THE GLOBAL ATTRACTOR ASSOCIATED WITH
THE VISCOUS LAKE EQUATIONS

WILLIAM OTT

ABSTRACT. We consider the motion of an incompressible fluid confined to
a shallow basin with varying bottom topography. A two-dimensional shal-
low water model has been derived from a three-dimensional anisotropic eddy
viscosity model and has been shown to be globally well posed in [15]. The
dynamical system associated with the shallow water model is studied. We
show that this system possesses a global attractor and that the Hausdorff and
box-counting dimensions of this attractor are bounded above by a value pro-
portional to the weighted L2-norm of the wind forcing function. A weighted
Sobolev-Lieb-Thirring inequality plays the key role in the obtention of the
dimension estimate.

1. INTRODUCTION

In this paper we study the asymptotic behavior of the solutions of a two-
dimensional shallow water model with eddy viscosity for basins with varying bottom
topography. The shallow water model has been derived from a three-dimensional
anisotropic eddy viscosity model and has been shown to be globally well-posed in
[15]. The derivation exploits two main scaling assumptions. First, one assumes that
the ratio of the horizontal fluid velocity to the gravity wave speed is small, while
the ratio of the length scale of the top surface height variation to the basin depth
is much smaller still. Second, one assumes that the basin is shallow compared with
the horizontal length scales of interest. The viscous shallow water model refines
the lake system [3] and the great lake system [4]. These systems are derived from
three-dimensional Euler flow under the same scaling assumptions. As Levermore
and Sammartino [15] point out, the lake and great lake systems neglect several phys-
ical phenomena of crucial dynamical importance. The effects of viscous stresses are
restored in the viscous lake system.

The viscous shallow water model bears considerable structural resemblance to
the two-dimensional incompressible Navier-Stokes system. The study of the at-
tractor associated with the Navier-Stokes equations has motivated a considerable
amount of the theory of infinite-dimensional dynamical systems. Consider first
the two-dimensional incompressible Navier-Stokes system on a bounded domain
with Dirichlet boundary conditions. Invoking a Sobolev-Lieb-Thirring inequality,
one may show [5, 8, 20] that the dimension of the global attractor is bounded
above by a constant multiple of the Grashof number G, a nondimensional quantity
proportional to the L2-norm of the forcing function. The Sobolev-Lieb-Thirring
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inequalities play an important role in the estimation of the trace of certain lin-
ear operators arising in the study of infinite-dimensional dynamical systems and
have led to sharp bounds on attractor dimension in terms of the physical data.
Lieb and Thirring [16] prove the first such inequality, a powerful generalization of
the Sobolev-Gagliardo-Nirenberg inequalities for a finite family of functions which
are orthonormal in L?(R"). Systems amenable to dynamical systems methods in-
clude reaction-diffusion equations, nonlinear dissipative wave equations, complex
Ginzburg-Landau equations, and various fluid models.

Now consider the Navier-Stokes system on the torus T2. Using an L estimate of
Constantin on collections of functions whose gradients are orthonormal [6], one may
improve the previous bound and show that the dimension of the global attractor is
bounded above by a value proportional to G/3(1 +log G)/3 in the space-periodic
case [9, 10, 11]. This estimate is consistent up to a logarithmic correction with the
predictions of the conventional theory of turbulence due to Constantin, Foias, and
Temam [9].

One strives to establish sharp bounds on the attractor dimension, for physical in-
terpretation becomes especially significant once such bounds have been established.
Research in this direction has followed two streams of thought. Liu [17] derives a
lower bound in terms of the Grashof number when the domain is the torus T2. A
family of external forces is constructed such that

dim(A) > ~G?/3.

