Provided for non-commercial research and education use.
Not for reproduction, distribution or commercial use.

This article was published in an Elsevier journal. The attached copy
is furnished to the author for non-commercial research and
education use, including for instruction at the author’s institution,
sharing with colleagues and providing to institution administration.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party
websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright


http://www.elsevier.com/copyright

Available online at www.sciencedirect.com
JOURNAL

ScienceDirect MATHEMATIQUES

PURES ET APPLIQUEES

J. Math. Pures Appl. 89 (2008) 248-277

www.elsevier.com/locate/matpur

The periodic unfolding method for perforated domains and
Neumann sieve models

D. Cioranescu?, A. Damlamian >*, G. Griso ?, D. Onofrei

& Laboratoire Jacques-Louis Lions, Boite courier 187, Universite Pierre et Marie Curie, 4 place Jussieu, France
b Université Paris-Est, Laboratoire d’Analyse et de Mathématiques Appliquées, CNRS UMR 8050, CMC, 94010 Créteil Cedex, France
¢ Department of Mathematical Sciences, Worcester Polytechnic Institute, MA, USA

Received 11 June 2007
Available online 8 December 2007

Abstract

The periodic unfolding method, introduced in [D. Cioranescu, A. Damlamian, G. Griso, Periodic unfolding and homogenization,
C. R. Acad. Sci. Paris, Ser. I 335 (2002) 99-104], was developed to study the limit behavior of periodic problems depending on a
small parameter ¢. The same philosophy applies to a range of periodic problems with small parameters and with a specific period
(as well as to almost any combinations thereof). One example is the so-called Neumann sieve.

In this work, we present these extensions and show how they apply to known results and allow for generalizations (some in
dimension N > 3 only). The case of the Neumann sieve is treated in details. This approach is significantly simpler than the original
ones, both in spirit and in practice.
© 2007 Elsevier Masson SAS. All rights reserved.

Résumé

La méthode de I’éclatement périodique, introduite dans [D. Cioranescu, A. Damlamian, G. Griso, Periodic unfolding and
homogenization, C. R. Acad. Sci. Paris, Ser. I 335 (2002) 99-104], a pour but I’étude du comportement asymptotique de problemes
périodiques avec période tendant vers zéro. La méme approche permet de traiter toute une famille de problémes caractérisés par
des périodicités de tailles tendant vers zéro. Un exemple est donné par le probléme connu sous le nom de la passoire de Neumann.

Nous présentons ici divers prolongements et généralisations de 1’éclatement périodique (certains nécéssitant que la dimension
N soit supérieure a 3) et nous 1’appliquons a la passoire de Neumann. Pour ce type de problémes, cette approche apparait comme
élémentaire, directe et plus efficace que les méthodes classiques.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

The periodic unfolding method (see [8]), as a simpler alternative to the two-scale convergence, was developed to
study the limit behavior of periodic problems depending on a small parameter €. As it turns out, the same philosophy
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applies to a whole range of periodic problems with small parameters, provided they have a specific period. The method
is flexible enough to apply as well to almost any combinations of the preceding cases.

In this work, we present these various extensions and show how they apply to known results and allow for
generalizations. This approach is significantly simpler than the original ones, both in spirit and in practice.

The plan of the paper is as follows.

Section 2 is devoted to the presentation of various unfolding operators and their main properties for domains in
RN, N e N*. More precisely, in Section 2.1, we recall the definition of the unfolding operator 7, for the periodic
case in fixed domains ([8] and [12]). In Section 2.2, we present the unfolding operator adapted to the case of holes of
size ¢ (with Neumann boundary condition) with period of same size (see [9] for details and applications). Section 2.3
introduces the unfolding operator 7, s depending of two small parameters ¢ and § (corresponding to the scales ¢
and ¢4) and which was first introduced in a similar form in [6] and [7]. The following subsections deal again with
an unfolding operator ’Tgb(lS depending on the scales ¢ and €§ when the latter occurs only on a layer. This approach
never assumes the existence of an extension operator in the cells but is based on the Poincaré—Wirtinger inequality
(Section 2.1) and Sobolev—Poincaré—Wirtinger inequality (Sections 2.2 and 2.3). The latter requires that the dimension
N be larger than 2.

The remainder of the paper is devoted to the application to various linear problems in perforated domains and with
oscillating coefficients. For simplicity, we assume a homogeneous Dirichlet boundary condition on the outer boundary
of the domain, but more general boundary conditions can be handled provided the outer boundary is Lipschitz and the
perforations do not intersect it. In each case, we obtain both the unfolded and the classical (standard) form for the limit
problem. The operator 7, allows to homogenize the coefficients of the differential operators, whereas the operators
T;.5 (or ’Z;”fs ...) generates the “strange terms” in the limit.

Section 3 concerns the homogenization of elliptic problems with oscillating coefficients, for volume e-periodically
distributed small holes of size €5 with Dirichlet condition. These results are well known for the Laplace operator,
with the appearance of the “strange term” (see [10] and references therein). For the case of oscillating coefficients, we
refer to [11] where H-convergence is used. It should be noted that for technical reasons, our method fails to apply in
dimension N = 2. See also [2] for the nonlinear case.

Section 4 considers small perforations of size €5 which are distributed e-periodically in a layer of thickness ¢.
It generalizes the results of [21,17] and [10] to the case of oscillating coefficients.

Section 5 deals with the Neumann sieve problem with zero thickness and oscillating coefficients. For the case of
constant coefficients, we refer the reader to [4,12,16,20,1] and [19]. We also refer to the recent paper [3] for a different
approach. In Section 6, the thick sieve is treated (for which we refer to [15] for the case of constant coefficients).
The unfolding method was applied for the first time for sieve problems in [18], also in the case of constant coefficients.

To conclude this section, we would like to point out that using the various unfolding operators introduced in
this paper, one can treat any combination of the previous problems, for instance, a medium with e-size Neumann
perforations and eé§-size Dirichlet holes in the bulk (see Fig. 10), or even a thick sieve in such a medium. This will be
presented in a forthcoming paper which will also include the proof of convergence for the energies.

2. The periodic unfolding operator

In this section we recall the general properties of the periodic unfolding operator introduced in [8] and include
variants and generalizations, all based on the technique of unfolding. In particular, we introduce the notion of unfolding
criterion for integrals (in short u.c.i.), in order to simplify the proofs where unfolding is used.

For N in N*, let ¥ be the unit cube of RY centered in the origin, ¥ = ]—%, %[N (more general sets Y having the
paving property in RY can also be used, cf. [14]). We consider the periodical net on R" (i.e. the subgroup Z") and
all the corresponding translates of ¥. By analogy with the one-dimensional case, to each x € RN we can associate
its integer part, [x]y belonging to the net, such that x — [x]y € Y, the latter being its fractional part, respectively, i.e,
{x}y = x — [x]y (see Fig. 1). These definitions are ambiguous, but only on a set of measure zero, which is enough for
our purpose.

Therefore we have:

x=8{f} +8|:£:| for every x € RV,
€ly € ly
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Fig. 1. The basic decomposition.

%0 20

Fig. 2. The sets £2, ﬁg and Ag.

Let £2 be open and bounded in RY . We use the following notations:
§8={xeﬂ,(s[§]+eY>C.Q}, Ae=02\ D, 2.1)

The set £2; is the largest union of €Y cells contained in £2, while A; is the subset of §2 containing the parts from ¢Y
cells intersecting the boundary 92 (see Fig. 2).
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2.1. The case of fixed domains: the operator T,

We recall here the definition of the unfolding operator and its main properties (for details and proofs we refer the
reader to [8] and [13]).
Definition 2.1. For ¢ € L?(§2), the unfolding operator 7, : L (§2) — L?(§2 x Y) is defined as follows:

Pe[Ely +ey) if (x,y) € 2 x ,

7s , =
@)x.3) {O if (x,y)e Ag x Y.

