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Abstract. We consider a three-dimensional elastic body with a plane fault under
a slip-weakening friction. The fault has e-periodically distributed holes, called (smalil-
scale) barriers. This problem arises in the modeling of the earthquake nucleation on a
large-scale fault.

In each e-square of the e-lattice on the fault plane, the friction contact is considered
outside an open set 7. {small-scale barrier) of size r, < e, compactly inclosed in the
e-square. The solution of each e-problem is found as local minima for an energy with
both bulk and surface terms. The first eigenvalue of a symmetric and compact operator
K¢ provides information about the stability of the solution.

Using I'-convergence techniques, we study the asymptotic behavior as ¢ tends to 0 for
the friction contact problem. Depending on the values of ¢ =: lim,_,q re/€* we obtain
different limit problems.

The asymptotic analysis for the associated spectral problem is performed using G-
convergence for the sequence of operators K¢ The limits of the eigenvalue sequences
and the associated eigenvectors are eigenvalues and respectively eigenvectors of a limit
operator.

From the physical point of view our result can be interpreted as follows:

i) if the barriers are too large (i.e. ¢ = o), then the fault is locked (no slip),
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i) if ¢ > 0, then the fault behaves as a fault under a slip-dependent friction. The slip
weakening rate of the equivalent fault is smaller than the undisturbed fault. Since the
limit slip-weakening rate may be negative, a slip-hardening effect can also be expected.

iii) if the barriers are too small (i.e. ¢ = 0), then the presence of the barriers does not
affect the friction law on the limit fault.

1. Introduction. The origin of friction has been found in the hard contacts between
two rough surfaces, and the the geometry of the contact, let us say the roughmness, has
been shown to be a decisive parameter for frictional behavior [33]. Since friction is a
phenomenon that concerns both microscopic and macroscopic scales, the contact on a
geological fault is also modelled at the scale of the seismic waves (L.e. kilometric).

The friction properties are likely heterogeneous on the fault, particularly with the
presence of barriers. By the term barrier, we denote a patch on the fault plane where no
slip occurs. This concept cannot be applied for the evolution of the fault at the geological
time scale, but it has been shown to be useful and relevant in the description of fault
heterogeneity during an earthouake [30, 31].

The macroscopic behavior of a fault with small-scale heterogeneity of rupture resis-
tance (small-scale barriers) is difficult to relate to the local properties of the fault. A
formal measure of the friction on the fault itself would just be a local particular law,
that is, varying with the position along the fault. In this paper we focus on the fol-
lowing question: How can we obtain an effective (equivalent) driction law which, used
on a homogeneous fault, leads to a slip evolution similar to the one produced on the
heterogeneous fault?

Mathematically the problem is related to the homogenization of the Newmann Sieve
problem for the Laplacian studied by several authors {15, 14, 5, 12]. In the geophysical
context the problem was studied (see [11, 10, 32]) in two dimensions (anti-plane geometry)
to obtain the rescaling of the weakening rate through a spectral analysis.

The Newmann Sieve problem associated to the linear elasticity operator was studied
by Lobo and Perez [25, 8]. An extension to the non-linear case of the Neumann Sieve
has been studied by Ansini in {2]. Our friction problem is similar to the previous one,
with the important difference being that the tangential component of the displacement
has zero jump on the barriers, and the limit analysis is therefore developed on a larger
functional space.

Let us outline the contents of the paper. _

In section 2 we consider the three-dimensional shearing of an elastic domain which
contains an internal boundary (the fault) located on a plane {the fault plane). The
contact on the fault is described through a slip-weakening Iriction (i.e. the decrease
of the friction force with slip). This friction law is used in the geophysical context of
earthquake modeling, and experimental studies [29] pointed out the good agreement of
this model with experimental data. The symmetry of the displacement field with respect
to the fault plane (see for instance [20] for the geophysical meaning) gives an important
simplification of the problem: the normal over-stress on the fault vanishes. The fact
that the normal stress has a weak variation of during the dynamic rupture was already
observed in direct computations [4, 26] as well as in the inversion of seismological data




T-CONVERGENCE FOR A FAULT MODEL 749

[13]. An important consequence of the above assumption is the fact that we can associate
to the physical problem a minimization problem for the energy function. In modelling
seismic phenromena, where at least two equilibria (before and after an earthquake) are
involved, the energy function cannot be supposed convex.

In section 3 we obtain (as in [24] under slightly different assumptions) sufficient condi-
tions of stability through the first eigenvalue of the tangent problem. Since this eigenvalue
problem has an important significance in the description of the physical properties of the
fault, we shall study it in the next section.

In section 4 we give the main results of the paper. First we set the perturbed (or
heterogeneous) problem: a fault which has e-periodically distributed barriers of radius
Te. For 0 < ¢ =: lime—g7e/e? < 0o we prove that the sequence of energy functionals I'-
converges to a limit energy functional. For the proof of liminf and the limsup inequalities
we adapt an idea from [2].

The limit functional is associated to another slip-weakening friction problem called the
equivalent friction law. In the last part of this section we prove that the eigenvalues and
eigenfunctions of the perturbed tangent problem converge to the eigenvalues and eigen-
functions of the equivalent (limit) tangent problem. For this we adapt G-convergence
techniques, developed for the Newmann-Sieve problem in [27].

The slip-weakening rate of the equivalent (or limit) fault is smaller than the undis-
turbed fault. Since the limit slip-weakening rate may be negative, a slip-hardening effect
can also be expected. Moreover, we have to point out that even if the small-scale friction
law is isotropic, the equivalent one is not. This surprising fact is natural if we have in
mind that the periodic distribution of the barriers is not isotropic, hence the limit prob-
lem will inherit this anisotropic geometrical perturbation. We have to mention here that
this property was also obtained [8, 25] for an elastic body with a surface having small
no-slip regions. We make the observation that the proof of the convergence is based on
the explicit computation of the solution for the cell problem, which in our case cannot
be easily computed because of the general mixed-type boundary conditions on the parts
of the boundary. This is the reason we chose the I-convergence approach in our paper.

In the last section we give the physical interpretation of the previous theoretical results
in the context of a barrier erosion process during the earthquake nucleation (or initiation)
phase, which precedes the dynamic rupture. We point out the important role played by
the process of erosion of the barriers in the effective properties of the homogenized fault.
We deduce from our analysis that the nucleation phase can be divided into three time
periods. First we are dealing with a locking stage with no “macroscopic” slip. The
second time period is characterized by a smaller, and even negative, weakening rate and
by the loss of the isotropy of the friction law. The third time period corresponds to
the last stage of (effective) initiation when the friction properties are the same with the
undisturbed fault.

2. Statement of the physical problem. We consider the three-dimensional shear-
ing of an elastic domain D C R®. If we denote by u : D — R the displacement feld,
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Pl

Fia. 1. The geometry of the 3-D problem

then the elastic constitutive equation and the equilibrium equation read
a(u) = Ae(u), div(Ade(u)) =0 in D, {2.1)
where A is the fourth-order elastic tensor, o(u) is the over stress tensor and e(u) =

1 . . . "

~(Vu+ VTu) is the small strain tensor. A is a symmetric and positively defined fourth-
2 N

order tensor, i.e.

At € L®(D), Alz)e-o=A{z)o-¢, ae z€D, (2.2)
such that A{z)e - € > Milel® and |A(z)el < Male| ae © € D with Mi, My >0, (2.3)

for all 4,7,k,1=1,3 and for all o,¢ € RE®.