Therefore, in the space-periodic case, the best available lower and upper bounds
agree up to a logarithmic correction. Alternatively, one may study a flow on the
elongated domain Q, = [0,27/a] x [0,27] and investigate the aspect-ratio limit
a — 0. In the space-periodic case, a sharp estimate exists. Babin and Vishik [1]
choose a specific volume force for which a simple stationary solution can be found.
An estimate on the number of unstable modes around the stationary solution yields
the lower bound
dim(A) > %

Ziane [21] establishes the sharpness of this lower bound by employing a version of
the Sobolev-Lieb-Thirring inequalities for elongated domains to derive the upper
bound

dim(A) < %

Doering and Wang [12] show that an application of a Lieb-Thirring inequality
with the domain-dependence of the prefactors carefully controlled produces a sharp
dependence of the attractor dimension on the length of the channel for certain
channel flows. The derivation of a sharp estimate in the case of a general bounded
domain with Dirichlet boundary conditions remains an open problem.

Given the structural similarity between the Navier-Stokes equations and the
shallow water model, one suspects that a physically significant upper bound may
be established for the dimension of the attractor A of the shallow water system.
We initiate the study of this question in the present work. The Hausdorff and box-
counting dimensions of A are shown to be bounded above by a value proportional
to the weighted L2-norm of the wind forcing function. The key technical innovation
is the use of a new weighted Sobolev-Lieb-Thirring inequality. This weighted in-
equality is crucial because the natural function spaces for the shallow water system
are the energy spaces with Lebesgue measure weighted by the basin depth function.
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Many interesting questions remain open. Is the linear-in-norm bound derived
in the present work sharp? Does this bound agree with any qualitative theoretical
picture? In particular, how does the attractor dimension scale with the aspect ratio?
Illumination of the physical significance of the scaling of an attractor dimension
estimate becomes especially meaningful when the estimate is sharp. The use of
inequalities akin to the L> estimates of Constantin [6] may lead to an improved
dimension estimate. Finally, for simplified geometries one might obtain a sharp
result via an argument similar in spirit to the work of Doering and Wang [12] on
channel flows.

The paper is organized as follows. In Section 2 we introduce the shallow water
model and discuss its mathematical structure. The existence of a global attractor
for the shallow water system is established in Section 3. Section 4 contains the
derivation of the main attractor dimension estimate. We present the weighted
Sobolev-Lieb-Thirring inequality in Section 5.

2. THE SHALLOW WATER MODEL

We consider an incompressible fluid that is confined to a three-dimensional basin
by a uniform gravitational field of magnitude g. In terms of the standard Cartesian
coordinates with the positive z-axis oriented upward, the basin is defined by its
orthogonal projection onto the xy-plane, 2, and by its bottom. The bottom is
defined by z = —b(z) for z = (z,y) € Q2. The domain Q C R? is assumed to
be bounded with a smooth boundary 9€Q). We assume that b is a positive, smooth
function over 2. Let the free top surface of the fluid at time ¢ be given by z = h(zx,t).
We assume that the free top surface never meets the bottom and that the average
level of the top surface is z = 0. The domain occupied by the fluid at time ¢,
denoted X(t), is given by

S(t)={(z,2) eER®: 2 € Q —b(x) < z < h(z,1)}.

The shallow water model governs the evolution of u(x,t), the horizontal fluid ve-
locity averaged vertically over € 2 at time ¢, and the top surface height h(x,t).
The system of equations is as follows.

du+u-Veu+gVeh =071V, - bv(Veu + (Veu) — Vg - ul)] —nu + £,
Va - (bu) =0,
u(z,0) = uo(z),
u-n=0 (forxed),
vt (Veu + (Veu)') -n=—pt-u (for x € 0N).

Here v(z) and n(z) are a positive eddy viscosity coefficient and a non-negative
turbulent drag coefficient defined over Q, I is the 2 x 2 identity, f(x,t) is the wind
forcing defined over Q x [0,00), n(x) and t(z) are the outward unit normal and
a unit tangent to 9N at ¢ and [(x) is a non-negative turbulent boundary drag
coefficient defined on 0.

