We will also consider k such that
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1) — k? is not a Neumann eigenvalue for the Laplace operator in D, or Bg(0),
2) —k? is not a Dirichlet eigenvalue for the Laplace operator in D. (3.5)

As in [30] we introduce the adjoint operator K* : & — L%(dD,), which can be shown to satisfy

0D (y, D (y,
K*y (%) = / 1/’1(Y)#d5y+ [ LA LU ST (3.6)

dVx
aD, aBR

This paper proposes a sensitivity study for the following problem: Let V € D. and £/> R. For a fixed wave number
k>0 and fixed 0 < 0 « 1, find a function h € C(3D,) such that there exists u € C2(R" \ Dg) N C'(R" \ D) solving

(A+k»Hux) =0 xeR"\ D,
u=h onaDy (3.7)
lu— filleyy = O() and ||ullcrm s, @) = O,

where f1 is a solution of the Helmholtz equation in a neighborhood of the control region D.. In fact, by using the operator
K and regularity arguments it is shown in [30] that a class of solutions for problem (3.7) can be obtained by considering the
following problem: for a fixed wave number k > 0 satisfying conditions (3.5), a given function f = (f1,0) € E and u > 0,
find a density function ¢ € C(dDg) such that

Ko — flle < n. (3.8)

Problem (3.8) is in fact a Fredholm integral equation of the first kind, and it was studied in a very general setting in
[30]. There the authors proved that the bounded and compact operator K is also one-to-one and has a dense (but not
closed) range, thus proving the existence of a class of solutions for (3.8) (and thus for (3.7)). However, the fact that K
is compact and that its range is not closed also implies that problem (3.8) is ill-posed. By using regularization, one can
approximate a solution to problem (3.8) with an arbitrary level of accuracy u <« 1. There are several methods known in
the literature, but we will use in this paper the Tikhonov regularization method [8,1]. This method, when applied to the
operator K : L2(dD,) — E, proposes a solution ¢y € C(dDg) of the form

o = (@l +K*K)7TK*f, for0 <a <« 1, (3.9)

where « is a suitably chosen regularization parameter.

It is known that ||[K¢y — fllzg — 0 as @« — 0, (see [17], Theorem 2.16), but the optimal choice of « is an essential step
in designing a feasible method (e.g., finding a minimal norm solution), and there are various modalities to do this. In this
paper we will use the Morozov discrepancy principle associated to the following weighted residual:

1
1K1 = hillFa o, + 5= 1K26132 55, (310)

Elg. = 27R

”hl “%Z(BDE)

for every given h = (hy, 0) € E. The reasoning behind using the weighted residual discrepancy functional defined at 3.10 is

as follows. Due to the asymptotic behavior of M’a(:y* Y _ O(x—y|~1/?) as |[x —y| — oo, we have that given a fixed density ¢,

KNl 258,) = O(1) as R — oo. In other words, using the space L?(3Bg) with the standard surface measure is not really
suited to the decay properties of double layer potential solutions, because the decay of the normal derivative 9, ® is too
weak. Similarly, we use the relative norm

||K1¢ - hl ||L2(aDC)
Ihill2p,

(311)

on dD. because this is a useful quantity for determining how good the control is, regardless of the norm of hy. Thus our
procedure for finding an approximate solution for problem (3.8) is to first make use of the Tikhonov regularization for the
operator K : L2(dDg) — E as described in (3.9) to obtain ¢, and then apply the Morozov's discrepancy principle for the
choice of o ([18]), i.e. such that

E(¢a, f) = 8%, (3.12)

1 1
with §2 < uz min e T 1
2||f1 ”LZ(F}DE) 47 R
In what follows, we will account for noise and measurement errors and will consider (3.12) with f = (f1,0) € E replaced
by fe = (fe,1, fe,2) € E, given by

fe=(f1+e€s,0)€g, (3.13)
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where s € L2(dD,) is a random perturbation with Islli2op,) <21 f1lli2¢9p,) and fi is a solution of the Helmholtz equation
in a neighborhood of the control region D.. We mention that in the numerical experiments of Section 5, f; denotes the
k frequency component of the far field of a far field observer. Note that this assumption about the interrogating signal
ensures that f; is a solution of the Helmholtz equation in Bg. In the noisy case (i.e. when f is replaced by f¢) equation
(3.12) becomes

E(¢q, fe) =82, (314)

where ¢y = (oI + K*K)~1K* f. is the Tikhonov regularization solution. From the definition of E and classical results, [17,
18], it follows that (3.14) admits at least a solution «. Moreover, as we will discuss in Section 4, motivated by numerical
evidence, we formulate the hypothesis that there exists €y > 0 such that for each € € (0, €p), problem (3.14) has a unique
solution «(e) which uniquely defines a differentiable function € ~» a(€). We will study the minimal norm solution uniquely
determined by (3.14), discuss its stability for given noisy data in E and, in the case of data corresponding to a point source,
analyze its sensitivity with respect to parameters such as: mutual distances between Dy, D, and Bg(0); wave number k;
and the location of the point source.

4. Stability estimate for the Tikhonov regularization

In this section we present analytical and numerical arguments which indicate the stability of the minimum norm solution
¢ With respect to noise level € for a given fixed discrepancy level §. Next, we present below Lemma 4.1 which will provide
bounds for || f1ll;2¢5p., and @ in terms of the operatorial norm of K7.