Theorem 2.2 (Properties of the operator T;).

1. Forany v, w € L?(2), T.(vw) = T, (v)Ts(w).
2. For any w € LP(£2), one has the following “exact integration” formula:

/ Tg(w)(x,y)dxdysz(x)dx—fw(x)dx:/w(x)dx.

2xY 2 Ag 2.

3. ForanyueLl(.Q),
[ 1Twlaray< [uar
2xY 2

4. Foranyu € L'(2),

'/udx— f ’Z}(u)dxdy‘</|u|dx. 2.2)
Q2 Ag

2xY
5. Let {w,} C LQ(Q) such that wy — w strongly in L%(2). Then
T (we) > w  strongly in L2 xY).
(Y)) such that

er

6. Let w, — w weakly in HY(2). Then, there exists a subsequence and W € LZ(Q; le
T.(Vwg) = Vew + V,w  weakly in L2 x Y).

Property 4 shows that any integral of a function w on £2, is “almost equivalent” to the integral of its unfolded
on £2 x Y, the “integration defect” arises only from the cells intersecting the boundary 02 and is controlled by the
right-hand side integral in (2.2).

The next proposition, which we call unfolding criterion for integrals (u.c.i.), is a very useful tool when treating
homogenization problems.

Proposition 2.3 (u.c.i.). If {w.} is a sequence in L'(£2) satisfying

/|w8|dx — 0,

Ag

then

/wgdx— / T (wy)dxdy — 0.

2 2xY

Based on this result, in order to simplify the proofs in the sequel, we introduce the following notation:
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Notation 2.4. If {w.} is a sequence satisfying u.c.i., we write:

7.
/wgdxz / T (wg)dx dy.

2 2xY

Corollary 2.5. Let {u.} be bounded in L?(82) and {v,} be bounded in L?($2) with p > 2. Then we have:

7.
/uevsdx; / Te(ue)Te(ve) dxdy.
2 2xY

We end this subsection with the notion of local average of a function.
Definition 2.6. The local average My, : LP(£2) > LP(£2), is defined for any ¢ in L?(£2), 1 < p < 00, by
My @@ = [ T@)r»ay.
Y
Remark 2.7. The function My, (¢) is indeed a local average, since

L . —~
My (¢)(x) =/7E(¢)(X, y)dy = { o Jerzppey @0 dEif x € £2,
0 if x € Ag.

Y

Remark 2.8. Note that 7, (M7, (¢)) = My (¢) on the set £2 x Y.
The next proposition, which will be frequently used as well, is classical:

Proposition 2.9. Let {w.} be a sequence such that w, — w strongly in LP (§2) where 1 < p < 00. Then we have:

My (we) — w  strongly in LP (§2).
2.2. Unfolding in domains with volume-distributed “small” holes: the operator T, s

In Section 4 below, we will consider domains with ¢Y -periodically distributed holes of size &8 (§ — 0 with ¢).
More precisely (see Fig. 3), for a given open B € Y we denote Y* =Y \ 6 B and define the perforated domain .Q: 5 as

:’Sz{xe.{?, suchthat{g}eYs*}. (2.3)

This geometry of domains with “small” holes requires another unfolding operator 7, s depending on both parameters
¢ and 6. In the next sections, we will consider functions v, s which vanish on the whole boundary of the perforated
domain .Qj s» namely belonging to the space HO1 (.Q;i s)- These functions are naturally extended by zero to the whole of

£2 and these extensions belong to H(} (§2). Consequently, from now on, we will not distinguish elements of HO1 (.Q;’i 5)
and their extensions in HO1 (£2). This justifies the introduction of 7, s on the fix domain 2, while it may (and, in
Section 4, will) be applied to elements of H(} (.Q; 5)-

Definition 2.10. For ¢ € L?(£2), p € [1, oo, the unfolding operator 7, s : L (£2) — LP(£2 x RV is defined by:

i %) 1
Tes(@)(x,2) = {7;(96’51) if (x,2) € 2, x 57,

otherwise.

For N > 3, the Sobolev exponent % associated to 2 is denoted 2*.
The next results follow from Theorem 2.2 by using the change of variable z = (1/§)y.
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0B

Fig. 3. The sets B and Y and the corresponding £27 ;.

Theorem 2.11 (Properties of the operator I, s ).

1. Forany v, w € LP(£2), T; s(vw) = T¢ 5(v) T s (w).
2. Foranyu € L'(£2), one has

sN / |7;,5(u)|dxdz</|u|dx.
2

xRN

3. Forany u € L?(£2),

2 1
||7;,5(u) ||L2(f2><RN) < 6_N”M”i2(9)

l/udx—(SN / Te.5(u) dx dz <f|u|dx.
2 Ag

xRN

4. Foranyu € L'(£2),

5. Letu € H'(2). Then
1 ) 1
o5 (Vau) = =V (Te.sw)) in 2 x 57

6. Suppose N >3 and let w be open and bounded in RN . Then the following estimates hold:

2
2 € 2
|| \& (,T&‘S(u))an(.Qx%Y) S sN—2 ”V””mmy 24
2
2 Ce 2
||,];,‘,5(u - M; (M)) ||L2(Q;L2* (RN)) < SN—_Z ||Vu||L2(Q), (25)
and
2 2C¢?
| 0@ | L2y < sn=z 101N IVRIT2 ) + 21l 1l 72 ) (2.6)

where C denotes the Sobolev—Poincaré—Wirtinger constant for H'(Y).
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7. Suppose N = 3. Let {w; s} be a sequence in H L(82) which is uniformly bounded when both ¢ and § go to zero.
Then, up to a subsequence, there is W in L3($2; LY (RNY) with V. W in L2(£2 x RY) such that

N
§z~1

(Tes(we,s) — My (wep)l1y) =W weakly in L*(2; L7 RY)),

Y

52

Vo(Tes(wep)) L1y = V-W  weakly in L*(2 x RY).

Assuming furthermore that limsup, s)_, o+ o+) ‘Slvéﬁ < +00, one can choose the subsequence above and some U in
L2(82; L% (RN)) with

loc
52! 2 2 N
To.5(we,s) =~ U weakly in L*(82; Li,o(R"Y)).

loc

Remark 2.12. In order to establish (2.5)—(2.6) from (2.4), the Sobolev—Poincaré—Wirtinger inequality is used (because
of its scale-invariance). The use of the standard Poincaré—Wirtinger inequality would give,

1 C'e?
||7;’5(M - M?(”))HiZ(Q/XRN) < 6_2 8N(i2 ”VMH%Z(_Q)a

where C’ is the Poincaré—~Wirtinger constant of Y. This estimate is not compatible with (2.4).
Concerning the integral formulas, we have the following results, similar to those of the previous subsection.

Proposition 2.13 (w.c.i.). If {w,} is a sequence in L' (£2) satisfying

/|w5|dx =0,
Ag

then

Tes
/wgdx = §N f Te.5(wg) dx dz.
2 xRN

Corollary 2.14. Let {u.} be bounded in L2(£2) and {v,} be bounded in L? (2) with p > 2. Then

Tes
/ugvgdx =~ sV / T s ()T, 5(ve) dx dz.
2 xRN

; . bl
2.3. The boundary-layer unfolding operator: the operator ’Tg s

For sieve-type problems (Sections 4 and 5 below), we consider the case of holes of size 6, distributed in X/, a layer
of thickness ¢ parallel to a hyperplane in the open domain §2 in RY. We denote x” = (x1, ..., xy_1), IT = {xy = 0}
andset ¥ =11 NS2.