We reformulate the shallow water equations as an abstract evolution equation
governing the velocity field w. It is natural to work with Sobolev spaces weighted
by the function b. The scalar-valued spaces are denoted LY, WP, and H; with
norms || - [[ze, || - [lwg», and || - |, respectively. The vector-valued counterparts
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are given by LY, WP, and Hj. The inner product between u,v € L7 is denoted
(u,v) and is defined by

(u,v) = / bu - vdx = / u(z) - v(x)d\(z),
Q Q
where \ denotes the two-dimensional Lebesgue measure weighted by b. We define
the spaces
H={u:uecll V, (bu)=0, n-u =0 for z € 9Q},
V={u:uecH}, Vo-(bu) =0, n-u =0 for z € 00}.
When there is no possibility of confusion we write |- | = |- ||z and [[ - || = || - [|fzz.
Assume f(x) > k(x) for all x € I, where & is the curvature of J. Suppose

that b and v are smooth, positive functions such that by > C > 0 for some constant
C'. Under these assumptions, the bilinear form a(-,-) : V' x V — R defined by

1
a(u,v) = i/ﬂbu(vxu + (Vo) = Vg -ul): (Vv + (Vev)! =V, -ol)de

+/b1/77u-'vdw+ brvfu - vds
Q Gle)

is coercive; that is, there exists a > 0 such that a(u,u) > a|ju||® for all uw € V. By
the Lax-Milgram theorem, the operator A : V — V' defined by

(Au,v) = a(u,v) (u,veV)

maps V' isomorphically onto V’. This operator is a linear unbounded operator on
H with dense domain D(A) = H?NV. The inverse operator A~ is self-adjoint and
compact by virtue of Rellich’s theorem. Thus there exists an orthonormal basis of
H and a sequence (A;) such that

O< A <A< e, A — 00,
{ A’Ulj = )\j’ll)j Vj
We define the trilinear form (-,-,-) on V' by

(u,v,w)= [ bu-Vyv wde,
Q

and the corresponding bilinear operator B(-,-): V x V — V' by
(B(u, v), w) = (v, v, w).

The shallow water system is equivalent to the evolution equation

(2.1) Ou + Au + B(u,u) = f,
coupled with initial data
(2.2) u(x,0) = up(x).

The shallow water system is shown to be globally well-posed in [15]. The following
is established therein.

Theorem 2.1 ([15]). Let Q be smooth. Suppose that b(z), v(x), and n(z) are
non-negative functions over Q. Suppose that b and v are smooth, that bv > C > 0
for some constant C, and that B(x) > k(x) on I, where k(x) is the curvature of
0N at x. Let f € L} and let T > 0. If ug € H, then there exists a unique

u € C([0,T],H) N L*([0,T],V)
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that satisfies (2.1) and (2.2). If uop € HZ NV, then one has moreover that
u € L([0,7],Hy) N C([0,T],V),
and
dyw € L>=([0,T], H) N LA([0, T, V).
We define the semigroup S(-) of continuous operators on H as follows. For fixed
t>0,S(t): H— H is given by S(¢t)up = u(t).
3. THE ATTRACTOR

To demonstrate the existence of the global attractor A associated with {S(¢) :
t > 0}, we show that the semigroup is dissipative and uniformly asymptotically
compact. Dissipativity in this context is characterized by the existence of a bounded
absorbing set in H. The existence proof relies on standard techniques. We include
the argument to fix notation and to establish estimates that are needed for the
dimension calculation.

Definition 3.1. Let € C H. We say that C is absorbing in H if for each bounded
set B C H there exists t1(B) such that S(¢t)B C C for all ¢ > t1(B).

Definition 3.2. The semigroup S(-) is said to be uniformly asymptotically compact
if for each bounded set B C H there exists to(B) such that

U s

t>to
is relatively compact in H.

We establish the uniform asymptotic compactness of the semigroup by estab-
lishing the existence of a bounded absorbing set in V and noting that V embeds
compactly into H. One uses energy methods to produce absorbing sets in H and
V.