Lemma 4.1.Llet 0 < § < % and z = (z1,0) € E with z; # 0. Consider vy = (al + K*K)~1K*z € C(3Dg), with « such that

E(vVqg, z) < 82. Then we have

||Zl||L2(aDC) §4||KT||O||Va||L2(aDa)» (41)
o < 48|IKF 1%, (42)

where K7 is the adjoint operator for K1 defined by (3.3) and || - || o denotes the operatorial norm.
Proof. We will start with the proof of (4.1). Note that since E(vy, z) < 8%, we have
2 2 2
||I<1 Vo —Zl||L2(3DC) E 5 ”Z1||L2(3DC)' (43)
From (4.3) we obtain
1K Va3 op,, = 2Re(K1Vas 201200, + 121152 5p,, < 821211525, (4.4)
and this implies

llz1 ||i2(3DC)(1 —6%) <2Re(vq, Kiz1)123p,) < 21Valli2@p,) 1K7Z1l12(5D,)- (4.5)

Then (4.5) gives

2 2
”V ” , - Hzl ”Lz(aDc)(l ) ) _ (] — 52> ||Z] ”LZ(BDC) ”Zl ” ,
alliz@pg = = L2(9D,
( ) 2||KTZ] ”L2(3Da) 2 ||KTZ1 ”LZ(BDH) ( :

_ 52 z
. 1-36 <|| 1||L*2(8DC)>
2 IKillo

- lzill2ap,)

(4.6)
41K llo
Next we proceed towards proving (4.2). From the definition of v, we have
avy + K*Kvy =K*z2=Kjz1,
avy + K3Kave = Ki(z1 — K1vg). (4.7)

Here we have used from (3.3) and (3.6) that

K*y =Kivy1 + K5y, forally € E,
K*Kw = KXKiw + K:Kow, forall w € L?(3Dy). (4.8)
1 2
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Multiplying (4.7) with v, in the sense of the usual scalar product in L2(8D,), we obtain
@lValfagp,, + I1K2Vallf2gp, ) = (K521 = KiVa), Va) 2(ap,)- (4.9)
Using (4.3), (4.6) and (4.8) in (4.9) we then have

a”‘/a”LZ(aDa) =< 5||K1 ”OHZlHLZ(dDC) — <45||K1 ||(9 O

Consider the function g: (0, 00) x (0, c0) — (0, c0) defined by
g(a, €) = E(a, fe), (4.10)

where f. € E was introduced in (3.13), and ¢, is the Tikhonov regularization solution introduced in (3.14). With this
notation, (3.14) can be rewritten as

gla,€) =42, (411)

where § is the desired fixed discrepancy level. By using classical results (e.g., [17,18]) it can be observed that for every e,
(4.11) admits at least one solution in (0, co) and that g defined by (4.10) is differentiable with respect to positive o and e,
respectively. In fact, it follows from classical arguments that a maximum value of o for a given € exists. This solution of
(4.11) corresponds to the L2 minimal energy solution and we will further refer to it as the Morozov solution.

For the remainder of the paper, unless otherwise specified, C will denote a generic constant which depends only on
the operator K, d. = diam(D.) and d = dist(dD., 3D4). The next Proposition states a central stability result concerning the
Morozov solution of (4.11). We have,

Proposition 4.1. Let 0 < § be as above, and f. and f1 as defined in (3.13). For every € > 0 consider ¢, = (el + K*K)~'K* fe €
C(0Dy) with ae = ax(€) the Morozov solution of (4.11). Then we have,

o[l

Proof. Fix € > 0 and let f = fc for € = 0. Let us recall that «(¢) is uniquely implicitly defined by the equation E((ael +
K*K)"'K* fe, fo) = 82 and by Lemma 4.2 it will be differentiable in some interval (0, €g) for all wavenumbers k. Next
consider

Aeto, + K*K¢a =K*f,

QoPay + K* Koy = K* f,
where op = @ (0), fo=(f1,0) (as in (3.13)) and ¢q, = (ol + K*K)~1K* fo. Subtracting, we obtain

Q0Pay — UePa, + K*K(d)ao = $a) =K*(f — fe),

0 (¢ay — Pa.) + (@0 — Ae)Pa, + K"K (g — o) = K*(f — fe). (413)
Integrating both sides of (4.13) against ¢q, — ¢, yields

a0llbag — bacllfa5p,) + (@0 — &) (Gae s Pay = Pa)12(aD,) + 1K (g — o)1

= (K(fl’ao - ¢a5)s f - fe)E = (K1 (¢a0 - ¢o¢6)7 f] - fe,l)]_Z(aDc)a (4-14)

where, we have used (3.3) and the fact that f, = fe > =0 in the last equality above. Thus,

IKFIIZ)

€ (26 +Cse+Ce)
o — ¢010||L2(6Du) @0

(4.12)
||¢ot5 ”L2(8Da)

o0l Pay — Do, Hiz(aDu) < |ag — telll¢a, ”L2(3Da) lPay — e ”LZ(E)DG)
+11f1— fea 20 1K1 (Pey — P I12aD,) (4.15)
Observe that

1K1 (g — Pa) 129p,) < K100y — f1ll129p,) + 1K10a. — fe1lli2op,) + 1F1 = fealliz@n,
<8l fillizp,) + I fe1llizap,) + Cell filli2ap,)
= (25 + C86 + CE) ”f] ”L2(3Dc)’ (416)

where fe 1= f1+€s with [sll;2;3p,) < Cllf1ll;2¢3p,)» and we have used the definition of ¢, and (3.10) in the inequalities
above. Using (4.16) in (4.15) we obtain
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—0.0002775 0.007
§=0.02, ¢=0.005
r,=0.011, r,=0.015
0|0 €[0-75m, 1.25x] 0.006
—0.0002780 R=10.0
k=10.0 0.005
a=0.01, x,=[10000.0, 0.0]"
—0.0002785
0.004
E —0.0002790 § 0.003
<3 <3
0.002
—0.0002795
0.001
—0.0002800
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logw(a) logg(e @)

Fig. 2. Plot of F(a) = E(¢, fe) — 8% for € =0.005 and « in a range where one can see its non-monotonic behavior below a particular threshold.

ol pay — P ||f2(aDu) <loo — ellldac 129Dy 1Pee — Pac 12(9Dy)
+€ (28 +Cde +Ce) || f1 ||fz(3DC). (417)