The layer X/ is defined as

, &
X, =8N x;|xN|<§ ,

and by analogy with (2.1), we introduce the corresponding sets,
5= {x s, GH +8Y) c z,;}, A= S0
€

and denote >, = fs’ NIl.
The set X/ is the largest union of €Y cells contained in X/ (see Fig. 4).
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N
N
N
,.A‘

V%
P

N
NS
AVAYAS
VAVA

Fig. 4. The sets X/, £ and A..

Definition 2.15. For ¢ € L”(X/), p € [1, oo the unfolding operator ’ZZ’(IS (LP(X])— LP (X x RN) is defined by:

)2 = {¢<8[(’“;—"”1Y Febr) i (7)€ 5 x L,
’ 0

otherwise.

This operation, designed to capture the contribution of the barriers in the limit process, was originally used in [18].
We also introduce the notion of local average related to the hyperplane X'.

Definition 2.16. The local average M;’bl (LP(X])— LP(X), is defined for every ¢ in LP (X)), 1 < p < o0, by

L ¥ d f ' 2\8’
My @ =" | Z?é(qs)(x/,z)dz:{gv et ey $O)4HENTE

o ifx'e X\ %,.

8
Remark 2.17. Since elements of L”(X) can be considered as functions of L” (X)), M;’bl can be applied to them.
With this convention, ’Z;{’é (M ?bl (@)=M ;’bl (¢) on the set X.

We also have an equivalent of Proposition 2.9.

Proposition 2.18. Let {w.} be a sequence such that w, — w weakly in H L(2). Then

Mf,’bl(wg) — w)y  strongly in L*(X).

It is easy to check that most of the results stated in the previous subsection extend to ’Z;bé.

. bl
Theorem 2.19 (Properties of the operator ’Z; 5)-

1. Foranyv,w € LP(X)),

Tos(vw) = T3 T (w).
2. Foranyu € Ll(Z‘g’),

udx, and &8V f \Tjg(u)\dx/dz</|u|dx.

Y xRN DI
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3. Foranyu € L“(X}),

||7Z’f;(u) ”iz(szN) < oSN [Ju ”i%}:;)'

/Iuldx.
A

4. Forany u € L'(X)), one has
‘fudx—eBN / beg(u)dx dz| <

X xRN

5. Letu be in H'(X/). Then,
T2 (Veu) = %vx (THw) in X x éy.
6. Suppose N >3 and let w be open and bounded in RN . Then the following estimates hold:
”vz (Ts%(”)) ”LZ(EX Y) 5N SN—2 ”V””LZ(E/)’
”'Z:sb(ls (u — Ig/bl(“)) ||L2(Z‘;L2*(]RN)) < 51\7—_2”V“”i2(zg)’

and

bl 2 Ce  on 2 2
\!7;,5(”)|\ L2(Z xw) S 25N—2 |l / ”V“”U(Eg) + 2| ”“”L2():g)’
where C denotes the Sobolev—Poincaré—Wirtinger constant for H'(Y).
7. Suppose N = 3. Let {w; 5} be a sequence in HI(Z‘S/) such that ||Vw875||L2(2F,) is bounded. Then, up to a subse-
quence, there exist W in L3(X; LY (RM)Y) with V. Win L*(X x RN) such that
N
52! 12 2 N
7(’];,5(1118,3) — Mf,(w&g)léy) —~ W weaklyin L (2; L~ (R )),
53! 2 N
7VZ(’];,5(w8,5)) I%Y —~ V., W weaklyin L (2 x R )
e

Nj2—1 .
8 7 < 400, one can choose the subsequence above and some U in

Assuming furthermore that limsup, s, o+ o+)
L*(%; Ly (RN)) with

N
§271 _
7’]},5(105,5) —U weaklyin LZ(E LIZOC(RN)).
Proposition 2.20 (u.c.i.). If {w,} is a sequence in L' (¥ ) satisfying,

/|w€|dx_)0s
Ag

T
/wgdx = o5V f T2 (we) dx’ dz.

x/ I xRN

then

Corollary 2.21. Let {u.} C Lz(ES’) and {vg} C LP (X)) with p > 2, such that ||u5||Lz(2F/) and ||ve || Lr () are bounded
independently of . Then l

/ugvg :gsN f TDue) T2 (ve) dx' dz.

X/ Y xRN
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For sieve problems, there is a need to distinguish between the subdomains above and below X. Set
2. =R¥ne, o_=RVne, v,=RYny, 7Yv_=RYnNr

We suppose that the two domains §2; and £2_ have a Lipschitz boundary.

For simplicity, we will make the convention that all the results stated for £2, are true also for £2_ unless specified
otherwise. For any function u defined in §2, we denote by u™ its restriction to the domain £2, i.e., ut = u|g, .
Analogously, u™ =u|go_.

The corresponding definitions and propositions are the following:

Definition 2.22. The local average Ms bl (LP(X/,) > LP(X), is defined for every ¢ in L”(X/,), 1 < p < 00, by

sN
@) = [ oo

1
e

Proposition 2.23. Let {w,} be a sequence such that wy — w* weakly in H' (§2+). Then

f,bl(we) — w |2 strongly in L2(2).

Theorem 2.24. 1. For all ¢ € L*(2+),

bl (2 1 2
||7;,8(”)||L2(2><M) < oo N ”“”Lz(zgi)'

2. Suppose N > 3 and let u belong to H' (2+). For every w open and bounded in Rﬁ the following estimates hold:
bl 2 & 2
H \ (7;,3 (“)) ” L2(Zxlyy) < 5N—2 Vull L2(%/})

Hffa( fvbl@‘))” L ®Y) S N2 5N 2 ”V””Lz(&,’i)’

and
bl 2 Ce 2/N 2 2
’|7;,5(M)HL2(E><Q)) <25N—2|")| / “VM”L2(25’+) +2|w|”””L2(>:g+)’

where C denotes the Sobolev—Poincaré—-Wirtinger constant for H' (Y+).
A similar inequality is true for bounded open subsets of RY.
3. Suppose N = 3. Let {w; s} be a sequence in H! (/) 1) such that ||Vwe, 5||Lz(2 o is bounded. Then, up to a

subsequence there exists W+ in L*(X; LY (R ) with V.WT in L*(X x ]RN) such that

N
§271 , .
7(7}%(108,3) — My, (wep)ly,) = W"  weaklyin L*(£: L* R])),
53" bl 2 N
7vz(zj;,,s(wg,,g)) Liy, = V:W"  weakly in L*(X x RY).
sN/2—1

Assuming furthermore that imsup, 5)_, o+ o+) T < 400, one can choose the subsequence above and some
U™ in L*(Z; LY, (RY)) with

N

—T s(We s) — Ut weakly in Lz(Z’ LIOC(RN))

NG

The same result holds true for sequences in H' (X/0).

The equivalent of Proposition 2.20 (u.c.i.) also holds true in £2.
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3. Homogenization in domains with small holes which are periodically distributed in volume
3.1. Functional setting

Let o and 8 be two real numbers such that 0 < o < . For any open set O in RY, denote by M («, 8, O) the set of
the N x N matrix-fields A = (a;j)1<i, j<n € (L®(O)V*V such that

alA? < (AR, ) and AL < B(AMR, A,
for any A € RN and a.e. x in O.

The perforated domain .Q;‘ 5 is defined by (2.3). Assume that the matrix field A®(x) = (afj (x))1<i,j<n belongs to
M(a, B, 2). For f € L?>(£2), consider the following problem:

Find u, 5 € HOl (£2;5) satisfying
Jor ATVuesVo = o [0, (Pe.s)
Vo € Hy (27 5).