The smooth boundary £ = 9D is divided into two disjoint parts, & = Zg U I'p:
4 = 8D the exterior boundary and I'y the interior one (i.e. it is a subset of the interior
of D). For the sake of simplicity on the exterior boundary we shall suppose vanishing
displacement conditions, 1.e. uw = 0 on £;. The interior boundary is located in the piane
II = {x3 = 0}, and will be called the fault or fault region. We assume that the pre-stress
o € C%D) is such that the fault does not open. Moreover the fault I'y is under a
slip-dependent friction law:

[oia(w)] =0, ©=1,3, [us]=0, on Ty, (2.4)
ar(u) +7° = —p(|[ur]|}|oas(u) — S| I%Zjl if [ur]#0 on Ty, (2.5)
lor(u) + 7%°| < u(0)|oss{u} — S| if [u;]=0 on Iy, (2.6}

where [ ] denotes half of the jump across I'y (Le. [w] = (w¥ —w™)/2), o-{u) =
—(o13(w), oo3(w),0) is the tangential over-stress, osz(u) is the normal over-stress, u, =
(uy,us,0} is the tangential displacement, and 7°° =: —(of3, 053, 0) and —5 =: o§5 are the
tangential and the normal pre-stress acting on I'y. From the above assumptions on o*
we have S, 72° € C®(Ty). Equations {2.5)-(2.6) assert that the tangential (friction) stress
is bounded by the normal siress multiplied by the value of the friction coefficient p(0). If
this limit is not attained, sliding does not occur. Otherwise the friction stress is opposed
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to the slip [ur], and its absolute value depends on the slip modulus through w{| w1
Concerning the regularity of g : R, — R, we suppose that the friction coefScient is a
Lipschitz function with respect to the slip, i.e. there exists L, > 0 such that

lu(s1) — pls2)] < Lylsi — sal, - (27

and we denote by H its antiderivative

H{u):= f (s} ds.
0
We suppose that there exists v € LZ*°(Ry) and a > 0 such that
H{r) — H(s) 2 p(s)(r — s) —v(s)(r — 8)*/2 —alr — s, ¥r,s > 0. (2.8

Let us remark that if x4 is two times differentiable with a bounded second derivative, then
(2.8) holds with (s} = —'(s). If u is continuous but only piecewise differentiable, then
(2.8) holds with v(s) = — min{u/(s+), /(s—)}.

A specific friction law with a linear piecewise slip weakening, which is a reasonable
approximation of the experimental observations (see [29]), can be written as follows:

Ld — s .
s+ us ifs< D
ws)=¢ "D o TH °

Hd if s > D,

(2.9)

where pi; > pg are the static and, respectively, dynamic friction coefiicients, and D, is
the critical slip. In this case v(z) = (us — pq)/De.

In the foliowing we shall suppose that D is symmetric with respect to the plane II
As in [20] the following symmetries of the displacement field with respect to the plane II
will be considered:

u{z, —23) = —ur(x, 23), ua(z, —23) = —uy(z, z3), us(z, —x3) = us(z, z3), (2.10)

where & = (z1,72) and (z,0) belongs to Ty, the intersection of D with the plane II. In
the case of an isotropic elastic material, i.e.

At = Migop + Gogby, (2.11)
with A, G > 0 the Lamé coeflicients, we deduce the following symmetries of the stress
field 733’

o33(®, —73) = —0o33{z, x3).

The condition of continuity of the stress vector (2.4) on the fault plane T ¢ gives the
fact that the normal over-stress o33 does not present any variation during the slip

o33(z,01) = 0a3(2,07) =0, for any (z,0) € 5. (2.12)

Since the displacement field is continuous outside the faults, from the symmetry condi-
tions (2.10) we get that the tangential displacement is vanishing outside I'y:

u1(z, 0F) = uy (2,07) = uy(z, 0") = ug(z,07) =0, for all (z,0) € B\ Ty, (2.13)
and the jump on I'y is given by
iz, 0)] = wi(2,07) = —u;(2,07), i=1,2, forall(z,0)<T;. (2.14)
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Let us denote by Q := DN {z3 > 0} the upper half of the domain D and by I'y :=
g {zg >0}, TIy:=23\I', which implies that 32 =TgUTUTl's. From the above
symmetry properties we can restrict ourselves to the upper half £ of D. We state the
problem (P): find the displacement field v : 2 — R? solution of

o(u) = Ae(u), div(de(n))=0 in £, (2.15)
uw=0 on Iy, o33(u) =0, ur =0 on T4, (2.16)
u
orlw) = =Su(lu,|)— — 7% if ur #0,
oas(u) =0, ( (furl) |- | on T'y. (2.17)

lor(w) +7%°0 < Sp(0) i u. =0

3. Existence and stability. Let us denote by V the closed subspace of [H'(Q)]?
given by

Vi={ve[H({@Q))*/v=0 on Ty, v.=0 on Ty} 3.1)

From Korn’s inequality and Poincare’s inequality one can easily deduce that the inner
product

(w,v)v = V/QAe(u) ce(v), Yu,vcV, (3.2}

generates a norm, denoted by || ||v, which is equivalent with the natural norm on [H ?
and
My || Du [F2<] w < Mz || Dullfs, YueV.
We have the following variational formulation of the physical problem (2.15)-(2.17) (see
also [24]):
uweV, (uy,u — vy + 7(u,u) — jlu,v) < flu—v), Yu eV, {3.3)

where j: V xV — Ry and f:V — R are given by
i(u0) :f SulluDlosl,  f(w) = —/ o YaweV.,  (34)
o g

Let us now introduce the total energy functional W : ¥V — R given by
1
W) = 5ol + [ SH(ueD - 1), HoeV, (35)
0

which characterizes the “physically acceptable” solutions. Indeed we have the following
result.

THEOREM 3.1, Ifu € V is a local minimum for W, then u is a solution of (3.3). Moreover
there exists a global minimum for W, i.e. there exists u € V such that

W(u) < W), Vv e V. (3.6)

Proof. Let u be a local minimum, i.e. there exists § such that W(u) < W(w) for all
w € V with [lw —uly <4. For all v € V we put w = u+ t(v — u), with £ > 0 small
enough, in the last inequality and we pass to $he limit with ¢ — 0 to deduce (3.3).

In order to prove that W has a global minimum we remark that the trace map is com-
pact from V to L*(I's). Hence v — [ SH(|v-|)—f(v) is wealkly continuous on V, which
implies that W is weakly lower semicontinuous. Bearing in mird that lim inf W{v) = co
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for ||v|lv — oo, from a Weierstrass-type theorem we deduce that W has at least one
global minimum. , a

Let us now consider the following eigenvalue problem, which will be useful to charae-
terize the stability of the local minima, (£): find v : @ — R®, w # 0 and A € R such
that

olu) = Ae(u), diveo(u)=0, in§, (3.7)
u=0 on Iy, osa{u) =90, u, =0 on I, (3.8)
op{u) =0, o (u)=>ru on Ty, (3.9)

which has the following variational formulation:
uEV, (u,v)v:)\/ Uy - Up, VU E W (3.10)
Ty
The same technique as in [24] can be used to get the structure of the spectrum. For
the convenience of the reader we shall give the proof.

THEOREM 3.2. The eigenvalues and eigenfunctions of (3.10) form a sequence (An, %n)n>1
with 0 < A € A € ... and A,, — +-00. Moreover we have

2
v

HU‘l”%/ = )\1
Jo, e ? dz

Proof. Let L = {f = (f1,f2,0)/f1,fa € L*(Zq), f1 = f2 = 0 on I} be a closed
subspace of {L*(E)]°. Denote by v, : V — I the compact operator which associates to
all v € V the tangential component of its trace on I'y, i.e.

— min (3.11)

vEV frf [vri2 dz’

Y(¥) =v, =v—(v-n)n along I’y
for any v e V.
Let V7 = kery,. Using the definition of ¥ we can see that
Vi={veV/iv,=0 onZs}.
Now consider
W=V ={veV/|vwy=0vwe W}
Let Py : V — W be the orthogonal projection onte W and define T : L — W to be

the linear and bounded operator which associates to each f € L the unique solution
T(f) € W of the following linear equation:

(T, v}y = fru.dr, YeeV (3.12)
Ty
We can now define the linear bounded operator X' : W — W by Kv = T(v,). From
(3.12) we get :
(KU;U)V :f Urtr (313)
Ty

for all u,v € W, which implies that X is symmetric compact and strictly positive. Hence
K has a positive and decreasing sequence of eigenvalues (8,)n>1 with 8, — 0 and an
orthonormal sequence of corresponding eigenvectors, (tn)n>1-
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1
1t is easy to observe that M, = —— will be the eigenvalues of the problem (£} and u,

will be the orthonormal eigenvecto;s1 corresponding to it. Then Rayleigh’s principle for
K gives us the statement of the theorem. g

The following theorem makes use of the first eigenvalue of the above spectral problem
to give sufficient conditions for a solution of (3.3) to be stable.