19ae ~daolli2ny) inequality (4.17) implies that
Tee 20

€28 +Cde +Ce) || f1112

If we define A :=

12(3D¢)

apA? < |ag — ate|A +
| Pere ”LZ(aDa)

<|aog — ae|A 4 16€ (26 + Cée + Ce) ||KT||%9, (4.18)
where we have used (4.1) of Lemma 4.1 in the last inequality above. Next, consider

€ (26 + Cde + Ce)
— 1‘ — 16||K1 ”éa—

Ue

h(A) = A% —

Then, from (4.18) we have h(A) <0 and this implies that

ol

which completes the proof. O

+ a2, SR CoeH CO) € (26 + Cée + Ce)
o

Next, before presenting the main stability result of this section, we must understand under what conditions equation
(4.11) admits a unique solution «(€) with the property that the resulting function € ~» a(€) is differentiable.

We will first discuss the monotonic character of g as this will be essential in establishing the differentiability of «(€).
We first note that, as suggested by the numerics, g is not in general globally monotonic with respect to « as can be seen
in Fig. 2, which considers an antenna of radius a = 0.01, region of control characterized in polar coordinates by r{ = 0.011,
rp, = 0.015, 6 € [37w /4, 57 /4], wave number k = 10, fc given by (3.13) with f; = lH(()D(klx— Xo|) with x¢ = [10000, 0]7,
and noise level € = 0.005.

On the other hand, for the same geometry and functional settings as in Fig. 2, we observe in Fig. 3 that for each €
small enough, e.g. € < 0.015, g(c, €) = E(¢o, fe) is strictly increasing with respect to o when o« € (10~4, 1). Moreover, for
every € < 0.015 the Morozov solution «(€) is the unique solution of (4.11) in (10~%, 1). In other words, for this particular
example we have that %g(a,e) #0 in o = a¢ for € < 0.015 and this together with the uniqueness and the implicit
function theorem implies the differentiability of ¢ for € < 0.015!

In fact, numerical results suggest that this conclusion is true for a broadband spectrum of k values. Indeed, let us consider
the same geometry and functional settings as in Fig. 2, Fig. 3 with k € [1, 100] and € = 0.005. Table 1 summarizes the values
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-2

a=0.01
0€[0.75m, 1.257] -
min%g(a,e) =-49.161 T
§=0.02 -3
k=10.0
-4
O
3
0.004 % b% -
S =
=
-6
0.000
0.005
7 \
0000 -1 2 - T ooss -3 o
. (63 -4 Q
10810 0020-5 OB .
0.000 0.005 0.010 0.015 0.020

€

Fig. 3. Plot of g(«, €) = E(¢y, fe) and %g(a, €) with respect to «, € together with the unique largest value a(¢€) such that E(¢q,, fe) = 52, where § = 0.02
is fixed.

Table 1
Table of values —pj, such that g(«, €) is increasing with respect to « for o« > 107Pk. € is fixed at 0.005 in this case.

k —DPk Morozov o k —DPk Morozov o
1.0 —5.74057337341 0.0021397 51.0 —5.63387601498 0.023987
6.0 —5.15371857022 0.0022445 56.0 —5.5538513243 0.028226

11.0 —4.61487654411 0.0027985 61.0 —5.58052339557 0.032734

16.0 —4.43348001737 0.0037643 66.0 —7.93866063316 0.038053

21.0 —7.22374205154 0.0052228 71.0 —7.78393971408 0.043891

26.0 —6.73292218326 0.0072707 76.0 —7.60786606025 0.048884

31.0 —6.41280555768 0.0098052 81.0 —7.41580451387 0.05425

36.0 —6.18339417827 0.012607 86.0 —7.2077344143 0.060871

41.0 —5.97530913764 0.015782 91.0 —7.00500135956 0.066982

46.0 —5.78858575492 0.01971 96.0 —6.90364624001 0.07278

of py > 0 for which g(w, €) is locally strictly monotonic with respect to « in an interval (10~P, 1), as well as the value
of the Morozov solution (e, k) for each k. We can see from Table 1 and Fig. 4 that a(e,k) € (107Pk, 1) and that due
to the monotonicity of g, a(e,k) it is the unique solution of (4.11) in (107Pk, 1). This also suggests that %g(a,e) #0
in @ = (e, k) for small enough €, which again, together with the uniqueness and implicit function theorem, implies the
differentiability of «(e, k) for small enough €!

For simplicity of notation, in what follows we will write sometimes « instead of «e = (€) and we will use «’ and f E”i

to denote ‘é—‘z and dgz“ respectively. Motivated by the above numerics, we formulate the following more general hypothesis:

Hypothesis 1. Assume the same geometrical setup as in Section 3 and let f¢, f1 be as in (3.13). Then there exists pg > 0
and €p > 0 such that %g(a, €)#0 in (107P0, 1) x (0, €g) for all wave numbers k, and the Morozov solution «(€) is the
unique solution of (4.11) in (107Po, 1),

For example, as discussed above, for f¢, f1 as in (3.13) with s =] fi li2¢5p,) Where Ve L2(dD,) is a random perturbation
with ||/V\||L2(3DC) =1, and for the same geometry and data as in Fig. 2 and Fig. 3, we have that Hypothesis 1 is satisfied for
po=10"% and € small enough for all k=1, 100. As a consequence of uniqueness and implicit function theorem we have
that whenever Hypothesis 1 is satisfied, the definition of «(€) and the implicit function theorem imply:
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6€[0.75x, 1.25x]
x,=[10000.0, 0.0]"
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k

Fig. 4. Threshold value py for which F(«) is increasing when « > 10~Pk. Also shows the value of « for which F(a) = 82 with the same setting as in Fig. 3,
where § =0.02 and the noise level € =0.005.