€,
In this section we suppose that N > 3 and study the asymptotic behavior of problem (P 5) as € and § = d(¢) are

such that there exists a positive constant k; satisfying,
N
L

k1 = lim with 0 < k1 < oo. 3.1

e—>0 &

3.2. Unfolded homogenization result

We now derive the unfolded formulation of the limit problem for P s. In the limit we will observe the contribution
of the periodic oscillations as well as the contribution of the perforations.
In order to state the result, we introduce the functional space K p defined as follows:

Kp = {cD € Lz*(]RN); Vo e LZ(RN), @ constant on B}. 3.2)

Theorem 3.1. Let A® belong to M (a, B, §2). Suppose that, as & goes to 0, there exists a matrix A such that
T (A%)(x,y) > A(x,y) ae inf2xY.

Furthermore, suppose that there exists a matrix field Ag such that as ¢ and § — 0,

Tes(A%)(x,2) > Ao(x,z) a.e in$2 X (RN \ B). (3.3)
Let u, s be the solution of the problem (Pgs). Then
we.s —ug weakly in Hy (£2), (3.4)

and there exists it in L*($2; leer(Y)), and U vanishing on §2 x B with U — kiuq belonging to L2(82; Kp), such that
the triplet (ug, i, U) satisfies the following three conditions:

/A(X,y)(quo(X)+Vyﬁ(x,y))vy¢(y)dy=0, (3.5)
Y
fora.e. x in 2 and all ¢ € leer(Y);

/ Ao(x,2)V U (x,2) V,u(z)dz =0, (3.6)
RN\ B
fora.e. x in 2 and all v € Kp with v(B) =0,
/ A(Vyuo + Vi)V dx dy — ky / AOVZUvadGZ:/flﬂdx, (3.7
2xY 2%x0B 2

forall ¥ € HO1 (82), where vp is the inward normal on 0 B and do; the surface measure.
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The proof of this theorem, makes use of the next two elementary results.

Lemma 3.2. Let N > 3. Then, for every §y > 0, the set

| {¢€H,, (¥); ¢=00n5B}

0<8<do

is dense in leer(Y).

Proof. Let ¢ € ngr(f ) be fixed. For 8; £22° 0 consider ¢y € leer(Y ) smooth with

b = 0 oné;B,
k=11 onY\25B,

259

and such that |V¢y| < %. Define &y = ¢ry. We claim that @ converges to Y strongly in leer(Y). To do so, observe

that
1Dk — Wl 20y + IVPK — VIl 2y, < / [y dy + f IVy [ dy + / Vi * 1w > dy.
251 B 25k B 26k B
For the last integral, using the definition of ¢y, one gets:
/ VPP dy < C2Y 2 By,
251 B
Hence,
Dy — Y strongly in leer(Y).

Since leer(Y ) is the closure of C [‘;jr(l_’) in the H!-norm, a density argument completes the proof. [

Lemma 3.3. Let v in D(RY) N K (i.e. v = const. = v(B) on B), and set

wgyg(x)=v(B)—v(l{£}) forxeRN.
Slely
Then,

wes — V(B) weakly in Hl(.Q).

Proof. For § small enough, the support of v is compact in %Y and consequently,

2
[ @ dz =1,

1
EY

(3.8)

Clearly, w,s is uniformly bounded on RM. Observe that the set where wggs differs from v(B) is
UsezN (e& 4 €5{Support(v)}), so that the measure of its intersection with £2, is at most of order 8N Thus, We, 5

converges to v(B) in every L9(2) for finite g.
Since 7; s(w,)(x, z) = v(B) — v(z), property (5) from Theorem 2.11 gives:

Tes(Vwg ) = —LVZU in Qs X lY,
’ ' ) 1)
hence (see Theorem 2.2(2)),
N-2
IVwesla ) = 8" | Tes(Vwes) 1201 y) < 5 121Vl g,

Due to (3.1), Vw, s is bounded in LIZOC(Q) which concludes the proof, since w, s is €Y -periodic in RN,

(3.9
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Proof of Theorem 3.1 (for the case k1 > 0). Observe first that by the Lax—Milgram theorem, there exists a unique
solution u, s of (P, s) and it satisfies

llue,s ”HOI(Q:B) < C||f”L2(.Q)v (3.10)

which implies convergence (3.4), up to a subsequence. Next, by Theorem 2.2(6), there exists i € L?(£2; leer(Y )
such that

Te(Vugs) = Vyuo + Vyﬁ weakly in L2(S2 x Y). (3.11)
By Theorem 2.11(7), there exists some U in L%($2; leOC (R™)) such that, up to a subsequence,
571
Tos(ues) — U weakly in L?(£2; L, (RY)). (3.12)
By Proposition 2.9, one has
N
8§21
Mf,(ug’g)léy — kyug  strongly in L*(£2; L{ (RY)). (3.13)
On the other hand, by Theorem 2.11(7) there exists a W in L?($2; LY (RN)) with VW in L%(£2 x RY) such that
53! e 2 2% N
(Ze.5(e,5) — My (ug 5)1 %Y) — W weakly in L*(£2; L* (RY)). (3.14)

From (3.12), (3.13) and (3.14), one concludes:
U=W+kiug, and V,U=V,W,
and, by Theorem 2.11(5) and (7) again

N
§z71

Ve(Tes(es)) 11y = 85T, 5(Vite 5) = V.U  weakly in L2(2 x RV). (3.15)

From Definition 2.10, 7; s (4. s) = 0 in £2 x B, so that by (3.12),
U=0 on$ x B. (3.16)

Due to (3.16), W = U — kjug actually belongs to L%(2;: Kp).
Using @(-) = ey (1)@ () as a test function in (P 5), with € D(§2) and ¢ € Cll
of the origin, we have:

S/AEVMs,avwﬁb(é)-i- / A“’”Vug,al/pr(é):s / fl//¢<é>.

£, £,8

(Y) vanishing in a neighborhood

er

It is easy to see that the first integral as well as the right-hand side of the above equality converge to zero. The
second integral above is unfolded with 7, noting that 7,(V¢ (-/¢))(x, y) = V¢ (y). Applying Theorem 2.2(1) and (4),
then Corollary 2.5, one gets:

A\ Ze
/A*?VMS,WV(;S(E)% / T (A%) (x, V) Te(Vxtte,5) (x, Y)VO (V)T () (x, y) dx dy (3.17)

P 2xY

(the unfolding criterion of integrals (u.c.i.) is trivially satisfied since ¥ is compactly supported in §2). From (3.11),
we can pass to the limit with respect to ¢ in (3.17). Then, by Lemma 3.2, we obtain (3.5), the first equation of
the unfolded formulation for the limit problem. This equation describes the effect of the periodic oscillations of the
coefficients in (P; s).

In order to describe the contribution of the perforations, we use the function w, s introduced in Lemma 3.3. For ¢
in D(§2), use w, s ¥ as a test function in (P, s). By the definition of w, s this function vanishes on the holes and by
the choice of v, it vanishes near the boundary of £2. Thus, we obtain,

/AgVueﬁVwe,sl/er / A*Vug sVwe s = / fwe sy, (3.18)

* * *
‘Qs,é ‘QS,B ‘Qs.é
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The first term in (3.18) is unfolded with 7, 5. Again, the choice of the test function implies that the u.c.i. is satisfied,
so by Theorem 2.11 and Corollary 2.14, we can write,

T
/ASVMs,(sts,alﬂ = N f Te.s(A*)To s (Vg 5)Te s (Vwe s) T s (V). (3.19)
275 QxRN

Therefore (3.19), together with (3.9), yields

M=

—1

Tes § N
/ A*Vug sVwe s = - / Te.5(A%)32 T 5(Vue 5) (= Vo) Te 5 (¥). (3.20)
2% 2 xRN
From the following obvious inequality,

| Te.s (W) — WHLOO(@X%Y) S Ce| VY=,

we obtain:
Te.s(Y)V,o — ¥ V,v  strongly in Lz(Q X RN). (3.21)
Convergences (3.15), (3.21), as well as hypothesis (3.3), allows us to pass to the limit in (3.20) to obtain:
lir% A®Vug sVwe s dx = —k; / Ag(x,2)V. U(x, 2)Vv(2)¥(x)dx dz, (3.22)
e—
25 2xRN\B)

which by density, is true for every v € Kp.
The second term in (3.18) is unfolded with 7, and we have,