THEOREM 3.3. Let u € V be a solution of (3.3) and let A; be the first eigenvalue of £. If

A1 > ¢y = ess sup S(z)y(|lur(2}]), (3.14)
z€lf

where + has been defined in (2.8) and — S is the normal stress on I'f, then u is an isolated

local minimum for W, i.e. there exists § > 0 such that

Wiu) < W) YveV, v#u, |lv—uly <6 (3.15)

Proof. Let us suppose that u is not a local minimum for W, i.e. there exists (tm)m C
V, U — w and Wv,) < W(u). If we put v = v, in (3.3) from the last inequality and
from (2.8), we get

3
u= vl = [ Stfurl)llurl = fomel)? <20 [ S lomel = fur] .
Ly Ur
Since the trace map is continuous from V to L3(T's) the last inequality becomes

Ju= vy = s | (el = [ome ) < Cllu = vl (3.16)
Ly

where C is a generic constant. ¥ ¢, < 0, then we obtain 1 < Cliu—vm||v, a contradiction.

If ¢, > 0, then from (3.11) and (3.16) we get Q‘Jff&nu = vmll} < Cllu — v /|3 which

implies A; — ¢y, < CAr]|%t~vpm|lv- Since v — u we obtain A; — ¢, < 0, which contradicts

(3.14). 0

4. The perturbed problem. Denote it by R® = {z € R*z3 > 0} and R® =
{z € R%z3 < 0}

Throughout the paper we will use M as an arbitrary constant independent of any
parameter. Also by B2(0) we denote the two-dimensional ball centered in 0 and with
radius 1.

Let TS C o, with dist(T'},Zo) > 0, be the unperturbed {or equivalent) fault and
let € > 0 be a small parameter. Let T be a fixed open set compactly inclosed in the
2-dimensional unit square and consider the lattice §Z2 on the plane TI. Let

e = {mi + (wg %)2} x {0} (4.1)

denote the periodic cell on II, centered at x = (zf,0), where z¢ = i¢ for i€ Z°.

The perturbed fault I'; C p has e-periodically distributed holes, called {smali-scale}
barriers. More precisely in each e-square of the e-lattice on the fault plane II, the friction
contact is considered outside an open set T, (small-scale barrier) of size r, < ¢ (see Figure
2y with T, =r.T + %e, k € Z2. For the simplicity of the exposition we will assume that
T, is a 2-dimensional ball, denoted by B%(z$, ) centered in 5, 4 € Z2, and of radius r,.




T-CONVERGENCE FOR A FAULT MODEL 755

We shall denote by B. the set of all the microscopic barriers and let TG := I'} \ Be be
the perturbed fault. As before we define I'f := Tp \ I'.
Now define the spaces :

X={ue[H'Q)P/u=00onTy}, V={ueX /u =0 onE\Fl}}

and let W = Vi* be the orthogonal complement of V1 in V.
We define the perturbed problem

find u®: @ — R®, the solution of (2.15)—(2.17) with T'y =Tj and It =T§.  ({Pe))
We consider

_ V., ={weH(Q)/v=0 on T4 2, =0 on I}} (4.2)
to formulate (P,) in terms of the minimum of energy, We : V; = R, ie.

ue € Ve, We(ue) < Welv), Yu e V.. (4.3)

‘We define the perturbed eigenvalue problem, associated to the above perturbed minimum
problem, as

find uf : 2 — R3, and A%, the solution of (3.7)~(3.9) with T'y =TI’} and Ty = I'{,
((Ee))

which has the variational formulation

u® € Vg, {uf, vy = )\sf UL - Uy, Yv € V.. (4.4)
rs

Let L¢ = {f = (f1, f2,0)/f1, fo € L*(Zo), L = f2 = 0 on T} and let the tangential

trace on I‘} be defined as before. Thus if we consider

Vi={veV.; v =0 onT%}

we can see that
Vi=Vi={veV; v.=0 onZp},

and V; is a subspace of ¥;. Let us define W, = Vi* to be the orthogonal complement of
Vi in V,, and Py, : Ve — W, to be the orthogonal projection onto W..

Then as is the proof of Theorem 3.2 we can write (4.4) as an eigenvalue problem for
the operator K¢ : W, — W, defined by

(Kfu,v) = / Ut
o
f
Thus the problem (4.4) will have an orthonormal sequence of eigenvectors {1 }a>1
and a sequence of corresponding eigenvalues {AS}n>1, such that 0 < A < A < ..,
Ar — +co, and
sl 155117
IV e = mip — (4.5)
fr;. i Zde 1 vew. fr} [v-|? dz
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Fic. 2. The splitting of Ep into T'§ {the friction surface} in grey and
[§ (the barrier surface) in white for the perturbed problem.

4.1. Asymptotic analysis of the problem (P¢). The main theorem concerning the ho-
mogenization of problem (P,) is given next:

THEOREM 4.1. The sequence of functionals W, : V. — R
1
W) = 5 Hvllv + [ SH(.D) - £
Iy

I-converge with respect to the weak topology of V to, W : ¥V — R with

— 1 1 <

W) = 2ol + [ SE(ul) = 10) 4 5e 3 [ Cu,

“ s i5=17T%

where for k,1=1,3,

0 if (k—3)(1—3)=0,

Ac(w®)e(whdz  otherwise,
Ry

Crp =

O<e= lir% gg < oo and w®, for k = 1,2, is the solution of the following local problem:

B%Uij(wk) =0 on RY for i=1,2,3,
oaz(w*) =0,wF =e* on B}(0),

oiz(w®) =0 on R?\B7(0),

wh(y) — 0 where y3 = 0 and |y| — oc.

Before beginning the proof we make the following useful remark.
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REMARK 4.2. The result above can be rewritten in the following way: T'—lim._o W, =
W, where W: V — R is defined as

W) =5 ol + [ SHu) =70+ 3¢ [ v0v
f i

with ¢ and the matrix ¢ defined as above.

Proof. We mention that the asymptotic analysis of this problem uses similar tech-
nigues as those developed in [2] and [3]. For the convenience of the reader we present
the proof of our results, referring to the above-mentioned papers when needed. The next
lemma can be easily adapted from [2] using Korn’s inequality.

LeEmMMA 4.3. Let (u;) be bounded in V and let NV, k € N. Let ¢; be a decreasing sequence
of positive numbers converging to 0 and let

75, ={i € Z*/B*(z ,7e,) NTG £ 0} and Z% = {i € Z2/Qf%, C Y.

Let (o) be a sequence of positive numbers, such that Np, < z¢;. Foralli € ch there
exists k; € {0,...,k — 1} such that, having set

Cl={zeR: /27" INp,, < |z —{af,0){ < 27" Np_,},

ul = ﬁ Jos ujdz (the mean value of u; on C7) and pf = 227 Np,, (the middle radius

of CY), there exists a sequence (wj;) such that

w; =u; on Y U ?

A
wy(z) = u} if [z — (5,0)| = p} and 23 > 0, for i € 7%, and

M
Z f (Ae(wy)e(w;) + Ae(uj)e(uy)dr) < —,
s p
ez 7
where M is independent of j.
Moreover, if p2 = o(eZ), and the sequence {|Du;|?) is equi-integrable in €, then we

can choose k; = 0 for all 7 € Z"j, and

Jim 32 [ (el elws) + ety )e(a) = O
i€z} ¢
As in [2] we can make the following remark.
REMARK 4.4. If u; — u strongly in L?() and sup W, (u;) < +oco, then u; — u
J

weakly in V. Moreover if (w;) is defined as in the above lemma, then w; — u strongly
in L2(2) and since (w;) is bounded in V', we also get that (w;) converges weakly to u in
V. If (1Du,;{?) is equi-integrable, then (|Dw;|?} is also equi-integrable.