Lemma 4.2. There exists €g > 0 such that for every € € (0, €g), the function « : (0, €g) — (0, 00), where for each € € (0, €p), x(€)
represents the Morozov solution of (4.11), will be differentiable for all wave numbers k.

The next Lemma is a technical result needed in the stability estimate obtained in Corollary 4.1.

Lemma 4.3. Let fq be a solution of the Helmholtz equation in a neighborhood of D satisfying the following source type condition:

fi

Kivo — ————
il 00,

< Cé for some g € L?(Dg) with I¥oll2¢5p,) < C3. (4.19)
L2(dDc)

Assume R (radius of Bg(0)) is such that,
Il fill2@py < VTR, (4.20)

Consider se = f1+ %ﬁll fillizep, whereV € L2(dD.) is a random perturbation with ||D|| < 1. Assume the same functional framework
as in Proposition 4.1 and that Hypothesis 1 holds true in the case when f¢ is given by

fe=(fe1, fe2) = (f1 + €56, 0). (4.21)
Then, there exists €y > 0 such that the Morozov solution of equation (4.11) o = ct(€) satisfies

82
ala’| <C—, forall € < €. (4.22)
Ja

Proof. Define the weights

1._ 1
”fé,l”fZ(aDc)
1
w?i= —
27 R

and denote Ty := (K*K + al)~!, Ry := To K*. Then using the Einstein summation convention, we may write
E(¢a; fe) = W'l Kipo — fe,i”%z(wi) =w' (Ki¢a — feis Kipor — fe,i)Lz(Wi) )

where W1 = 9D, W, = dBg. Next, as in Lemma 4.2, we observe that Hypothesis 1 together with the implicit function
theorem imply the uniqueness and differentiability of «(€), on the interval € € (0, €p) for some €y > 0, where «(¢€) is
uniquely and implicitly defined by the equation E((ael + K*K)~'K* fe, fe) = 82. Differentiating the equation E((atel +
K*K)"VK* fe, fe) =682 with respect to € and noting that § is fixed, we obtain
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0=0¢E(pa, fe) = 2w! Re(Kid)& - fe/,i! Kipo — ffvi)LZ(Wi)

—2wh?Re(fL 1. fe.1) p2ap IK10a = Fetllaop,- (4.23)
Next, from (K*K + al)¢y = K* f¢ we observe that
¢y =Rofl — &' Toydpa. (4.24)
Thus, we may write
Kigy — fi ;= —a'KiTopa + KiRa f¢ — fi ;- (4.25)

By using (4.25) and (4.24) we obtain that
2 (Kld)(/)[ - fé,i! I<i¢a)L2(W,') = —2(1/ (Tad)ou I<i*Ki¢a)L2(3Du)
+2 (KiRtxfg/ - fg/’js I<i¢a)L2(Wi) s (4.26)
and

—2 (fE,iv KI¢(/1 - fé-i)LZ(W,') = 2o’ (fé,is KiTa¢ot)L2(Wi) -2 (fE,iv KIROle/ - fel,i)LZ(W].)

=20 (K} fe i Ta¢>a)L2(aDu) —2(feir KiRa f. — f;,i)Lz(Wl_) ) (4.27)
Let P, Q be defined by
P=2w' [(K,-qba — feir KiRa f = f{ i) oy + & (K7 feii = K Kidha Taq)a)Lz(aDa)] (4.28)
Q=2w"? (fi1. fe) pop,, 1K1 — fetl®. (4.29)
Then from (4.26), (4.27) used in (4.23) we obtain
0=0¢E(¢a, fe) =Re(P) —Re(Q). (4.30)
We focus first on P introduced in (4.28). In this regard, let us define
Li:= (Ki¢a — fe,i, KiRa fL — fe/,i)LZ(W,-)' (4.31)
Observe that (4.21) implies
fl=(flan £l = (fi + €Dl fill 2apy s O)- (4.32)

First note that by using classical arguments based on the singular value decomposition for K : L2(dD,) — E, one can adapt
the results in [17] (Theorem 2.7) and obtain,

|[KRyKz — Kz|g < C\/&”Z”LZ(E)DG)’ for every z € L2(8Da). (4.33)
f1 fe . .
Let f=—————,0) and v=—"— — f. By using the definition of E and E, (3.10), (4.19), (4.20), (4.32), (4.33),
I fillizap,) Ifilli2sp,)

Cauchy’s inequality and the triangle inequality in (4.31), we obtain

2|Wil~i| < C8(yW1llK1Ra fe — fé] 2D + VW2 K2R fe — fé,2||L2(aBR(0)))
<CS(IKiRa(v + ) = (vi+ fOll2p,) + 1K2Ra (v + ) = (V2 + f2) 1258, (0))

< C3lIKRx (v + ) = (v+ Plle
< C3(IKRy f — fllg + IKRqV — V]I2)

Se
§C8(||I<Ra1<wo—1<wolls+IIKRa(Kt/fo—f)IlaJrlleo—flls)+cﬁ
82 Se
<C8Ja+C— +C8% +C—
<C8* Vo + AR
82
<C—, 434
=5 (4.34)

where Einstein summation convention was used and where, in the second inequality above we make use of (4.20) to obtain
/w—f <1 and w1l fill;2¢pp,) < C for small enough €, and in the fourth and fifth inequalities above we have used that

[IRello < ﬁ (e.g. see [17]), and respectively, that € < § and v satisfies the source condition (4.19).
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Expanding P defined in (4.28) and using the fact that fe > =0 and ¢y = To K* fe = T K7 fe 1, we obtain

20/ 2o/
(I('Tfé,]v T(X¢Ol)L2(3Da) (K‘TI<1¢(¥7 T(X¢01)L2(3Da)

”f51||L2(8D) ||f€1||L2(3D)

20 * i
~ 5 (K3K2¢a Taa)p2(sp,) +2W'Li

! !/

(T bu Tata)

20

=073 KiK1¢a, Tad
| fe 1112 (KiKida, T "‘)LZ({)Da)

2600 ||ferl?
20 * i
ST (K3K2¢a, Tada)p2(sp,) +2W'Li

! !