7
/ Aevus,Bws,BV‘// = / 7:2(AS),TE(VUS,S),Z::(ws,é)%(vw)-
'Q:,(S 2xY
Using Theorem 2.2(5) and convergences (3.8) and (3.11), we can pass to the limit with respect to ¢ in the above

equality to get:

lirr}) A*Vug swe sVY = v(B) / A(Viug+ Vyi) Vi, (3.23)
£—
27 2xY

where we also used the fact that 7,(V) converges uniformly to Vi (hence strongly in every L9($2 x Y) for
1 <g<00).
Passing to the limit with respect to ¢ in (3.18) and using (3.22) and (3.23), we obtain,

v(B) / A(Viug + Vyi)Vr — ky / AOVZUva=v(B)ffw, (3.24)
2xY 2x(RN\B) 2

which, by density, holds true for all ¥ € HO1 (£2) and v € K. Choosing v(B) = 0in (3.24) yields Eq. (3.6), whereupon
the Stokes formula transforms (3.24) into (3.7). This concludes the proof of the theorem. O

3.3. Standard form for the limit problem

Here we show that the unfolded problem is well-posed and we give the formulation in terms of the macroscopic
solution uq alone.

First, consider the classical correctors x;, j =1, ..., N, defined by the cell problems (see [5]),
) € Lo(2; HY,, (Y)),
Jy A, V(X —yj))Vedy=0 ae.xe, (3.25)

Vo € leer(Y).
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Assuming ug is known and solving Eq. (3.5) for & as a function of ug, gives:

N

. dug

(6, y) = =) =W)X, ),
="

which used in Eq. (3.7) from Theorem 3.1 yields
fAhOmwovw dx — ky f AoV.Uvgy do, = / frdx,
2 2x0B 2

where, for a.e. x in £2, A"™(x) is the homogenized matrix defined as

N ~
a .
A?;’m(x)Z/(aij(x,y)— E aik(x»)’)—a;(li (X,Y)> dy.
0 k=1

Eq. (3.26) is the variational formulation for

— div(A™™Vug) — ki f AoV,.Uvgdo, = f.
B

(3.26)

(3.27)

(3.28)

It remains to clarify the connection between the second term in (3.28) and u¢. In order to do so, let € be the solution

of the corresponding “cell problem”:
0 eL>®(2;Kg), 6(x,B)=1,
fRN\B "Aog(x,2)V,0(x,2)V,¥(z)dz=0 a.e.forx e £,
YU € Kp with & (B) =0.

From (3.29), (3.16) and Green’s formula together with Eq. (3.6), we get:

/A()VZUUB do’z=/A()VZ(U—kluo)deUZ=—k1u0(/tA()VZ9deUZ>,

9B dB 3B
so that Eq. (3.28) becomes

— div(A™™Vug) + k1 Ouo = f,

where

Ox) = / "Ao(x,2) V.0 (x, 2)vg doy.
B

Remark 3.4. From definition (3.30) the function @ (x) equals,

O = f Ao(x, 2)V.0(x, ) V.0(x, 2) dz,
RN\B

which is non-negative and can be interpreted as the local capacity of the set B.

In conclusion, by Lax—Milgram’s theorem, we have:

Theorem 3.5. The limit function uqg given by Theorem 3.1 is the unique solution of the homogenized equation:

uo € H} (£2),

[o ANV u VY + k2 [, Ouoy = [, f,
Yy € H) (£2).

(3.29)

(3.30)

(3.31)
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Fig. 5. An example of set 2 S’ s° an electrostatic screen.

Remark 3.6. The contribution of the oscillations of the matrix A® in the homogenized problem are reflected by the first
term of the left-hand side in (3.31). The contribution of the perforations is the zero order “strange term” k%@(x)uo.

Remark 3.7.

1. The proof is actually simpler for the case k1 = 0 and the statement is included in Theorem 3.5: the small holes
have no influence at the limit.
55
&

2. The case of lim = o0 is easy to analyze: from Theorem 2.11(6),

Tos(ues) — ug  weakly in L2(£2; L (RY)).

loc
On the other hand, since 7; s5(u, s) =0 in £2 x B, this implies that uo = 0.

4. Homogenization in domains with small holes which are periodically distributed in a layer
4.1. Functional setting

As in the preceding section, we suppose that N > 3. We use the notations introduced in Section 2.3 for domains
with small holes contained in the layer X. The corresponding perforated layer X! ; is given by:

= {xGES/ such that {{} EYa*}-
, ey

The perforated domain is now (see Fig. 5 for an example),

R/ 5=\ {x € X/ such that {i} ESB}.
, ey
The small perforations are of size £¢§ with § = §(¢) satisfying,
N

52
ko =1 , here 0 < k . 4.1
2 SI_I)I%) NG where 7 < 00 “4.1)

We consider the asymptotic behavior for the following problem:
Find u, s € H| (£2/ ;) satisfying
Jo; ATV sVé=[o f, [feL), (PLs)
V¢ € Hy (2 5).



264 D. Cioranescu et al. / J. Math. Pures Appl. 89 (2008) 248-277

4.2. Unfolded homogenization result

Theorem 4.1. Let A® belong to M (a, B, §2). Suppose that, as € goes to 0, there exists a matrix A such that
T.(A%)(x,y) > A(x,y) ae inf2xY.
Furthermore, suppose that there exists a matrix field Ao such that, as € and § — 0,
TH(A (', 2) > Ag(x,2)  ae in X x RV \ B). 4.2)
Let ug 5 be the solution of the problem (P s). Then
Ugs —ug weakly in HO1 (£2),
and there exists it € L*(2; H),,(Y)), and U satisfying (4.11) with U — kauo in L*(Z; K ), such that (uo, i, U)

solves the equations

/ AGe ) (Vo) + Vi (v, 1)) Vo () dy =0, 43)
Y

fora.e. xin 2 and all ¢ € leer(Y);

/ Ao(x', 2)V.U(x', 2)V,v(z) dz =0, 4.4
RN\ B
fora.e. x" in X and all v € Kg with v(B) =0;
/ A(Viup+ Vyi)Vr — ko / AoV Uvpyrdo, = / fv, 4.5)
2xY Y x0B 2

forall € HO1 (82), where vp and do; are the inward normal and the surface measure on 0 B.

For the proof of this theorem, we need the equivalent of Lemma 3.3 with a similar proof (where 7 ;s is replaced
by 7.%5).

Lemma 4.2. Let v in D(RN ) N K and, for § small enough, set
1 /
wf,’s(x) =v(B) — U(g{x;}y, );—];) forx e RV.
Then,
wé’is — v(B) weakly in H'(£2). (4.6)

Proof of Theorem 4.1 (for the case k; > 0). We denote u, 5 the extension by zero to the whole of §2 of the solution of
(Pg” s)- The reasoning is similar to that of the previous section. The following estimate is straightforward from (738” s):

||u8,8”H01(_Q) < CHf”Lz(.Q),
so that, up to a subsequence,
ugs —up weaklyin H(} (£2).