For any R € R4 we will denote by Bg(z) C R the ball centered in = € R®, and radius
R, and BE(I) = Brl(z)N Ri_.
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Let

qu(z) = inf{[g+(

N

Ae(w)e(v)/ v e HY(BE(0),R?),
0)

v, =0 on Bj{(0),v=2z on BBK}(O)\ZD}. (4.6)

We will now make another useful remark:
REMARK 4.5. If f is a convex function and 0 < f(A4) < M(1+]A?), then f is locally
Lipschitz, i.e.

|F(A) — F(B)| < M(1+|A]+|B|)]A— B|, forall 4, B¢ M>*® (4.7)
In addition if f is also homogeneous of order 2, then
|F(A) = f(B)I < M(|A]+|B))JA - B| forall A, B & M**3 (4.8)

Proof. Indeed frorm (4.7) if we consider a sequence ¢;, such that ¢; — 0, we have
1

f(54) - (57)
€ ]

|F{A) — f(B)| < Me;lA - B+ M(|A] +|B])|A - B

for all A,B € M®*® and for any j € N. Then passing to the limit where j — oo, we
have (4.8). O
Now we have

1f(A) ~ f(B) =&

1 1 1
<&M (1+ —I4| + ~—|B|) —|A-B|
€4 &5 €5

Thus

LEMMA 4.6, For all N € N with N > 2, ¢ defined above verifies
Lon(z) —on(w) S M |w—z]( 2]+ |w]) foralzweR® (4.9)
Proof. Fix 1> v > 0. Using the definition of ¢ (2) we find @ € HY(BF{0};R?), with
w =0 on 8B}(0) \ Xy and @, = —z, on Bf(0) such that
f Ae(D)e(i) < b (2) +v. (4.10)
Ef;(0)

Let ¢ € C§°(B,{0)) be a cutoff function such that ¢ == 1 on B1(0) and | Dy {< M.
For w € R define 1 = @ + {1 — ¢){(w — 2) on B};(0). Then we can see that

Pr =—2; on B%(O)a
h=w—2z on 8}3?\}(0)\20,
50 1 is a test function for ¢ (w). Thus using (2.3), (4.8) and (4.6) we have

pn(w) — dn(z) < /J;*(o) AE(?ﬂ)E(’t,[))d.’L‘—/B+

N

Ae(@)e(D) + v
0)

(AN

M f (e) |+ (@) ) (] ) — ef) ez + v (4.11)
By (0)
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Next from the definition of the test function 4 in (4.11) we obtain

o) =ow(x) < M [ Q1@ +w=z]1Do) w-z]| Dyl +v

1/2 1/2
le—z](/ le(u’;)Izdm) : / {Dcp|2dm)
B (0) BL(0)

+ M’|w—z|2f
B+

w

In

| Do |* dz + v. {4.12)
0}

Since N > 2 we have that th(o] | Dy | dz and IBK,(O) | Dy |? dr are constants
independent of N, and by condition (2.3) and the definition of ¢ we get

M | (@) |2 dz < f
B+

Ae{w)e(w) < ¢y (2) + v (4.13)
B (0) ~(0)

and from Korn’s inequality and monotonicity of ¢n

dn(z) < da(z) <M |2)? inf{/ D |2 dz v e HYBS(0);RY),

BF(0)
v, =0 on B20), v= ﬁ on 8B5(0)\ zg}. (4.14)
But
{u /v e HY(BFf (0);R?), v, =0 on B0),v = l—z—i on OBF(0)\ Eo}
contains
{v /v € HY(By(0)\ Oy RY), v = Iz_l on B3 (0)\ To, v=0 on By(0) mRi}

as a subset, where
Crp={(,0)eR® : 1< || < 2}.
From (4.14) and the above inclusion we obtain

pn(z) < ¢2(z)§M|zlzinf{./B+

2

| Dv [ dz jv € HY{B2(0)\ C1 2, R?),
()

v:% on 8BF(0)\ To, v=0 on Bz(O)ﬂRi}-

Now following the ideas in [2] (see (4.9)} we obtain

oz < Ml oap (B20)),

where Cap(B3%(0)) is the usual capacity, i.e.
Cap(Bi(0) = inf{/Rs | D |* dz, ¢ € H*(R®), ¢ =1 on 53(0)}.
By (4.13} we get
' f | e(w) | da < M(M3 + ). (4.15)
B(0) 2
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Now, from the results obtained so far and from (4.15) and (4.12}, we have

E1A
¢N(w)—¢N(Z)3M|w~z|(T+V> +M|w—z[* v

SMiw—z[{(v+1)]z]+|w|+v7) .
Now by the arbitrariness of v we get that
dn(w)—on(z) S Mw—z|{lz]+|w]). 0

LEMMA 4.7. ¢ — ¢ uniformly, where ¢(z) = EiJ:l Crizezy, and Cy, is given by (4.16)
and the local problem (LP).

Proof. From Ascoli-Arzela’s Theorem we have that ¢n — ¢ uniformly on compact
sets of R3.

For any NV € N the problem (4.9) has a unique solution 1 + z for fixed z € R, The
Euler-Lagrange equation for @ is

o{w = Ae(), —dive{w) =0 on BE(0),

oz3lw) = 0,0, = —2, on B(0),
O'z'j(ﬁ?)nj =0 on C]_,N,
w=20 on 8BF (0)\Zo.

' 3
So ¢n = / Ae(w)e(w)de = Z C¥ 2.z, where
B0

k=1
0 (k-3){1-3)=0,
N jpa—
Ca = f Ae(w)e(wly) otherwise, for k,l=1,3,
BL ()
where w¥, for k£ = 1,2 is the solution of the local problem
%aﬁ (wh) =0 on BJ(0), for i=1,3,
oaz{wh) =0, wk, =e* on B(0),
crig(wf{,) =0 on Ci n,
wk =0 on ABLO)\ L,

where {*},_13 is the canonical base of R3. Therefore ¢ — ¢ uniformly on compacts
subsets og R3 where

dlz) = Z Crizrz; and
k=1
0 (k—3)({—3) =0,

Ae(w®)e(wh)dz otherwise,
RY

Cu = for k,0=1,3, (4.16)
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and w® for k = 1,2 is the solution of the local problem

%Gij(wk) = on RS for i=1,3
(LP) raz(w®) =0, wk = e* on B}(0),

oga(w®) =0 on R? — B2(0),

w®{y) — 0 when |y |— co.

REMARK 4.8. From lemma 4.7 we can see that
¢n(2) = dn(z) and {2} = d(zr)-
Now using Remark 4.8, by similar techniques as in (2, Prop. 4.4] we have

LEmMA 4.9. Let u; — u weakly in V' and bounded in L=(Q;R%). Consider 9; to be
defined as

W= on(u,)xgm,

;73
i€y

where

™
™

, . 2
Qz‘,32=(33?=0)+(—§j,-2“) )

and «} and ZJ} are defined in Lemma 4.3.
Then we have

lim [ 14 — dlur) | ds =0,

j—o0 0
2 ]_"f

Proof. First we will show that

0 €5 | IO
trf\ U Qz’,JZ — 0.
=
Indeed, let
" €5
w,= U Q%
ieZ\z}
Q%,NrY 0

Then it can easily be seen that

U et | el
iz}
and therefore we obtain, when j — oc, that
Jim, 19 U, Qi < Jim, M (w; ) < H*(ATF) = 0. (4.17)
€T}
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Using Rercark 4.8 we get

lim | % — dn(ur) | ds = lim f
o 1'\?,

f—ro0 0
K r\f

> b (uhixgs, — o)

s menJ
€L}

< lim | / | nvlu;) — dn(u) | ds | + lim . |n(u)l.
j=ee | o, TR AN, o @il
zEZf ' i€z} Th

Now from Lemma 4.6 and (4.17), the uniform boundedness of ¢, Lemma 4.6 and the
boundedness of (u;); in L>°(Q,R?), we get

lim | ¥ —odn(u-) lds < M Hm ZZJ /fo'z | u} —u|ds.