(((XI + K;KZ)‘%{, T(X(bOt)LZ(aDa) (I<2 K2¢oza TOt¢Ot)L2(aD ) + 2W Ll

A fenll? 27R
2cce’ o . ;
”fe ”2 (4)069 Ol¢Ol)L2(dDu) +— ||f (KZ I<2¢Cly Ta¢a)L2(3Da) + 2w Li, (435)
| fen ||L2(aD y 1 ' ' ,
where B =2 — < and we have used that T;! = ol + K{K7 + K3K> in the third equality above. Observe that

TR

(4.20) implies B > 0. Introduce the notation ?2 :=+/BK>, and denote v, := Sa

———— Then (4.35) becomes
||fe,l ”LZ(BDC)
P =200’ (Va, TaVa)j2(3p,) + o' (I?;ifzva, Tava)Lz(aDa) +2wiL;
=ad' (Va, TaVa)2ap,) + ¢ ((@] + K3K2)va, T“v“)Lz(BDa) +2w'L;. (4.36)

From [16] (see Section V.3.10), for any self-adjoint linear operator A : H — H, where H is a given Hilbert space (real or
complex), we have that:

O<y= inf A= A%, X)y >y X, X)H, (4.37)
reSp(A)

where (-, ) in (4.37) denotes the usual Hilbert product and where Sp(A) denotes the real spectrum of the operator A. Then,
by using (4.37) for the operator T, we obtain

1 1
Ve TaVa)2¢p,) = ——5 IVa 2y = — Ivall?,,
(8Dq) ot—i—u% L2(3Dq) 1+M% L2(3Dg)

> Cllvall? (4.38)

(8Dq)’

where we have used that

= inf A with wuq denoting the largest singular value of K.
a+pd resp(Ta)

Next consider Dy := ol + RZ‘I(Z. Then, because D, and T, are linear, bounded, self-adjoint, invertible and positive defi-
nite operators, we have that D, T, will also be linear, bounded, self-adjoint, invertible and have strictly positive eigenvalues.
Indeed, for any eigenvalue-eigenvector pair (x, 1) of Dy Tax we have

(Tax,x) .
(Dg'x, %)

Observing that 0 ¢ Sp(D,T,) we have the claim, and the positive definiteness of D, T, follows. Thus we have

DoTax=2x= Tax=ADg'x = A =

((0” + K21<2)Va, TaVa)Lz(L)D y = = (DgVa, TaVa)i2(sp,) =0 (4.39)
From (4.36), (4.38) and (4.39) used in (4.30), we obtain
2wWLi +1Q1 = o'l |t (Va, TaVa)12(9p,) + (DaVas TaVa)2(ap,)|

2
2 |a,|ca ”vOl ||L2(3Dg)

= Cale![IVal?aop,- (4.40)
From (4.29) and elementary algebraic manipulations we obtain,
2 f1llzop 2|l f1ll125p,)8°
Q1< =B f i apy 82 el = O < €82 (4.41)

||fe 1||,_2 (3D¢) ||fe,l ”LZ(BDc)
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Recalling that vy := ¢7a, Lemma 4.1 implies
||fe.l ”L2(3Dc)
IValliz@p,) = C- (4.42)
Then from (4.34), (4.41), and (4.42) used in (4.40) we finally obtain the statement of the Lemma:
a|a/|<C52+Cﬁ<Cﬁ fore <e€. O (4.43)
= Ja & ' :

Remark 4.1. Note that ||sell;2¢5p,) < (1+ §)||f1 lli2sp,) and thus fe as defined above satisfies (3.13).
The next result is a simple consequence of Proposition 4.1 and Lemma 4.3. We have,

Corollary 4.1. Assume the same notation and the same framework as in Proposition 4.1. Assume also that for d. = diam(D.) small
enough there exists d = dist(d D, dD,) small enough so that «(0) = og ~ 8. Then we have

lpae — Paolli2(9py) </ (4.44)
| Pae ll12(aDg)

Proof. From Lemma 4.3 we obtain that

3
g lor < €8, (4.45)

Estimate (4.45) and Cauchy’s theorem implies that

_3
<Ceday ? <Cve, (4.46)

where €, € (0, €) and we used that € < §. Next, simple algebraic manipulation and (4.46) imply

5
5 2

Zﬁ—l‘g % _lzcve|E +1) zcvee+cve =cve (4.47)
0

This together with Proposition 4.1 imply the statement of the Corollary. O

Remark 4.2. We note that all the above results can be adapted to three dimensions. The proof follows exactly the same
steps by considering the natural extension of the definition of the discrepancy function E in three dimensions.

Remark 4.3. The assumption made in Corollary 4.1 that «g =~ § for d. = diam(D.) and dist(dD., dDy) = d small enough is
based on (4.2) of Lemma 4.1 and on the numerical results presented in Section 5. In particular, for the same settings as in
Fig. 2, Fig. 5 shows that given small d. for small enough d, we have roughly that 1072 < oy < 10~1. Since § =2- 1072 we

i i A _s<an <
have in this case that Ngs <ap <56.

Remark 4.4. As suggested by our numerical results in Section 5 we believe that the constants (denoted by C) in Propo-
sition 4.1, Lemma 4.3 and Corollary 4.1 will only have small values for d. = diam(D.) and dist(dD¢,dD,) = d small
enough.