Eq. (4.3) is obtained exactly as in the proof of Theorem 3.1.
By Theorem 2.19(7), there exists some U in L*(X; L% (RV)) such that, up to a subsequence

loc
§71

NG

T i (ue,s) =~ U weakly in L*(2; Li, (RY)). 4.7

loc
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- bl bl . o
Since ’Z'gbfS (Mf, (ug,(s)) = Mf, (ug,g)léy, Proposition 2.18 implies:

N

§271 ,
7M?l’l (ues)l1y = kauoj;  strongly in L*(£: L, (RY)). 4.8)
On the other hand, Theorem 2.19(7) gives a W in L*(X: LY (RN)) with V. W in L?(X x RNM), such that
N
§2-1 . .
NG (T2 (e 5) — M (es)lyy) =W weakly in L*(z; L RY)). (4.9)

From (4.7), (4.8) and (4.9), one concludes:
U=W+kuy, and V,U=V,W,
and, by Theorem 2.19(5) and (7) again,

N
87~
VEs T T (Vue ) = 7% (Z05uen)) 11y = V:U - weakly in L?(5 x RY). (4.10)
From Definition 2.15, 7% (u¢5) =0 in X x B, so (4.7) implies:
U=0 onX xB. “4.11)

Therefore, W = U — koug belongs to LZ(ZJ; Kp).

In order to capture the contribution of the perforations to the limit problem, we adapt the proof of Theorem 3.1 and

use Lemma 4.2. For ¢ € D(£2), let ® = Wwbl be a test function in problem (738/ s)- Since wé’la is constant outside

£,8°
X/ for § small enough, one obtains:
e bl e bl _ bl
/A Vite s Vwllsy + f A* Vg sVypwlls = / Fuwbliy. (4.12)
Zis 25 s

Observe that since wé’l s vanishes in the holes, one actually has

/Aswg,(ngffaw=/A€w8,,;wa;fax/f,

s z
which unfolded with ’Z;b (13 gives:
7
/ A Vug sVullsy = eV / T (AT (Vue ) T (Vwlly) T (). (4.13)
P I xRN

Properties (5) of Theorem 2.19 implies:

T05(Vwlls) = ==V,
so that (4.10) and (4.13) yield,
T 551 531
/ AFVue sVwllsy = 7 / T2 (A®) NG V(T (ue,6)) (= V0) TZS (). (4.14)
28/15 > xRN

From the compactness of the support of v and the straightforward inequality,
bl
| 705 — v ’}Lm(fgx%Y) S CelVatrlipoo)n s
we obtain:

Y;?f;(w)vzv — YV,v strongly in L%(X x RM). (4.15)
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This, together with convergences (4.1) and (4.10), as well as hypothesis (4.2), allows us to pass to the limit in (4.14)
which now reads

lin}) A*Vue sVullsy dx = —ky / Ao(x', )V, U(x', 2) Vv dx’ dz. (4.16)
£— ’

Z/s I xRN
By a density argument, (4.15) is true for every v in K.

The second term in (4.12) is unfolded with 7, and using Theorem 2.2, we get at the limit

lim A*Vue sw? Vi dx = v(B) / A(x, y)(Vyug + Vyi) Vep dx dy,
£—> ’
‘Qe,,B 2xY

which, with (4.16) gives Eq. (4.4). Eq. (4.5) is obtained similarly. O
4.3. Standard form of the homogenized equation

Like in Section 3.4, one can rewrite system (4.3)—(4.5) in the standard form. The result is stated in the next theorem,
the proof of which follows the same lines as that of Theorem 3.5.

Theorem 4.3. The limit function ug given by Theorem 4.1 is the solution of the homogenized equation:
uo € Hy (£2),
[o APV ugVy + k3 [+ O ugy = [, [, (4.17)
VY € Hy(£2),

where @' is defined by (3.30) with x' in place of x.

Remark 4.4. The strong formulation for (4.17) is the following:

—div APV = f in2\ %,
—[APOmYy 0] = (k2)2@'uy on X,
ug=0 on 052,

where [AM™V ] denotes the jump across X,
[AhomVuo] = AhomVuan_ + AhomVu(}Ln+ on X,

nt and n~ denoting the respective exterior unit normal to £2 and £2_ on X.

Remark 4.5. 1. The proof for the case k; = 0 is actually simpler, and the statement is included in Theorem 4.3: the

small holes have no influence at the limit, i.e. the equation —div A™™Vuy = f is satisfied in the whole of £2.
N
52

NG
T 4 (ues) = uoly  weakly in L*(Z; L, (RY)).

loc

2. As in Remark 3.7, for the case of lim = 00, Theorem 2.19(6) implies:

On the other hand, ']Z’é (ue,s5) =0 in ¥ x B implies that ug|x = 0. Therefore, the limit problem splits into two
separate homogeneous Dirichlet problems in §2; and £2_,

—div APV = £ in 24,
Lt():O on 3.Qi.

5. The thin Neumann sieve with variable coefficients
5.1. Functional setting

We use the same notations as in Sections 2 and 4. For an open subset S of ¥ N IT such that S c (Y NII),set
Ys=Y UY_USGS,
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Z=QNII

Fig. 6. The set Y and the thin sieve .Qé’é

and

X

Sg,(g:{ersuchthat{ } e(SS}.
€y

For £2 open and bounded in RN (N > 3), define:
RU=0,U02_US:s and X/,=3/N0RY.

The connection between 2 and §2_ occurs through the “sieve” consisting of the set Sg s (see Fig. 6). We assume
that ¢ and § satisfy assumption (4.1) of Section 4:

ky = lim where 0 < ky < 00.

e—0 \/E ’
Consider the space
V={ve H'(2,U2.); v=00nde},

which is a Hilbert space for the scalar product,

(u,v)y = / VuVv forallu,veV.

2,U80_
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For simplicity, when v belongs to V, we denote Vv the L?(£2)—function which equals the gradient of v in £2, U £2_
(this is the restriction to £2+ U £2_ of the distributional gradient of v). We also denote by [v] the jump of v across
X, [v]=v*|g — v~ |z, which belongs to Hl/z(Z‘). Finally set

Ves={veV,[vl=00n S, s}

The thin Neumann sieve model is:
Find u, 5 € V; s satisfying,

Jou ANVucsVo = Jou fé, f LX), (PP
V¢ (S VS,S'

5.2. Unfolded homogenization result

In this problem, the equivalent of the space Kp of Section 3 (see (3.2)), is
Ks={® e H).(RY URY); Vo e L2(RY URY), [®#]=00n S}. (5.1)
Proposition 5.1. There exist two linear forms I+ on I’(\S such that for every @ in I’<\5 the functions ®* — 1T (®) belong

o L RY).
The space K is Hilbert space for the norm,

+ — 2
M) , 52)

2 - 2
1912 = 19212 g g, + ( :
Furthermore,
Ks© = (@€ Kg, ®* ¢ COO(RZ), supp(V@ ™) bounded in RZ}

is dense in K for this norm.

Proof. Due to the Sobolev—Poincaré—Wirtinger inequality (applied in the sets %Yi with § — 0), for every @ in I’(Tg,
there exist two constants /* (&) such that (@* — [(P)) belong to LY (Rﬁ ).

It is well known that the first term in (5.2) is a Hilbert semi-norm on the space K, so that, with the second term, it
defines a norm. The density of Ks™ in K follows by a standard argument of truncation and regularization. O
Theorem 5.2. Let A® belong to M («, B, §2). Suppose that, as € goes to 0, there exists a matrix A such that

T.(A%)(x,y) > A(x,y) ae inf2xY.
Furthermore, suppose that there exists a matrix field Ay such that, as € and § — 0,
’Z;l”é(Ag)(x/, 2) = Ao(x',2) ae in X xRN, (5.3)
Let u, s be the solution of the problem (Pg 15). Then
Ugs —uog weaklyinV,

and there exists ii € L*(82; leer(Y)), UelLXX:;Ks) satisfying,

IT(U) = kzu(jfbS fora.e. x' € X, (5.4)
and such that (ug, i, U) solves the following three equations:
/ A(x, y)(Veuo(x) + Vyii(x, y)) Vyg (y) dy =0, (5.5)
Y

fora.e. x in 2 and all ¢ € lee,(Y),

/Ao(x/, V.U (X', 2)V,u(z)dz =0, (5.6)
RN
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fora.e. x" in ¥ and all v € fs with I*(v) =0, and

/A(V uo+Vy Ve —ky [ AoVUn ¢]2—ff¢ 5.7

2xY YxS
forallp €V.