Joreo p? Jroo

By similar arguments as in [2, Prop. 4.4], we can prove that
li i =
letoQﬁj v —ulds =0,
igzl 3

and this proves the statement of the lemma. O
Using Remark 4.8, Lemma 4.7, Lemma 4.9, by similar arguments as in [2, Sec. 5], we
obtain the liminf inequality

LEMMA 4.10. Cousider p., = r¢; defined as in Lemma 4.3 such that

Te.
0< lim 2 =c¢< +c0. (4.18)

JToo €

Let k, N € M fixed, and N > 2*. Then for any sequence {u;);, such that u; € V, and
u; — u weakly in V', we have

3
timint g 1520w % +e 3 [ Cuwuds,
Jmee =1V T}

where the matrix (Cit)y, ;—13 is defined in Theorem 4.1.
Proof. Remark 4.8 is very important. Because of the property mentioned in Remark

4.8, we can follow the proof in [2, Sec. 5|, although in our case the space V. is not the
same as in [2] and therefore the functions ¢ and ¢ respectively are not the same as in

(2]
Let u € V and consider {u;}; such that u; € Ve, and u; — u. Let w; and p% be as in
Lemma 4.3 and

E;= | ) B! witk B! = By(z,0)N{z € R® 23> 0} forall i€ 7.
€T

We have

liminf || u; ||3> Iiminf/ Ae(ujle(u;)dz +liminff Ae(ug)e(u;)d. {4.19)
j—eo i—oe o\, i—e g,
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Next we can see that
M
— +liminf Ae(uide(us)dz =l u || . (4.20)
k- o,

The proof of (4.20) is identical to the proof in [2, Prop. 5.1] and therefore we will not
present it here. )
Now similarly as in [2] let us define, for fixed j € N and i € 77,

w;{(zy,0 +re;x) ifze B, .. ,(0),
o) = i{(2:7,0) +7¢;7) f 120 B( ) (4.21)
u.? itreB ()\ 32 kN(O)!
where k; € 1,k — 1 and v} are as in Lemma 4.3.
As in [2] we have, by Lemma, 4.3,
% + lim inf/ Ac{ug)e(uy)de > Hm inf/ Ae(w;)e(w;)de (4.22)
i—oe Jp i—ee Jp,

and using , defined in (4.21), as a test function in the definition of ¢y (see [2, 5.31]) we
get

. . . . TEJ' 7
lim inf | Ae(w;e(w;)dz > hﬁiiﬂf Y Z e?ng(uj).

F—roe E;

7 ez}
By Remark 4.8 and the hypothesis (4.18) we obtain
li;ninf/ Ae(w;e(w;)dz > ¢ hmmf Z 2¢N(uJT) (4.23)
’ 7.62.-"
Note now that for any j € N we have
> Gonlul,) = fr | Wsds, (4.24)
f

: 73
zEZf

where 4; has been defined in Lemma 4.9, Combining (4.22), (4.23), (4.24) we obtain

- + lim mf/ Aeluy)eluy)de > eliminf [ 1;ds {4.25)
j—oo 3= frg
and from (4.20) and (4.25) we obtain
M
— +lim inf] Ae{ui)e(u;)dz > u ||} +elm inff ;ds. {4.26)
k J—0 [y] . Jr o0 F?

From Lemma 4.7, Lemma 4.9, (4.26) and the arbitrariness of k € N, using Lemma 3.5

from [7] as in [2, Prop. 5.2], we can “remove” the L™ (£, R®) boundedness hypothesis

from Lemma 4.9, and obtain the lminf inequality in a similar manner. a
Next, we will prove the limsup inequality.

LEMmMA 4.11. Let ¢, be such that

Te.
0< _limi;:c<+oo.
J—»ooej
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Then for all u € V and for all § > 0 there exists a sequence u; € V, converging to u, in
the weak topology of V, such that

limsup || u; 17 —8 <|| » |3 +Cf Z Criuguds,
j—eo T% k=1

where (Chi)y -73 has been defined in Lemma 4.7.

Proof. Without loss of generality we will assume § small enough. Again Remark 4.8
allows us to follow the same arguments as in [2, Sec. 6].

Indeed, suppose first that u € L°(£,R?). Recall that By,,, = Bwy,, (z{,0) and
B;{}p = Bnp,, N {zs > 0}. From Lemma 4.3 for u; = u and p., = 4r., and from the
equ1~1ntegrab111ty condition we obtain a sequence (w;); such that

i +
wy = u; = @fcfu on BBNTEJ. \ 2g,

whereby [A| we denote the usual superficial measure supported by A. Define

- +
v; =w; on QY U BNTEj. {4.27)
1€ZY
'."'3_
Then because | Ujegi | Biv,, I~ —# and w; — u weakly in V, we obtain that v; — u
7 2

weakly in V. We will deﬁne v; on | J; BY,.  below.
1
Next, using similar arguments as in [2, Sec. 6] we get

hmsup v 5 <l w % +lim supf Ac(vy)e(vy)dz . {4.28)
U

0 . B
i iEZ}’l Nrey

From Lemma 4.7, we have that for any § > 0, there is an Ny € N such that
&
o(z) — 5 < gnlz) < ¢fz) + g— for any z with |z |<m, (4.29)

and for any N > Ny, where m = || oo (0 83).
By the definition of ¢ there is wi € HY(BF(0);R®), w}, =0 on BF(0) and wi = u}
on B (0) \ Zo, such that

f Ac(u)e(wi)da < dy (ul) +
B (0)

L\')qu

< Bul) + 6 = plub,) +36, (4.30)

where we used Remark 4.8 for the last equality above. Next, similar to (2, Sec. 6], we
define v; on Uz‘ez{.  Bwp., tobe

- (25,0 o
vj =W (2_%%_)) on Byr,, for i & Z; {4.31)
&
and “ g
vy =h- ( — (=, )) w;(x) on B;{,r(j for i e Zi;,l \Z7, {4.32)

where 0 < h < 1 is the same scalar function used in [2], ie. A =1 on 8B4 (0)\ Zp and
h=0on BZ(0).
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From (4.27), {4.31) and (4.32) we can see that v; € V,, and from (4.30) we have that

f Ae(vj)e(v;)de = r; f Ae(w})e(wh)dr < Kj(e?qﬁ{u}) + 632-6) (4.33)
Biir, B3 (0) &
for any i € Z*}.
Obviously we have

lim sup Z f Ae(v;)e(vj)dz < limsup Z /+ Ae{vy)e(v;yde (4.34)

J—oo Ezf: L NreJ oo ZEZ}J\ZJ BNr‘ej
+ limsup E Ae(v;)e(v; }dz. (4.35)
Jﬂoo EZJ Nfg

.
Now let w} = _Uier;‘l\Z’f' Q-
For any i € Z} | \ Z} we have

/+ Ae(v;)e(vy)dr < M’(N)/+ [ Dv; |? dz

Nr-gj N‘“ej
1 .
< TM(N)/ | DR|?|w; 1 dx +f | Dw,|dz. (4.36)
Te; B B?G,»EJ.
Then using (4.36) and the equi-integrability and L bound of w; we obtain
hm sup Z er Ae(v;)e(v;)da
i) \Z} Bive,

< M(N) lim "% lim n HAw)) < M(N) - e H3(Or9) = 0. (4.37)

F—o0 6-?