5. Numerics

In this section we proceed with the numerical study of the minimal norm solution for (3.12) obtained through Tikhonov
regularization with the Morozov discrepancy principle for the choice of the regularization parameter in two dimensions.
First we focus on the general setup of our numerical approach, and then in Section 5.1 we discuss more specifically the
parameters used in our numerical examples. In Sections 5.2 and 5.3 we present numerical data which demonstrates how
stably ¢ depends on f and various control statistics for a spherical point source. All figures generally display their respective
parameters in an offset legend.

For all of the numerical computations done in this section, we discretize the integral operator K via the method of
moment collocation. We refer to ([18], §17.4) for more details on the method. First we choose an approximate basis of
functions for L2(dD,). To do this we suppose the domain D, can be parametrized in polar coordinates by points

(s(t)cost, s(t)sint)), te€l0,2m],
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§=0.02, e=0
a=0.01, Ar=0.004
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Fig. 5. Plot of og with respect to k and p with § =0.02.

where s: R — R, is a 2 -periodic smooth function. Using these coordinates, any function ¢ defined on dD, can be realized
via the pullback as a function of 7:

¢(s(t)cost, s(t)sinT).

For convenience, let us use the notation T = (cost, sint) and T+ = (—sint, cos 7).
Now let n; € N and let 7; = ”] ,0<j<ng—1 be ng equally spaced points on the interval [0,27). We then use the

exponential basis functions {ef® }"“_1 for L2([0,27]) and approximate a given ¢ € L?(9D,) via interpolation at the points
{1}, C10.27]. Note that

/¢(y) (x, y)dSy_/qb(s(t)cosr s(r)smt)—(x (s(t)cost, s(t)sinT))

aDq
~ \/m do. (5.1)
Furthermore, since (s’(r) cosT — s(T)sint, s(t)cost + s'(T) sin ‘L') is a tangent vector to dDg, we have that
(s(t)cost +s'(T)sint, s(t)sint —s'(T)cosT)
_s(T—s(nTt

is the unit outward normal vector to dD,. It is then straightforward to compute in the case of the Helmholtz equation in
2D that

vy)=v(r)=

0o
3—(x (s(t)cost, s(t)sinT))
Vy

=Vy®(X, (s(t)cost, s(T)sint)) - v(T)

ik ay N s(T)T —Xx s(r)?— s'(D)TE
=—H;’ (k|lx—

470 (k= sl VS(T)2 + X2 —25(T)x- T \/S(‘L')z +5(1)2

Let n, € N be the number of sample points on the antenna, dDg, and let n. € N be the total number of sample points on
dDc. Also let ng be the total number of sample points on dBg. We write the 2 x (n. + ng) matrix of points

X:= [X17 DR 9xnc+nR]7

where each x; is a 2-vector, {x j} 1 C3D¢ and {x J}';”;"il C dBg. Approximations of all the integrals involved are then com-

puted using a standard left endpomt sum with the appropriate quadrature weights. All the numerical examples presented
herein take D to be an annular sector parametrized by r € [r1,72] and 6 € [61, 62]. See Fig. 6 for details.
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Fig. 6. Antenna and control region geometry used for numerical experiments.

For each 1 < j <n.+ng and each 0 <l <ny — 1, we compute I([e”f](xj) via the approximation

ng—1
27T <

Ng

3D (xj, [5(Tm) COS (Tm) , s(rm)sinrm]T)ei,fm AER—"

dvy

m=0
If we fix j and vary I, we see that the above sum is equivalent to computing the discrete Fourier transform of the n,-vector

ng—1

s(Tm)? + 5/(Tm)2:| , (5.2)

m=0

v AP (xj, [S(Tm) €OS Tm, S(Tm) SinTm]T)
T vy

which can be computed efficiently using the Fast Fourier Transform algorithm. In particular, for the vector v; in (5.2)

(K"} (xp)lity ' ~ 2 FFT(v)),

where FFT is defined on ng-vectors w=[wpq, ..., wna]T € C"a by
n Na
1 <& 27i(j—1)(=1)
FFTw)=| — ) wje : 53
W)= - j} Wi (53)
= =1

So the matrix representation of K is then the ng, x (nc 4+ ng) matrix
A =27 [FFT(v1), -+, FFT(Vn4ng)]- (5.4)
Now, in order to approximately solve the ill-posed problem K¢ = (f1, f2), we attempt to solve the linear system
Kigp(xj) = fi(xj), 1=<j=<nc
Kop(xj) = fa(xj), nc+1=<j=<nc+ng.
ilo

Since A is computed with respect to the functions e'’, we first consider the approximate coefficients of ¢ with respect to

the finite basis {e/7}};", given by
1 ng—1 ] 1 2 )
ci=— Z e g (s(tm) coS(Tim), $(Tm) Sin(Tm)) dT ~ 2—[e“”¢(s(r)cos(r), s(t)sin(t))dr. (5.5)
g ~—~ g )
Let
h=[co,c1,.-.., cnaq]T e Cla,

We then numerically compute the Tikhonov regularized solution

he = (A*A+aD) TA*f,
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with @ > 0. The solution vector h, yields the approximate coefficients c¢; of the desired density ¢ with respect to
the functions {ei”}?io_l. We obtain the density ¢, corresponding to h, sampled at the angles 7, on 9D, by the for-
mula
ng—1
bo(Tm) 1= ) _ [haJie"™.
1=0
After computing the residual K¢ — f (e.g. for ¢ = ¢y ), we will then need to compute

1
E(po. f) = K16 = fillf2ap,) + 52 1628 = Fallizp,-

2
”.fl ||L2(3DC)
Recall that the discrepancy function F(c«) was defined by

F(@) = E(¢a, f) — 8%, (5.6)
where § > 0 is a fixed error parameter. As discussed in Section 4, the mapping
o+ E(¢q, f)

is not globally increasing, as can be numerically demonstrated. However, for certain feasible regions of («, €), F is increasing.
And in this case, there is a unique a3 such that F(os) =0. To find o5, we use Newton's method combined with an initial
coarse line search to identify a good starting point.