3.1. Absorbing Set in H. We will need the following orthogonality relation.
Lemma 3.3. For u, v, w € V one has
(u,v,w) = —(u,w,v),
and thus one has the orthogonality relation
(u,v,v) =0.
By Sobolev embeddings there exists a constant ¢; such that
[u| < erf|ull.

Now [[A™ | v/, v) <  so one has

1
@
1 C1
Jull < ~[[Auflv: < —[Au].
Q Q

Set ¢; = & and ¢3 = ¢f. Taking the scalar product of (2.1) with w in H, we obtain

1d 9 B
§%|u| +a(u,u) = (f,u).
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Bounding the right-hand side, we have

(f,u) < |f]|ul
< alf!ul
< Qful+ LIF? (Young's inequality)
< —||lu — oung’s inequality).
D) % g qu. y
‘We obtain
d 2
lul +aflul” < ZfP,
d

2
o) c

—lul? + lul* < fP%
7 e

d, o 9 C3 012
— <[ == = .
~lul \( 03)|u| + (211

An application of the classical Gronwall inequality yields the estimate

a 02 07
[w(®)? < [uol? exp (t) AP [1 — exp (t)} |
C3 « C3

Taking the upper limit, one obtains
T C3
< — = po.
Jim Ju(t)] < ZIf1:= po

We conclude that By (0, p), the metric ball in H of radius p, is absorbing for
p > po. For fixed p > pg and a bounded set B C H, there exists ¢1(B, p) such that
S(t)B C By(0,p) for all t > t1(B, p).

3.2. Absorbing Set in V. We need the following continuity property of the tri-
linear form (-, -,-).

Lemma 3.4. There exists a constant k such that foruw € V, v € D(A), and w € H
one has

(3.1) [(u, v, w)| < Klul?||u]?||v]2]|Av]?|w].

Proof. The proof is based on two key facts. The first is an interpolation inequality
known as Ladyzhenskaya’s inequality.

Lemma 3.5. For u € H{(Q2) one has
PR
lullus < calul?|lu]=.

We also need an elliptic regularity estimate for the strong Stokes problem associated
with the shallow water system. It is shown in [15] that for f € L}, p € (1, 00), the

strong Stokes problem admits a unique solution u € Wi’p satisfying
(3.2) lullwze < c(llflluy + llulloy)-

Notice that A~!, the operator mapping L7 data to the solution of the strong Stokes
problem, may be extended as a linear continuous operator from L} () into Wg’p ()
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for all p € (1,00). For u € V, v € D(A), and w € H, one has

/u-Vx'u-'wd)\‘ Z |u,vawJ|d/\
Q

zgl

< Z [l g 1 Dsv; | g [y

ij=1
2
1 1 1 1
< Y Aluil? |uil|2 [ Divj| 2 | Divy | 7w,

ij=1

2 % 2 % 2 %
‘i <Z |l uz‘||> > |Div;| || Divj | > Jw;l?

= =1 =1

6421|u|2||u”2H'v||2||'UHH2(Q |w]
< e (1+ )2 |ul? |u/2]|v]| 2| Av|? |w)].
Setting k = ¢2¢2 (1 + ¢5)?2, the lemma is established. O

We are now in position to establish the existence of an absorbing set in V. Taking
the scalar product of (2.1) with Au gives

1d
L2 )+ |Aup = (f, Au) — (u, u, Au).
2dt
Applying the continuity estimate (3.1), we obtain
1
|, , Au)| < (|Aw|?)(k|u|?||u])
3
§|Au\2 + 2k ul?||u)|*  (Young’s inequality).