Next summing in (4.33) for all i € Z“} and passing {o the limit when j — oo, we get

lim sup Z / i )e(vy)de < _1im 111n sup Z qﬁ(uﬁ. +526) (4.38)
J_'oo EZJ NrEJ J - EZJ
From (4.29) we have that
i i g i
Z E?qﬁ(ujT) < Z (e?qSN(ujT) + 6?5) < M+ Z e?qu(ujT). {4.39)
€2} = €2}

From (4.39) and Lemma 4.9, we obtain

lim sup Z 2¢(u i) < Mé +limsup [ yds =M+ | dn(u,)ds. (4.40)
i R PRSI ro

From (4.34), (4.37) and (4.38), we obtain that there exists a positive constant
M=M (u u || oo, ¢, My, Ma, [T |)

limsup Z Ac(vy)e(v;)de < - Z Cruguids + M4. {4.41)

oo iz}, B, kt=171F
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From (4.41) and (4.28) we obtain

3
limsup || v; [F<|| v ilE +c Z f Criugurds + M.
J—eo Bi=17T}

Because of the fact that M is a constant independent of ¢, the statement follows
taking for example § = £ in (4.33) and (4.30). Next the boundedness assumption for
u € L®(Q; R?) can be removed exactly by the same arguments in [2]. O

Next we make the simple observation that the functional v ~ frt} SH(|v) — f{v)
is continuous with respect to the weak topology on V. This can be seen by the trace
continuity and the definition of the function H. We can also easily observe that the limit
functional does not depend on the particular subsequence e; and therefore by Uryson’s
property for the I-limits, using Lemama 4.10 and Lemma 4.11 and the above observations,
we proved Theorem 4.1. 0

The cases ¢ = 0 and ¢ = o0 are discussed in the following remark:

ReEMark 4.12. We can see that when ¢ = 0 the influence of the barriers disappear in
the limit problem. Indeed in this case we obtain

I~ HmW, = W,
e—0
where W: V — R®
1
W) =5 1ol + [ SHuD - ).
. ]."?

In the other case ¢ = co we obtain that

I—- lin% W, =W
with W:V — R? and

1 2
_ [ sllully if welh,
Wiw) { o0 otherwise.

4.2. Asymptotic analysis of the spectral problem £.. Rayleigh’s principle for the oper-
ator K*® gives us

e _ fuld
AL = inf . - (4.42)
wEWe,uluf fr‘?, ur
i=Ton—1

where {u$}; form the orthonormal sequence of eigenvectors for K¢ corresponding to the
sequence of eigenvalues {A§};. Using trace inequality and (2.3) we obtain

AL > M foranyneN (4.43)

with M not depending on e, and therefore {5} is uniformly bounded from below. Next
we will prove that all the limit points A, of {A} }. > 0 are finite.

Lemma 4.13. If lin%:—; < o0, then we have limsup A, < oo for any n € N.
E—r

e—0
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Proof. Let u € V such that u = @, + @y where 0 £ %, € W and 0 # 43 € V4.

Next consider the recovering sequence for w, i.e. i, defined in the proof of Theorem
4.1, (4.27) and (4.31). We have that 4. € V; and @, — u weakly in V. Qbviously from
the definition of u € V' we can see that there is an €y > 0 such that

T ¢ Vi and G, ¢ W, (4.44)

for e < €p.
Indeed if @, € V} for a subsequence still denoted by ¢, with € — 0, then

0 = (T, ta )y — (B1,T)y =|| G [|F>0
and therefore the contradiction. Similarly it can be seen that 4. ¢ W, for all € < €.
From (4.42) we have that
| Posc 1% _flull} . M
frg (PW"EE)?- - ff“} ﬁg‘r - fr(} ﬂgr

Since 1. is weakly convergent to u and using the continuity of the trace we get

A<

1imsup /\i < =5 <05,
e—0 f]_"?. Ui,

where we used the orthogonal decomposition
Ve=W.aW

in order to obtain
(Pwai= [ e
I T
Next we will use an induction argument to prove the statement for all n € N. Let us
assume that
limsupAjf <oco forany k<n-—1. (4.45)

e-+0
We need to prove

limsup A7 < o0,
e—0

Let {Af}es0 be a subsequence of {A¢}eso still denoted by e. Then, using the induction
hypothesis (4.45), the orthonormality of the associated sequence of eigenvectors and a
diagonalization argument, we find a decreasing sequence {e;};en such that ¢; —» 0 and

us B e W, (4.46)
lim AY = A < oo, (4.47)
j—oo
fork=1,n—-1
Let wu € V, u =41 + Up, where 0 #£ 4y € W and 0 #£ 4, € V;, with
U1 € span{Ui, .., un_1} _ (4.48)

We can do that because W has infinite dimension.
Let 4, be the recovering sequence defined before such that 4. € V. and @, — u.
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From (4.42) we obtain

Ay = inf ”—”!i— (4.49)
ueW,, wlul? f]."f'f uzdo
i=1l,n-1
Now consider
n-1
£ =g, = 30 (B v (4.50)
1=
First we can see that
(ZEj‘u:j)v =0 for any i = T,n—1 (4.51)

Then 2% € V,, and 2% ¢ V] for j big enough.
Indeed from {4.4) we have

{te, , ug v = A f ugl dheyr for i=1,m—1, (4.52)
'y

and from the trace continuity, the definition of %%, (4.46) and (4.47) leiting j go to the

oo in (4.52) and using the result in (4.50), we have

n-1

FH 2 EF=y— E ui/\.i/ UirUlr-
= re
i=

¥

If we suppose z, = 0 on T'}, this is equivalent to

n-—1
U — E ’Lt.f)\,;/ Uir B1r =0 on g,
i=1 Zo .

and this is equivalent to

n—1
(ﬁl - Z uiA’i /0 uirﬁlf) =0 on EO,

i=1 Ty

which implies

n—1
Uy — Z Ui A; _/n Uil = 0 (4.53)
=1 I

because @) — E;:ll Ui A / UirTir € Wand W L V.
10

7
But (4.53) leads to a contradiction with (4.48). Therefore Z, # 0 and this implies the

statement, i.e. 2% ¢ V; for j big enough.
Next using (4.51) and (4.49} we obtain
N < I PW‘:*EE"_”:\J/ < I Zéj_ v < L
frl}(PW‘i z¢)2 fr‘?, (z9)2 fr‘?(zej)%

Passing to the limit when 7 — co we obtain

M
— < oc. (4.54)
z2

Hmsup A7 <

j—co frt}
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S0 we have proved that any subsequence of ¢ has a subsequence {)\f{ }iew such that
(4.54) is satisfied. Therefore we have that
limsup A%, < oo
e—8

for any n € N. O
The next corollary shows that the weak-limits u, of the sequence {uf}.so of the
normal eigenvectors associated to the eigenvalue AS cannot be zero.

COROLLARY 4.14. Let {uf }nen be the orthonormal sequence of eigenvectors associated
to A for the problem (£). Then for any n € N we have that every weak-limit u,, of
{ug,}nen (i-e. u, such that on a subsequence ug - u,) is nonzero.

Proof. Let n € N be arbitrarily fixed. Let un, be a weak limit of {uS}. Thus there
exists a subsequence of {uf, }. still dencted by € such that ug — uy,.
Using the variational form of £, and the normality of {ug} we have

1
AL = +——s.
ks f o UE 2
Ff nT
Letting € go to zero above we obtain

|
)\n = —‘“—*"2—.
fl"‘:} Upr

Next using Lemma 4.13 we obtain that
[ Ao,
Iy
and this together with the arbitrariness of n implies the statement. O
Let us now consider the duality operator J¢ : V. — ()’

(Ju, w)(v,y,v. = (u,wyy for any wu,w € V..
J*¢ is an operator of subdifferential type
JE=0¢% ¢ VEoR, (4.55)
1
o) =5 lul} . (4.56)

LEMMA 4.15. The sequence of operators J¢ is G convergent to &y, with respect to the
weak x strong topology in V' x V',

Proof. From the proof of Theorem 4.1 the sequence of functionals {¢¢} is T-convergent
weakly in V' to ¢ given by
1 I 1 1
ew) =< vl +‘C/ Cyvivi == [[v|% +:e | v,.Cur,
2 2 1"? 2 2 rc}

where ¢ and the matrix (Cj;); ;175 are defined in Theorem 4.1. Using the G-convergence
result for subdifferentials of I'-convergent sequences (see Attouch [5, Th. 3.67]), we have
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that the I'-convergences of the sequence ¢° to ¢ imply the G-convergence of the subdif-
ferentials,

Bt <4 .

a
THEOREM 4.16. There is a decreasing sequence {e;}; € N with ¢; — 0 such that
uld —un, M — A, where (An,u,) solves the limit problem, A, € R and u, € W

such that '
olun) = Ae(u,), diveo(un) =0, in £, (4.57)
U, =0 on Ty Ugg(un} =0on EU, (458}
0 (tn) = Unr(Anls —cC) on T, {4.59)

where I3 is the unity matrix in M3%® and ¢ and the matrix C have been defined in
Theorem 4.1.