Proof (for the case k» > 0). Let u, s be a test function in (Pb ). Using the Poincaré inequality on £2; and £2_, there
is a constant C (independent of ¢, §) such that,

luesllv < CllfllL2g)-
Consequently, up to a subsequence, there exists ug € V such that
ugs —~up weaklyin V.

By Theorem 2.2, one can also assume that there exists i € L*(£2; HL (Y)) with,

per
T (Vugs) = Veug+ Vyi  weakly in LYX(2 x Y).
Using ¥ € D(S2) as a test function in (Pgb,la)’ and unfolding with operator 7, we get:

7.
/AEVMs,avwdxz / Te(A)T.(Vue 5) T (Vi) dx dy.
Qv 2xY

Applying properties (5) and (6) of Theorem 2.2 we can pass to the limit to obtain,

/ A(x,y)[quo+Vy12]Vx1//dxdy:/flﬁdx.

2xY

Next, consider ¢ € per(Y) and ¢ € D(£24) UD(£2_). Using & (x) = sw(x)q’)( ) as a test function in (P 15)

yields,
S/AEVM&(SV‘#(?(;)-F / AEVue,slﬁVd)(é):s / quﬁ(é).
bl bl bl

‘QE,B ‘QE,B ‘Qg,é

As in Section 3.3, passing to the limit gives (5.5).

By Theorem 2.24(3), there exists U € L3 (XL (]R )) such that (up to a subsequence),

loc

N
§271 ,
NG T2 (uzs) = U™ weakly in L*(X; L, (RLY)). (5.8)
By construction ’];bé (Ms bl( zfg)) = f,fl (us i Ly, By Proposition 2.23, one has:
83 b 4 + : 2 N
7 18& (ug’a)l%y — koug s strongly in L (Z‘ Lloc(Ri)). 5.9
By Theorem 2.24(3) there exists a W in LZ(Z‘; LY (RNY) with VZWjE in L2(2 X Rﬁ) such that
§271 . .
NG (T3 wZy) = My i1y ) = W weakly in L2(2; L¥ (RY)). (5.10)
From (5.8), (5.9) and (5.10), one concludes:
Ut =W*+kuZ|y, and V,U*=V,W* (5.11)
Again by Theorem 2.24(3), one has the convergence:
N
§2-1
V(T2 (uky)) = Vo8 T T2 (Vi) = V.U weakly in L2(E x RY). (5.12)

NG
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From Definition 2.15, Zbé (”:5) = 7;%(“;5) on X x §, so that by convergences (5.8), (5.12) one has:

[U',)]=0 onSforae x'€X.

Therefore, U € L2(X; Ks), and (5.11) implies (5.4). .
In order to obtain equations (5.6) and (5.7), choose a function v in K SOO and set:

1 /
We s (X', xn) = U(—{x—} , x—N)
Sle)y ¢
Clearly, [we s] =0Oon S¢ s and Vw:fs vanishes outside X é s for & small enough. One easily shows (as in Lemma 4.2)

Te(w; ) — 1*(v)  strongly in L?(24), (5.13)

() weakly in H!(£24).

that
{ ws,S

For ¢ € D(£2), using Y w, 5 as a test function in problem (Pbla) gives:
(5.14)

/Asvus,évwws,é‘f‘ / Asvus,évw£,6w= / fws,éw-

Qf,lg 29/,8 lea
The first term in (5.14) is unfolded with 7 as usual. This yields
7
[ A Vs 2 [ LT TN T s dxdy,

2bl, 2xy
Applying (5.13) and properties (5) and (6) of Theorem 2.2, one obtains:
lim | A°Vu.sVrwes=1T(v) / A(x, y)(Vyxug + Vyil) Vip dx dy
Q+XY

e—0
22
+17(v) / A(x, y)(Vxuo + Vyi) Vi dx dy.
2_xY

The second term in (5.14) is unfolded with ’Z;bé The choice of the test function implies that u.c.i. is satisfied, so

bl
TS (Vwe ) TS (). (5.15)

7
Sy / T (AT (Vue )T

/ ASV”S,& Vwe sy
xRN

Zs
Property (5) from Theorem 2.19 gives:
1
bl
Z’S(ng,(s) = gvzv,

which, together with (5.15), yields
(5.16)

~

/ Aevusﬁvws,zﬂh = \/5

T (N
£, 8 2 N
/ IO (A*)es T T (Vue ) VT ().

Z/s X xRN
Convergences (5.3), (5.12), allow to pass to the limit in (5.16) to obtain:
lim AVue sVwe s =k f Ao V.U (X', 2)V, oy dx’ dz.

e—0
28’15 > xRN

Now, the limit in (5.14) becomes:
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I™(v) / A(Vyug + Vy) Ve +17(v) / A(Vyug + Vyi) Ve
24 xY 2_xY

+ ko / Ao(x’, 2)V,U(x', 2) V.o dx' dz

X xRN

" () / FU 417 () / v, (5.17)
2

which, by density, holds for every v €K K s Eq. (5.6) is then simply obtained by choosing /™ (v) =/~ (v) =01in (5.17).
Using (5.6) with an arbitrary v in Ks s~ one deduces by Green’s formula that

/ AgV,UV,vdz = / AoV Un*(v(z) — I*(v)) d7, (5.18)
RY S
which still holds for every v I/(\S Then, (5.18) together with (5.17) leads to,

l+(v)( f A(Vxuo + Vyi) Ve — ko / AonUn+lﬁ—/f¢)
24

24 xY 2xS

+l_(v)< / A(Viug + Vyit) Vi — kz/AoVUn v — /f¢>

2_xY xS

+ ko / (AoV.Un™ + AgV,Un™ vy =0. (5.19)
YxS

Taking [T (v) =1~ (v) = 0in (5.19), implies that
AoV.Un" + AgV.Un~ =[AgV.U]ls =0 ae.onX x S. (5.20)

Since /1 (v) and [~ (v) are independent, (5.19) now gives the following two formulas:

/ A(quo-i-Vyﬁ)VxW—kz / AOVzUn—i_w:/fWa

.Q+><Y xS Q+ (5 21)
/ A(Vyuo + Vi) Vi — ko / AgV.Un" = /fw
2_xY YxS

which, by density, hold for every i in HOl (£2). Let ¢ be arbitrary in V. Eq. (5.7) is obtained by choosing ¥ = ¢™,
respectively ¥ = ¢~ in (5.21), and adding the two corresponding equations. O

5.3. Standard form of the homogenized equation

As in Section 4.4, one can write system (5.4)—(5.7) in a standard form, with only u#o as unknown.
First, from (5.6), the first term in the left-hand side of (5.7), can be written in terms of the standard homogenized
operator:

/ A(quo+Vyﬁ)V¢=/AhomVu0V¢,
2

2xY

for every ¢ in the space V, using the same cell-problems (3.25) and the same .A"™ given by (3.27).
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Next, observe that for a given ug, prglzlem (5.4)—(5.6) for U, has a unique solution by the Lax—Milgram theorem
(applied on a closed affine subspace of Ky).