First note that if we split the matrix A into two blocks Apear (nc by ng) and Ag, (ng by ng) so that

A — [ Anear ] ,
Afar
then [Ag]1 = Anear®, [Adl2 = Apr¢, and A*A = A3, Anear + A}"arAfar. In the discretized setting, instead of (3.11) we take
1

1
F(e) = 7 MAnearha — fi I20p0) + 5 IAsarhe = Fallizgg,) — 8 (5.7)

with
ha = (A*A+ @)™ A" = (AjeqrAnear + Ay Agar + D™ (Abeqr f1 + A f2) (5.8)

Then in the same spirit as that presented in [3] for Tikhonov regularization with respect to the standard L? norm, we
compute

-2 oh
= 2 re(%2.1,)
”f]”LZ(aDC) aa

1 2 dhg
+|—-—— Re<—,A* Aarhe — A% f2> (5.9)
<7TR ”f]“zz(BDc)) RI6% far A farta far
oh
—2 = _(A*A+aD hy, (5.10)
Ja

where (-, -) denotes the L% inner product on dDg.

The function f; defined on 9D, could be, for example, the trace of a plane wave, or of the fundamental solution to the
Helmholtz equation based at some fixed point Xp, i.e. a point source. For this paper, we focus on the case where f; is a
point source and where f; =0 on dBg. A spherical point source is represented as

i
ZH(()U(klx—xol), (5.11)

where Xq is the source point (typically outside of Bg).

For such an fi, there are some quantities in which we will be interested so as to determine the effectiveness of a
given density ¢ in solving the problem K¢ = f. These are: the relative error of K¢ on dD. which will be indicated by the
behavior of F(x); the L? average of K¢ on dBg; the relative and absolute stability of ¢ when applying a small perturbation
to f1; the norm of ¢ on dD,. More explicitly, we will measure

FOD 1 Ko 2y (5.12)
3 V27 R
||¢a5 — o ||L2 dDg
oL ), | P —¢ao||L2(aDﬂ)» (5.13)

||¢Olo||L2(aDu)
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and

b l25p,) (5.14)

where ¢y, is the Tikhonov regularization solution to K¢ = (f1,¢,0) with || f1 — fi.ell;2¢9p,) = €l f1lli29p,), and ¢, is the
solution with unperturbed f; with a¢ and o chosen according to the Morozov principle. The Morozov solution ag and .
are computed via Newton’s Method using (5.9) and (5.10) such that

E($ay, f) = 8*
E(¢a.. fo) = 8. (5.15)

See also the discussion following (5.6). Recall from (3.13), that when adding noise to the data (f;, 0), we choose a random
perturbation n € L?(3D,) and set

fre=fi+enlfi ||L2(3DE)! (5.16)

where € > 0 represents the relative percentage of noise added. In the discrete case, the noise is chosen to be a complex
ne-vector v whose real and imaginary components are pseudorandom numbers (we used uniformly distributed noise, but
any distribution would yield similar results) on the interval (—1, 1). Furthermore, for reproducibility, whenever generating
v using a pseudorandom number generator, we always reset the seed to the same value.

5.1. Parameters used for numerical experiments

Here we describe some of the parameters used for the various numerical experiments presented. In Section 5.3 we
always assume that dDg is a circle with radius given by a = 0.01, and that dD. is a sector of an annulus with 6; =37 /4
and 6, = 57 /4. We also take R =10 in all computational examples. We remark that we always restrict the distance from
D¢ to Dy to be no smaller than 10~3 due to the numerical limitations of our approach. This is due to the fact that K¢ is a
singular integral when evaluating at points very near to dD,. Therefore, at points on D, that are near dD, the limitations
of machine precision become more and more apparent. Numerically, we observed that our direct approach starts to break
down near d = dist(dD¢, dDy) = 10~%. However, we stress that one could most likely obtain high accuracy in computing K¢
for d < 10~* by using the Nystrom method as discussed in [18].

For the collocation method, we use n, = 256 sample points on dDg, and na,, = 256 points on the inner arc of 9D,
with the remaining points chosen so as to keep the quadrature weights approximately constant. Thus for a very thin region,
ne &~ 512. We also take ng = 256 (number of sample points on dBg). Note that increasing n. or ng will put more emphasis
on matching f on dD. or dBg, respectively. The discrepancy parameter § used for Tikhonov regularization will typically be
fixed at 0.02. The key variables under consideration are d =r; —a, k, and € (perturbation parameter for adding noise to fy).
All of the plots presented in the following sections involve varying two of the aforementioned parameters and plotting
different quantities of interest, as stated in (5.12)-(5.14).

When evaluating the relative change in ¢ given a perturbation of f, denoted by f¢ 1, we remark that for the parameter
choices we used, a 0.5% change (¢ = 0.005) in f; yielded a roughly 5% change in ¢. However, one must keep in mind that
this depends quite a lot on the parameters used. In particular, setting the discrepancy 6 =0.02 in all the simulations had
an important effect on the numerical results. If we had used § = 0.05 instead (which leads to approximately a 5% mismatch
on the region dD.), then the relative change in ¢ given € = 0.005 would be noticeably smaller. So ultimately there is a
tradeoff between wu, R, k, 8, and € which is not entirely trivial, but this still can be examined experimentally as we have
done.

5.2. Near field stability

We present below Fig. 7, which shows how the first 50 singular values of the operator K = (K1, K3) vary with d. It
is clear that for d small (i.e. for control in the nearfield of the antenna), the rate of decay of the singular values of K is
considerably slower than for larger d. This in turn provides some experimental evidence for the fact that nearfield control
seems to be more feasible in terms of stable dependence of the solution ¢ on f. We also show Fig. 8, which shows the
behavior of the first and sixth singular value of K with respect to d and k.