Bounding the scalar product (f, Au), one has

\AUF

(f, Au) < [f[|Au]| < +IfP2

Collecting these estimates, we obtain
1d 3
5 77w w) + glAul” <[]+ 2k u?u*

2dt
< I+ 2w (42,

and we conclude that

d
o, w) <2FP + eolul [ulPa(u, w),

where ¢; = %. In order to control ||u(t)| as ¢ — oo we invoke the uniform

Gronwall lemma.
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Lemma 3.6 (Uniform Gronwall). Let g, h, and y be three positive locally integrable
functions on [t1,00) such that y is absolutely continuous on [t1,00) and which satisfy

dy
dt

t+r t+r t+r
/ g(s)ds < ay, / h(s)ds < aa, / y(s)ds < az
t t t

fort > t1, where v, a1, as, and az are positive constants. Then

< gy + h,

yt+7r) < (% + ag) exp(ay) (t=t).

Fix p > po and 7 > 0. Let B C H be a bounded subset of H. As we have seen,
there exists ¢1(B, p) such that S(t)B C By(0,p) for all ¢ > t1(B, p). We apply the
uniform Gronwall lemma with

y = au,u)
g = cs|uf’[|ul?

h=2|ff?

by producing constants ay, ag, and ag valid for ¢ > t1(B, p). One must first bound
the integral of ||u||? over time intervals [t,t + 7] with ¢t > ¢;(B,p). Recall the
inequality

2
L1l + aflul? < g2
Integrating in time, we obtain
g t+r 2
[ SluPdss [ alul?as < S
. ds p o

t+r 2 2
t

/ ) ds < L1 Pr + [
¢ « «

2 2

C
< TP 2
« «

The constants a1, as, and az are defined as follows:

t+r t+r
/ o(s) ds < csp? / w2 ds
t t
2 2
< esp? <012|f|27" + p) = ai,
« «

t+r t+r
[ nerds= [ 2P ds = 20fr =
t t

t+r t+r
/ a(w, u)ds < Mllu(s)|*ds  (a(u,u) < M]ul?)
t t

02 2
<M <12|f|2r + p) = as.
« (0%

The uniform Gronwall lemma yields the bound

allull? < a(u(®) u(t) < (% +az) explar),
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valid for every ¢ > t1(B, p) + r. We conclude that the ball in V' of radius
%
(2 ) ot
T (6%

4. UPPER BOUND ON THE ATTRACTOR DIMENSION

is absorbing.

4.1. Uniform Lyapunov Exponents. Fix T' = 1. According to the ergodic
theory of dynamical systems, the attractor A is the support of a measure p that is
invariant under the action of S(T"). The multiplicative ergodic theorem of Oseledec
implies the existence of classical Lyapunov exponents for p-almost every u € A.
Because the classical Lyapunov exponents may fail to exist, we employ the concept
of uniform Lyapunov exponents (see [5, 20]).

Definition 4.1. The semigroup {S(¢)} is said to be uniformly quasidifferentiable
on A if for t > 0 and u € A there exists a bounded linear operator L(¢t,u) : H — H,
the quasidifferential, such that
[S(t)v — S(H)u — Lt, w)(v — u)|
v — ul

<yt v —ul) forve A

where y(t,s) — 0 as s — 0.

Proposition 4.2. The semigroup {S(t)} associated with the shallow water model
is uniformly quasidifferentiable on A. Moreover, the quasidifferential L(t,u(t))
uniquely solves the linear variational equation

& = F'(u(t)§
£(z,0) = v(x)

where F' denotes the Fréchet derivative of F. One has the uniform bound

(4.1)

sup || L(7, U)HL(H,H) < 00.
ucA

Proof. The result follows from the implicit function theorem and is analogous to
the corresponding result for the semigroup associated with the two-dimensional
Navier-Stokes system. See Theorem 7.1.1 of [2] or Chapter 13 of [18]. O

This proposition implies that the uniform Lyapunov exponents, denoted 15, are
well-defined. We relate these exponents to the evolution of the volume element.
Fix up € A. Let vy,...,v,, be m elements of H and let &, denote the solution
of the variational equation with initial data v;. The volume element satisfies the
evolution equation