Now, we show how Eq. (5.7) can be brought to the standard form. More precisely, it remains to clarify
the connection between the term —k» f sAo V.U nt and [ug]x. In order to do so, let  be the solution of the following
“cell problem™:

0 e L®(X; Ks), [F(0)==l,
Jan Ao, 2)V0(x, 2)V. W (2)dz=0 forae x'€ X, (5.22)
YW € Kg with I£(@) = 0.
From (5.18) follows:
/ AoV UV vdz=(I"(v) — 1™ (v)) / AoV Un~dZ. (5.23)
RYURN S
Similarly, the solution of (5.22) is unique and satisfies for a.e. x" in X,
AoV 0nt +'AAV O™ = ['AgV.0] =0,
/ "A0V.0V,vdz = (l+(v) — l_(v)) / "AgV.0n~ d7. (5.24)
RYURY S
Formula (5.23) holds for v = 6, whereas (5.24) does for v = U, so that combining the two yields,
@) —1=(® IT(U) -1~ (U
/AOVZUn_dz’ = %/onzw— d7 = %()/%Ovzen—dz’.
S S

S
Consequently, by (5.4),

/ / — / k% / /
ky | Ao(x', 2)V.U(x',z)n" dz =?@(x)[140]):(x),
S

where

Ou)= ftAoVZQn d7 = — f 'AgV. Ont d7,
S N
the latter equality deriving from (5.23). Thus, Eq. (5.7) becomes:

k2
/AhomVuoW) dx + ?2 / O (x")uols (XN[Pls (x") dx' = / fodx.
2 z 2
We have proved the following theorem:

Theorem 5.3. The limit function ug given by Theorem 5.2 is the solution of the homogenized equation:
up €V,

[y A 4096 1+ S [ OLugls[dls = [, f6. (5.25)
VoeV.

Remark 5.4. Taking v = 6 in (5.24) shows that

1
@(x/)=5 f Ao(x',2)V.0(x', 2)V.0(x', 2)dz
RYURY

is non-negative. This implies existence and uniqueness of the solution ug of (5.25).
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Remark 5.5. The strong formulation for the solution u of the limit problem is:
—divAP"Vyg = f in2\ X,

2
AP o0~ |5 = — AN yon | s = 2 @[ul s,
up=0 onas2.

Remark 5.6. In the case where A is even with respect to z, 6 vanishes on S. Then, @ (x) can be interpreted as the
local capacity of the set S, the capacitary potential being (1 F 67F).

Remark 5.7. 1. The proof for the case kp = 0 is actually simpler and the statement is included in Theorem 5.3: the
holes are too small to keep any connection between §24 and £2_. The limit problem is split into two independent
problems in each of these sets with mixed homogeneous boundary conditions,

—divAPMVyg = £ in 24,
APy yont|s =0 on X,

uy=~0 on o2\ X.
N
2. For the case of lim % = 00, Theorem 2.24(2) implies:

loc

721,7,13(%,5) AMSEI): weakly in Lz(z; 12 (Ri’))

On the other hand, [7;{’(13 (e,5)]s =0 on X x S implies that [ug]|s = 0. Therefore, uy belongs to HO1 (£2) so that
the limit problem is satisfied in the whole of 2.

6. The thick Neumann sieve with variable coefficients

In this section we extend the results of Section 5 to the case of a thick Neumann sieve of thickness of order ¢ > 0.
We will use the same notations, unless specified otherwise, and we only sketch the main modifications of setting and
of the proof.

For an open subset S of Y N IT such that S € (Y N IT), we introduce the class Fs of admissible sets, which we use
to describe a thick sieve with holes shaped according to S.

Definition 6.1. The subset set F of RY is in Fg, if

(i) F is closed with connected complement in RV,
(ii) F is symmetric with respect to all the hyperplanes of equations {z; =0, jel,...,N—1}and F=F UF_U
(m\ sy, _
(iii) F is such that F N Y C {|zn| < 55} forevery 0 <8 < 1,
(iv) Fy and F_ are unbounded with Lipschitz boundary,
(v) there exists some positive R such that the boundaries d F; and d F_ outside the ball of radius R, are Lipschitz
graphs over RV 1,

For F € Fg, set

Fs=8FNY, and F.s5= {x € X! such that {i} € F(g}.
€y
Define:
.Qgg =02\ Fes and S :.Q;E(SS NII.

Fig. 7 present an example of admissible set F in dimension 3. Fig. 8 is the corresponding sieve. Fig. 9 is a two
dimensional cross-section.
We use the same space V as in Section 5, while the V; s is now:

Ves = [ve H' (251 U2% ), vlse =0,[vls,, =0}.
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F

Fig. 7. An example of set F': the hole in the sieve.

Fig. 8. The 3D geometry of the thick Neumann sieve.

]

Fig. 9. A 2D cross-section of the set F' and the domain £27%.

The thick Neumann sieve problem can be stated as follows:

Find u, 5 € V; s satisfying,
Jau, A*VuesV9 = [on [¢. [ eL(), (P)
Vo € Ves.
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The equivalent of the space I’<\S (see (5.1)) is the following, where G denotes the complement of F':
Ko={o e H. (G); Vo e L*(G)}. (6.1)
Proposition 6.2. There exist two linear forms 1T on I?E; such that for every @ in I?g; the functions @+ — [*(P)

belong to L @N \ F)i).
The space K¢ is a Hilbert space for the norm given by:

1915 = IVP U2 g ny g+ (@ +17 (@),
Furthermore, for this norm, I and I~ are continuous on I?Z;, and

K™ ={® e Kg, ® € C®(G), supp(V®) bounded in G},

is dense in K.

Proof. The proof is the same as that of Proposition 5.1. The only modification concerns the sequence of sets on which
the Sobolev—Poincaré—Wirtinger inequality (with a uniform constant) is applied. In view of Definition 6.1(iv), this can
be achieved on the sets %Yi N{£zny > R} N G (making use of [22]). O

The unfolded limit problem and the standard homogenized equation are given in the next two theorems. Up to the
modifications of notations indicated above, theirs proofs are the same as in Section 5.

Theorem 6.3. Let §2 be open and bounded in RN, N >3, and A¢ belong to M («, B, $2). Suppose that, as € goes to
0, there exists a matrix A such that

T (A%)(x,y) —> A(x,y) aein2 xY.
Furthermore, suppose that there exists a matrix field Ay such that, as € and § — 0,
TH(AH ' 2) > Ao(x,2) ae. in X x RV \ F).

Let uz s be the solution of the problem (P;%). Then

Ugs —uo weaklyin HILC(.Q \ X)),
and there exist it € L*(2; H,,,(Y)), U € L*(Z; K¢) satisfying,

1£(U) :kz(u(“)—L)lz fora.e x' € X,
and such that (ug, i, U) solves the equations,

/ A(x, y)(Vauo(x) + Vyii(x, y))Vyg (y)dy =0,
Y

fora.e. x in 2 and all ¢ € leer(Y);

/ Ao, VLU (¥, 2)V,0(2) dz = 0,
G

fora.e. x' in X and all v € K¢ with [£(v) =0,

/A(quo+Vyﬁ)V¢—kz / AonUn+[¢]):=/f¢,
Q

22xY YxS

forallp €V.
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Fig. 10. The combination of a Neumann hole 7" and a Dirichlet hole §B.

Theorem 6.4. The limit function ug given by Theorem 6.3 is the solution of the homogenized equation:
up €V,
k2
[o APMVugVe + 2 [+ Oluglsldls = [, f6.
Vp eV,

where

oOx') = %/Ao(x', )V.0(x',2)V.0(x',7)dz,
G
and 0 is the solution of the cell-problem,
6cL®(X;Kg), O, ==£l,
Jo'"Ao(x', )V O, 2)V W (2)dz =0, a.e. forx'e X,
V¥ € K¢ with =) =0.

Remark 6.5. The function @ (x”) can be interpreted as the local relative capacity (in G) of the set C(x”) defined as the
set where 6 (x’, -) vanishes, the capacitary potential being (1 —6(x’, -)) “above C(x")” and (1+6(x’, -)) “below C(x)”.
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