5.3. Control for a spherical point source
We now consider the case that
i a
fr® = 2 Hp” (kix—xol).
where Xg is the source point. In all examples presented in this section, we will show plots of the relevant quantities intro-

duced at (5.13), (5.14) and we assume R = 10 unless otherwise noted, and xg = [20, 0]7 or xo = [10000, 0]7 (to approximate
a source at infinity).
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Fig. 7. Plot of first 50 singular values of K : L2(3D,) — & for 8D, a circular antenna of radius a =0.01 and 3D, an annular region of varying distance from
9Dg.
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Fig. 8. Plot of first singular value of K : L2(dD,) — & as well as the relative difference of the first and sixth singular values with respect to d and k. Again,
93Dy is a circular antenna of radius a =0.01 and 9D, an annular region.

Figs. 9, 10 show the plots for the case when f; is a point source located at (10,000,0) and Fig. 11, 12 present the
similar plots for the case when f; is a point source located at (20,0). We observe how the frequency k and distance
d from 9D, to dD, affects the various control criteria. In the figures we vary k from 0.1 to 100 and d from 0.003 to
0.04 with a = 0.01. With the error discrepancy set at § = 0.02, we have that the relative error on dD. is very close
to 2% for all data points. Moreover, with 0.5% noise added to f, roughly a 5% change in ¢ is observed at all frequen-
cies when d is near its lower limit. A bit more sensitivity is observed for frequencies k < 20 when d increases beyond
0.01. We observe tough that the power budget (||@o. ll;2(5p,)) is very small for the accurate control and interestingly,
for k > 20 the optimal parameter ¢ is larger and corresponding power budget smaller in order to achieve discrep-
ancy §.

Figs. 10 and 12 support the claim that our sources are indeed weak radiators beyond the radius R.
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Fig. 9. Plot vs. k and d for f; a spherical point source at xo = [10000, 0]7.
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Fig. 10. Plot of the far field on 8By vs. d and € for f; a spherical point source at xo = [10000, 0].

It is clear from the figures that for smaller d values the sensitivity of ¢ to 0.5% noise added to f is close to 5%. As
d increases, sensitivity of ¢ to noise increases as expected. Having Xo nearer or farther from 9dBr does not have a very
significant effect on the overall shape of each subplot.

Figs. 13, 14 show the plots for the case when f is a point source located at (10,000, 0) and Figs. 15, 16 present the
similar plots for the case when f; is a point source located at (20, 0). The numerics indicate how the quantities of interest
change with d and the noise factor €, both with k = 10. The reason for choosing k = 10 instead of, e.g., k =1 is that from
Fig. 9 we see a slightly higher sensitivity of ¢ to noise for approximately 1 <k < 20 when d starts to increase. So the goal
was to capture the worst case scenario for the control stability.

For smaller values of d we see as before that a roughly 0.5% change in f; yields about a 5% change in ¢. Moreover, the
dependence on € for fixed d is superlinear, consistent with the illposedness of the problem. Interestingly, sensitivity of ¢
at d ~ 0.015 is better than at nearby values, but of course such a value depends on the other parameters of the problem
setup. As before, it can be seen in the figures that in both situations our antennas are weak radiators.
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Fig. 12. Plot of the far field on 9By vs. k and d for f; a spherical point source at Xo = [20, 0]”.

Finally, we consider Fig. 17, which shows the dependence on R and k for a source at Xq = [10000, 0]”. Overall, one can
see that R can be decreased to around R = 3 at any frequency between 0.1 and 100 and still achieve the same approximate

level of sensitivity for ¢ as in the previous plots with R = 10.

6. Conclusions and future work

In this paper we studied the feasibility of the active control scheme for the scalar Helmholtz equation. In the L? setting,
we presented analytic conditional stability results as well as detailed 2D numerical sensitivity studies for the minimal energy
solution. We provided analytic and 2D numerical arguments for the scheme’s feasibility and broadband character in the near
field when the field to be approximated corresponds to an external point source. In Section 2 we highlighted the possible
applications of our results for near field synthesis, for the characterization of nonradiating sources with controllable near

fields and for Radar Cross-Section (RCS) reduction.
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Fig. 14. Plot of the far field on 8By vs. d and € for f; a spherical point source at xo = [10000, 0].

We focused our discussion in this paper only on the case of the field to be approximated corresponding to a far field
point source (i.e. similar to a plane wave with corresponding decay).

Although we did not include the plots in this paper, we have also numerically studied the case when the interro-
gating field is a plane wave without decay or a given uniform field. We observed the scheme does not behave well
for the uniform field and that although the stability and accuracy of the near field scheme are essentially independent
of the plane wave direction, the overall performance of the scheme is not as good when compared to the case of an
interrogating signal coming from a far field observer presented above. In particular, in the case of a nearfield control re-
gion as in, e.g., Fig. 13, we observed satisfactory numerical control of a plane wave so long as its direction is not too
close to £+ /2, which is related to the shape and orientation of the control region. Moreover, such behavior seems to
become more exaggerated as k increases. Also, for the same settings as in Fig. 2 when comparing the case of an in-
terrogating far field point source with an interrogating plane wave, we obtained 5% versus 8% stability error and power
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budget levels of ~ 10! versus =~ 10. We conclude that the scheme performance depends not only on the location of
the control region with respect to the source region but also on the amplitude and oscillatory pattern of the incoming
field.

Our analysis makes use of Hypothesis 1 which was suggested by the numerics but which we could not prove at
this point. Nevertheless we believe that our discussion presents a strong argument for the characterization of almost
non-radiating sources with controllable near fields and for the possibility of stable approximation/canceling of unwanted
interrogating signals.

Currently we are considering the extension of the sensitivity numerical analysis for scalar fields to 3D and the problem
of active manipulation for linear arrays and for large elongated antennas. Then, as a next step in our research efforts, we
will work on the extension of the stability analysis to the full Maxwell system in free space.
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