Proof. Let an arbitrary fixed n € N. Let {X& }es0 be the sequence of eigenvalues for
the problem (&) and u the corresponding orthonormal sequence of eigenvectors. Then
there is a subsequence {€;}; € N such that

ud = uy and A — An.

We have proved in Lemma 4.13 that A, < co forall n € N.
Let fr! € V' be defined as

S (w) =AY frﬂ ufd w, for all we V.
£

Using the variational formulation (4.4) we have
i (w) = (Jejuff:TH)(Vej)’,vej for all w € V.

This implies

19 € 805 (u). (4.60)
The next observation is that
i iz . strongly in V', (4.61)

where
Falw) = )\nf Uprw, forallwe V.
by

The proof of the above convergence is straightforward. Indeed,

€5 €5 '
)\nﬂf u we — An U Wir|

| /33 = fo llvi= sup
weV e ry

fwliv=l
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Now from the reflexivity of the space V we have that there exists wl € V with
|l w) )] <1 such that

I3 = fo v =

€5 €5 .7 7
)\n? ] U Wy — }‘nj Unr Wy,
e Ty

K

O =) [ ety [~ e
f

i

Thus, from Cauchy-Schwartz inequality

1/2 172
[ = fally < A% = 2| / g, ? [ ol [?
re e

F

1/2 /2
Al / a5 e |2 f e 2]
9 r?

¥
Next we will use the following interpolation inequality (see [22]):

LeMMA 4.17. Let @ C R beas above and let o € [2, 22D  if 4 > Sand o > 2 if d = 2.
Then, for 8 = X242 if 4 > 3 o1 if d = 2 and o = 2, and for all 8 glel,1if d = 2
and a > 2, there exists a constant C' = C(f) such that
lIvllze(omy < Clivllzaf)llollEn gy, Yo € HYQ). (4.62)
Inourcase d=3, ¢ =2and § = %, and thus the inequality becomes
I Moo gey < M gy [z20), Vu € V. (4.63)
Using the trace inequality, (4.63) and the fact that || wé v < 1, we obtain
i) oy frn strongly in V.
Therefore from (4.60), (4.61) and using the Lemma 4.15 we obtain that

fn € Op(uy,). (4.64)
But (4.64} is equivalent with

(U, Wy = f Unr{Ands — cC)w, for any we W, {4.65)
s
which is the variational formulation for the problem (4.57), (4.58), (4.59).
From the arbitrariness of n € N we have that the Theorem 4.16 is proved for all
positive integers n. d
The main homogenization result of this section is:

THEOREM 4.18. If ¢ = lim._,g %% < oo, then for any n € N we have:

i) 511_132(1) A, = A, on the entire sequence, and ), is the n-th eigenvalue of the limit
problem.

ii) There is a decreasing sequence {¢;};en with €; — 0 such that uf —u,,, where u,
is the normal eigenvector for the limit problem associated to A,,.
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Proof. Suppose there is a A eigenvalue of the limit problem such that A # A, for any
n € N.
Let » € W be the normal eigenvector associated fo A, i.e., | «[lv=1and

{u,why = f U (M3 — cClw, for any we W. {4.66)
T

Now obvicusly there is m € N such that
A< Amt1 (4.67)

From the Lax-Milgram lemma we have that there exists w® € We such that
(Jwwhy vy = /\/1“0 urwy for all w e We.
F
It can easily be seen that w® is bounded in the norm of ¥. Then on a subsequence still
denoted by € we have

wt—wase—0
for some @ € W, But if we consider fy € V' with fa(w) = Afrf, urwr, then clearly
from the definition of w, an J¢ we have
Alw) = {Jww)y, v,y = Fr € O (wf).
So using the G-convergence result stated in Lemma 4.15 we obtain
fr € Op{w) <= (W, v)v -i—c/ v, Ciiy = )\] UrUr
T} r$
for any v € W.
Therefore,from (4.66) we have that u = . Now by Uryson’s property we can see that

w® — y when € — 0.

Let

m

vt =wt — Zug(we,uf)v.

i=1

Using the interpolation inequality (4.63) and (4.4) we obtain
(wh,uf)y = )\ff u we — )\i[ Uity fori=1,m.
g Y

On the other hand, using the definition of w® we can see that

wt iy = |

€ € s T
Oufuﬁ.——w\f Uty fori=1,m.
N r

f

Q
f
Now because A # X; for all 4 = I, m from the last two relations, we have that

/ Uirtir =0 forall i =1,m.
ry
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Thus {(w®,uf)y — 0 and therefore v¢ — u weakly in V. Noting that v* € W* and
v L uf for all § = 1, m from Rayleigh’s principle for (£,), we have

AL, < el (4.68)
e fr‘?F (U$}2

Now, from the definition of w° and the trace continuity we have

im0 =l | w* IB= [ ur)®
e—0 &0 [‘?
From the last relation, the inequality (4.63) and Theorem 4.16, passing to the limit when
¢ — 0 in {4.68), we obtain the contradiction. So i} has been proved and ii) is exactly the
same as in Theorem 4.18. |
Next, following an idea in [5], we give a Mosco-convergence (see [5] for the definition
of Mosco-convergence) result for the case ¢ = lim._ %% < oo
THEOREM 4.19. Let ¢ = lim. 0 % < oo and i € N arbitrary fixed and let {A%, 1}, be
the couple of eigenvalues and normal eigenfunctions for £,.
Then if m; is the order of multiplicity of X;, i.e.

Al < Ay = )\1‘_{_1 =..= Ai-}-mi—l < )\i+m“ (4.69}

then the sequence of subspaces generated by {u, ..., uf cms—1) Mosco-converge in L(Q2)
to the eigenspace {;, ..., Bj4m, -1 } associated to X;.

Proof. We remark that the multiplicity of Af might be strictly smaller than that of
A Bo if we denote

5pan{us, ., Uy} = 55 and span{is, ., Gopme—1} = Si,
we can see that as in the above remark Sf may be strictly larger than the eigenspace of

A;. Now from Theorem 4.18 we have that, for any n € N, there is a subsequence still
denoted by € such that

lin% AL =M, and u¥—w, weakly inV,
£—F

where (un, A,) solve the spectral limit problem (4.57), (4.58) and (4.59).
From the linearity of £, and £ we can say that
Hmsup 57 < S;.
e—{)
We can easily see that for arbitrary fixed 1,7 € {4,...,i + m; — 1}, with £ j and
up > w and uf — uy,
we have
g £ g, (4.70)

Indeed suppose that there are {,j € {i,...,4 +m; — 1}, with I # 4 such that u; = uj.
Then from
2=t~ = | Ofuf, - Xu5) 0t — ug,)
Q
passing to the limit when € — 0, using the inequality (4.63) we obtain the contradiction.
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Next we will prove that set {us, ..., Uitm.—1} i linear independent. Indeed let

i+mi—1
Z cply = 0. (4.71)
k=i
We have for any j € {4,...,i +m; — 1} that
i+mi—1 itmy—1 itmi—1
c; =1{ Z Cietiy, U ) v = )\;/ ( Z ckufc,,_) U5, — )\jf ( Z ckukT)ujT =0,
k=i o \ k=i 2o\ k=i

where the last equality above comes from (4.71).
Using the linear independence of {t;, ..., Uitm;—1}, {4.70) and the fact that the dimen-
sion of the eigenspace associated to A; is m;, we have in fact that