It A A (@l g = o1 A+~ A vl g exp ( [ ) 0 @) df)

where Q.,(t) = Qum(t,up;v1,...,v,) is the orthogonal projector onto the space
spanned by & (t),...,&,,(t). We introduce the quantities

1 t
gm(t) = sup sup (/ Tr (F’(S(T)UO)OQm(T)) dT),
woed vieH \t Jo

[vi]<1

i=1,...,m

dm = lim Qm(t)'

t—o0
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The uniform Lyapunov exponents satisfy
pa et o S G
For the shallow water model we will establish the bound
Gm < P(m) = —y1m® + 72

for some 71 > 0, 72 > 0. Applying Theorem II1.3.2 of [5], one concludes that the
Hausdorff and box dimensions of A are bounded above by

P(N)
Y(N) =(N +1)
where N is the smallest integer such that ¥)(N + 1) < 0 and ¥(N) > 0.

N +

4.2. The Estimate. The variational equation (4.1) is equivalent to

Z§+A£+B(u £)+B(& u)=0.

Fix 7> 0. Let {¢;(7) : j = 1,...,m} be an orthonormal basis of Q,,(7)H. One
has

Tr (F'(S(r)uo) 0 Qun(7)) = (' (u(r))ip;(7), (7))

j=1

== (Ap; 0 = Y (@5, u,0).
= =1

Notice that the first term has the good sign. Gaining control of the second term is
the key to the estimate. Now

Z%,wj /ZZ% )Dsui (@) () dA(),

j=14,k=1
whence for almost every x € ) we have

2

> D eiil@) Diu(@)psn(@)| < [Vu(@)lp(®),

k=1
where
) }
Vu(z)| = [ > [Daup(z)] |
ik=1
m
p(:l!) = Z (Spjz(w))Q

i=1 j=1

Thus

5
=
5
A
S~
<
i
i
EZ
,>(
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At this point we have established the estimate

m

Tr (F'(u(7)) 0 Qu(1)) < = _(Ap;, ;) + ol |ul.

j=1

Applying the weighted Sobolev-Lieb-Thirring inequality (5.2), there exists d; inde-
pendent of the family {¢;} and of m such that

m
/ p()? dA LD ales @)
Q =

Set w = 1/c2. By the variational principle and the spectral estimate (5.1), there
exists da such that

Z alep;,p;) = dowm?.
j=1

Substituting, we have

m

Tr (F'(u(7)) 0 Qun(7)) < = D (Aps,0)) + [lull | di Y ale;,¢))

j=1 j=1

<
Il
—
<
Il
—

and therefore
t 2 t
[ 1) 0 Qu(m) e < 2 (2 [ urar).
¢ ), 2 2 \t J,
Define

€:= qw hm sup 7/ lu(s)||* ds.

t—00 yoen t

Integrating the estimate
1
a2 2 1 pp2
Slul® + allul® < —|f]
in time, one has
1 s a ff 2 1 2 Loep
—|u(t — u(s)||[“ds < —|u —_ .
Hu@P + [ ul?ds < Hwl + —if
It follows that
e < GPaw?,

where
il

G .= .
ow
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We conclude that

dowm?
n®) < =22 B 3 [
ug EA
and thus
Gm = Jim g (t) < —mm® + 92,
where
o dgw
Y1 = 2 )
o d16
2= 20w

Applying the aforementioned Theorem III.3.2 of [5], one sees that the Hausdorff

and box dimensions of A are bounded above by
1

)
() = (2) e

5. THE WEIGHTED LIEB-THIRRING INEQUALITY AND THE SPECTRAL ESTIMATE

Notice that

We prove the spectral estimate for the operator A and outline the proof of the
weighted Sobolev-Lieb-Thirring inequality.
Proposition 5.1. There exists a constant k1 such that the eigenvalues \; of the
operator A satisfy

Aj = K.
Proof. The argument follows the proof of Theorem 4.11 of [7]. Recall that (w;)
denotes the sequence of eigenfunctions of A corresponding to the sequence (\;) of
eigenvalues of A. Let a1,...,0; € R and let

J
= E ApW.
k=1

Interpolating between LZ(Q2) and H? (), one has

1/2
L3 (©)

1/2

lwllif o

||w||L°° Q) < < ko fw]
The Agmon-Douglis-Nirenberg elliptic regularity estimate (3.2) gives
lwllaz @) < c(1+ c2)|Aw|
and hence
(5.1) [ wllppe () < kolw|?|Aw|>.

Bounding |Aw|?, we have

[Aw|? = ZAkO‘k

J
2 2
< )\j E ;.

k=1
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Applying this bound to (5.1), one has

k=1
1 J 2
= ko)? (Z ai>
k=1

We have established that |w(z)|> < ks); Zizl a? for almost every = € Q. In fact,
this holds for all € Q by Sobolev embeddings. Let 1 < i < 2. One has

7
> g ()
k=1

2 .
J

<|w(@)]’ <ksh; Y ai.

k=1
Setting ay, = w,(:)(w), we obtain
j .
>l (@) < k.
k=1
Summing over 4,
J
> lwi(x)? < 2ks);
k=1
for each & € Q. Integration over {2 yields the spectral estimate. O

Proposition 5.2 (Weighted Lieb-Thirring Inequality). Let {¢,; € V,j=1,...,m}
be an orthonormal set in H. For almost every x € € set

ple) =) le;(@).
j=1

For p satisfying 1 < p < 2 one has

( [ oty dA(m))pl <k f ale;. ;)

j=1
where K is independent of the family {¢;} and of m.

Proof. One checks that the arguments given in [16] and the appendix of [20] may
be adapted to the case in which the weighted measure A replaces the Lebesgue mea-
sure. We proceed initially by assuming that the operator A satisfies the following
hypotheses.

e (H1) There exists a constant x; such that the eigenvalues A; of the operator
A satisfy A\; > K1j.

e (H2) For each r > 0, the operator (A+7r)~! € L(V', V) extends as a linear
continuous operator from L (Q2) into V' N Wz’S(Q) for 1 < s < oco. This
operator considered as an operator on L () is positive.

e (H3) The eigenfunctions w; of A are uniformly bounded in Lg°.
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Hypothesis H3 is very strong as it is not true in general and often very difficult to
verify when true. Donnelly [13] shows that if an n-dimensional compact Riemannian
manifold M admits an isometric circle action, and if the metric is generic, then one
has eigenfunctions of the Laplacian corresponding to the eigenvalue ~y; satisfying

n

n—1
[@rlloc = Cy ™ [[l2-
Let p > 2 and let f € LY(Q). The form

a(u,v)Jr/Q(era)Uovd)\

is bilinear, continuous, and coercive on V for an appropriate choice of the trans-
late a. Therefore, H has an orthonormal basis consisting of eigenfunctions of the
Schrodinger-type operator Ay = A+ f. Let (u;(f)) denote the increasing sequence
of eigenvalues of A + f. Using the Birman-Schwinger inequality [19], one obtains
an estimate on the negative part of the spectrum of A+ f in terms of a phase space
integral involving f. For 0 < § < 1, there exists y1 = 71(8) such that

DIl <m Vﬂ(f_(m))ﬂ“dAr.

H; <0

This spectral estimate makes crucial use of (H3). The weighted Sobolev-Lieb-
Thirring inequality now follows by setting f = —ap®/ =1 for an appropriate value
of a and studying the unbounded operator A%" on A" H defined by

AF(ur A Au) = (Apur Aug A Atn) + -+ (U A A1 A Aptgy).

The general weighted Sobolev-Lieb-Thirring inequality reduces to the case of the
negative Laplacian with periodic boundary conditions, an operator for which (H1)-
(H3) hold. O

Remark 5.3. See [14] for other interesting generalizations of the Sobolev-Lieb-
Thirring inequalities.
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