S; = span{it;, ..., Uitm:—1}

and therefore
limsup S§ = ;.

e—0
Because of the compact imbedding of V in [L?]* we have that there is a subsequence €;
such that
lim inf 8 = limsup 5;”.
J—)DO
Now if there is v such that
. v ¢ liminf S%,
€—+0)
then from the above relation we have
v ¢ limsup S;’ = S;
J—ea
which implies
S; C Uim iélf St
E—
So we have proved the statement. |
In the next remark we will briefly discuss the cases ¢ =0 and ¢ = co.
REMARK 4.20. The case ¢ = D can be seen as a particular case of the previous
theorems. The limit problem for the problem &, is

o(un) = Ae(uy), divol(un) =0, in (4.72)
u, =0 on Ty o3af{u,) =0o0n I, (4.73)
Fr{tin) = Aptnr ON F?. (4.74)

It the other case ¢ = oo we have seen that the sequence {p®}.>q defined in Lemma
4.15 T-converges to , and we have

_ [ lulfde if weW,
wlu) = { o0 otherwise,

Now suppose that there is n € N such that Af S dn < 00.
Now using the same approach as before, from Theorem 4.16 and Lemma 4.15 we
obtain that fy € d¢(u,), where fy has been defined above. This means that

U, € Domip) = V5.
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But we know that uf € W€ C W which means that
U, € W,

Using the fact that W = Vi1 in V we obtain un, = 0, which contradicts Corollary 4.14.
Then our assumption that A, < co is false. Now from the variational form of (4.4}, if uf,
is the normal eigenvector associated to S, we have
I — € \2
E - - (unr) :
Consider u,, € W to be the weak limit of u;, when e — (. Passing to the limit for
€ — 0 in the equality above we obtain

[Eo (Unr)? = 0.

This together with the fact that u, € W and W L V1 give us that u, = 0. So in this
case we have that all the eigenvectors of the &£, converges to zero and all the eigenvalues
of the same problem converges to oc.

5. Physical interpretation. Here we give the physical interpretation of the previ-
ous theoretical results concerning the macroscopic behavior of a fault with small-scale
heterogeneity of rupture resistance (small-scale barriers). Through Theorems 4.1 and
4.16 we have obtained an effective (or equivalent) friction law which, used on a homoge-
neous fault, leads to a slip evolution similar to the one produced on the heterogeneous
fault. More precisely, for a fault which has e-periodically distributed barriers of radius
Te, we have proved that for 0 < ¢ =: lim._q 7. /€2 < 0o the sequence of energy functionals
I-converges to a limit energy functional. This limit functional is associated to another
slip-weakening friction problem called the equivalent friction law. These results can be
interpreted in the context of a barrier erosion process during the nucleation phase of an
earthquake.

The earthquake nucleation (or initiation) phase, preceding the dynamic rupture, has
been pointed out by detailed seismological observations (e.g. [21, 19}, and it has been
recognized in laboratory experiments (e.g. [18, 29]) to be related to the slip-weakening
friction. This physical model was thereafter used in the qualitative description of the
initiation phase in unbounded (e.g. [9, 1) and bounded (e.g. (16, 34]) fault models.
Impartant physical properties of the nucleation phase (characteristic time, critical fault
length, etc.) were obtained in [9, 186, 17] through simple mathematical properties of the
unstable evolution.

During the nucleation phase, the stress concentration at the boundary between the
barriers and the slipping zone exceeds the barriers’ strength, and a part of the barrier is
broken (i.e. it is transformed in a slipping zone). The evolution of the shape and of the
distribution of the barriers can change the effective frictional properties of the fault and
can explain the qualitatively different behaviors with the same local friction law.

In order to see how the barriers’ evolution changes the effective friction properties
during the initiation phase, let us imagine that we deal with an external loading process
on the time interval [0, T]. Since the loading rate of the tectonic plates is very slow we
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can suppose that the process is quasi-static. In this context [0,T], the nucleation {or
initiation) phase of an earthquake turns out to be the transition between the quasi-static
and the dynamic slip. The fault is supposed to have periodically distributed barriers
of period € (small non-dimensional distance with respect to the fault length) and of a
variable diameter r.(t) (non-dimensional length) with t € [0,7]. The erosion of the
barriers is described by the fact that the function t — 7¢(t) is non-increasing. Regarding
the evolution of the parameter

At = ")

&2

we can distinguish three periods of time. At the beginning of the process, {0,7T1], the
diameter of the barriers is large (i.e. Ac(t) is very large). In the second period of time
[Ty, T3] the parameter A.(L) is of the order of unity and in the last period {T3,T the
parameter A((t) is very small.

1) In the first period of time [0,77] the barriers are too large with respect to the
distance between them (ie. c(t) =: lime_g7e(t)/e* = oo), and the equivalent fault is
locked (i.e. no large-scale slip even if we can have a small-scale slip). This means that
the presence of the “large” barriers (i.e. with diameters of the same order of the distance
between them) will imply that the effective static friction. force is larger than the local
one. Such a fault can stand “large-scale” locked without slipping even if the loading is
greater than the local friction resistance.

2) In the second period of time [T, T»] the ratio between the barrier radins and the
inter-barrier distance is of order of the ratio between the the inter-barrier distance and
the fault length (i.e. 0 < ¢t} =: limeo7(t)/€® < oc). In this case on the equivalent
fault is acting a slip-weakening friction law with a smaller weakening rate. That means
that during this period of time the equivalent fault has a larger critical slip D.. The
presence of barriers that slow down the growth of the instability is accounted for in the
effective law by an initial weakening rate that is much smaller than that for the local
laws. Since the initial weakening of a iriction law determines the-initiation duration, as
discussed in {23], the initiation time associated with a large earthquake which develops
on a large area of a heterogeneous fauit can be important. The equivalent slip-weakening
rate may be also negative, hence a slip-hardening effect can be expected. These types of
friction properties were used in [35] in describing the dynamic rupture arrest. Moreover,
the large-scale (equivalent) friction law is not isotropic (i-e. the tangential stress and the
slip are not collinear). This can be explained by the fact that the periodic distribution
of the barriers is not isotropic, hence the limit problem will heritage this anisotropic
geometrical perturbation.

3) In the third period of time [Ty, T the barriers are too small with respect to the
distance between them (i.e. ¢(t) =: lim._.g7(t)/e? = 0), and the presence of the barriers
does not affect the friction law on the equivalent fault. That means that the effective
friction law is the same as the local one only in the last stage of nucleation phase.
Moreover the slip weakening rate at the end of the initiation is larger than the rate of
the initial stage of nucleation.

Let us now summarize the role played by the process of erosion of the barriers in
the effective properties of the homogenized fault. In this context the time period [0, 7]
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turns to be the “(effective) locking period”, the second one, [17,73}, is the “first stage
of (effective) initiation” and the last one, [T, T}, becomes the “last stage of {effective)
initiation”.

i) The effective friction resistance (static friction) is greater than the local one.

ii) The slip-weakening rate is smaller at the beginning of initiation phase than at the
end. This implies a concave shape of the friction distribution with respect to the slip of
the effective friction law. From the concavity of the friction law we can expect a long
initiation phase.

iii )A negative weakening rate (i.e. hardening of the friction force) can be present in
some cases at the beginning of the initiation phase.

iv) A loss of the isotropicity of the friction force can be noted during the first stage of
the nucleation phase.

We have to mention that the partition of the initiation phase into two stages with two
weakening rates was also pointed ous in [10] into a different context. Indeed, in [10] they
analyze a dynamic two-dimensional {anti-plane) process, and the separation between the
two stages is given by the fact that barriers are (almost} instantaneously broken. In
contrast to the present analysis this separation is given by a quasi-static erosion of the
barriers.
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