MEMORY LOSS FOR TIME-DEPENDENT PIECEWISE EXPANDING
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ABSTRACT. We prove a counterpart of exponential decay of correlations for non-stationary systems.
Namely, given two probability measures absolutely continuous with respect to a reference measure,
their quasi-Holder distance (and in particular their L distance) decreases exponentially under action
by compositions of arbitrarily chosen maps close to those that are both piecewise expanding and
mixing in a certain sense.

1. INTRODUCTION

This paper studies statistical properties of time-dependent dynamical systems. In such systems
the dynamical model itself is allowed to vary with time. An important example is the flow generated
by a nonautonomous vector field. Perhaps the vector field depends on physical parameters that
vary with time. We address memory loss for time-dependent dynamical systems, an analog of decay
of correlations.

The memory loss problem has been studied extensively in the contexts of stochastic differential
equations (SDEs), random dynamical systems', and autonomous (time-independent) deterministic
dynamical systems. An SDE of the form

n
dzy = a(x;) dt + Z bi(x,) o AW/

i=1
gives rise to a stochastic flow of diffeomorphisms in which almost every Brownian path defines a
time-dependent flow (see e.g. [21]). Lyapunov exponents for such flows are known to be well-defined,
nonrandom (they do not depend on the realization of the noise), and constant almost everywhere
in phase space if the system is ergodic. Ergodic systems for which the greatest Lyapunov exponent
Amax 1S negative exhibit a phenomenon known as random sinks. Under suitable conditions, any
ensemble of initial conditions will coalesce near a unique equilibrium point that evolves in time [23].
This phenomenon occurs in dissipative systems such as the Navier-Stokes system (see e.g. [29, 30])
and in certain coupled oscillator networks modeling neuronal activity [25]. Memory loss also occurs
if Apax > 0, for in this case initial distributions will track random SRB measures (see [24]) rather
than random sinks. For further information about random dynamical systems, see e.g. [2, 3].

We say that an autonomous deterministic system exhibits memory loss in the statistical sense if
there exists a unique invariant measure v that attracts absolutely continuous distributions py < v,
that is p, — v as t — oo where p; denotes the dynamical evolution of py. Both the nature and
speed of the convergence are of interest. Statistical memory loss and the closely related notion of
decay of correlations have received a great deal of attention in this context (see e.g. [11, 15, 16, 17,
26, 27, 31, 32, 39, 45, 46]). Since time-dependent deterministic systems are out of equilibrium, we
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associate statistical memory loss not with initial distributions converging to invariant measures but
rather with distances between pairs of initial distributions decreasing as the distributions evolve.

Important classes of time-dependent systems include dynamical systems with time-varying pa-
rameters and physical processes that take place in evolving environments. For example, consider
a Lorentz gas (Sinai billiard) in which some of the scatterers move, perhaps due to bombardment
by light particles. See [12] for an effort to model the movement of a heavy particle in this con-
text. Stenlund, Young, and Zhang introduce a model of Sinai billiards with moving scatterers and
prove an exponential memory loss result for this model [41]. Open systems (systems with holes)
provide another important example, for perhaps the holes move over time. Mohapatra and Ott
formulate a notion of conditional memory loss for time-dependent open systems and prove that this
type of memory loss occurs at an exponential rate for a class of one-dimensional piecewise-smooth
expanding maps with holes [33].

We do not assume any a priori knowledge of any statistical properties of the evolution of the
dynamical model. Indeed, the stationarity of the process is irrelevant from our point of view.
By contrast, knowledge of the statistical properties of the process typically plays a central role in
random dynamical systems.

In this paper we focus on time-dependent discrete-time systems: compositions of the form f,, o
fn_10---0 f1, where (f;); is a finite or infinite sequence of maps from a space X into itself. Identify
probability measures absolutely continuous with respect to the reference measure @ on X with their
their density functions (Radon-Nikodym derivatives with respect to p). We say that the system
exhibits exponential memory loss in the statistical sense if given any initial densities ¢y and g, the
evolved densities ¢, and 1, satisfy ||, — ¢[[1(y) < Cm,wo@*At for some A > 0 independent of the
initial measures.

We focus specifically on time-dependent piecewise C'** expanding systems in dimension at least
two. Here the phase space X is a Riemannian manifold and for each map f;, there exists a finite or
countably infinite collection {Uj;} of pairwise disjoint open subsets of X such that [J; U;; has full
Riemannian volume for each ¢ and f;|U;; is smooth for all relevant ¢ and j. The time-independent
case (iterates of a single piecewise smooth expanding map) has received substantial attention,
particularly with respect to the existence of absolutely continuous invariant probability measures
and exponential decay of correlations [1, 5, 7, 8, 9, 10, 13, 18, 20, 34, 38, 40, 42, 43, 44].

The ergodic theory of a time-independent piecewise smooth expanding system can be subtle in
higher dimension because the domains on which the map is smooth can have complicated bound-
aries. This subtlety is magnified in the time-dependent case, wherein both the maps and the
domains on which the maps are smooth can vary with time.

In this paper we prove that certain time-dependent piecewise C1T® expanding systems in higher
dimension exhibit exponential memory loss in the statistical sense. The current work builds on
previous work covering time-dependent expanding systems and time-dependent piecewise expanding
systems in one dimension [22, 37]. This previous work uses the method of coupling, introduced in [46]
and developed later in e.g. [6, 11, 12]. Here we use cones and the Hilbert projective metric (see
e.g. [4, 26, 35, 36]. One could argue that coupling and the cone method are preferable to the spectral
approach when dealing with time-dependent deterministic systems. For many random dynamical
systems, one can study an averaged Perron-Frobenius operator (see e.g. [14]); one cannot average
in the time-dependent deterministic context.

2. STATEMENT OF RESULTS

We begin by defining a class of piecewise C1T® expanding maps with good ergodic properties.
The setup is based on that introduced by Saussol [40]. We describe perturbations of these maps and
define the space of quasi-Holder densities. Saussol proved that maps in this class admit finitely many
ergodic absolutely continuous invariant probability measures (ACIPs) with quasi-Hélder densities.
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We state the local and global versions of our results at the end of this section; the global statement
is a straightforward consequence of the local result.

Remark 2.1. Throughout this paper we use a fixed Holder exponent 0 < @ < Lip; unless otherwise
stated, the maps are (piecewise) C1T®. For maps in C1*MP we use o = 1 in the computations.
For f: U C R — Rf use as C'** and C? norms

(2.1) Ifllcree == I fllco +1IDfllcas Ml flle2 == [1fllco + 1D fllco + 1D fllco-

These extend in a straightforward way to the case when the domain or range is a subset of a compact
manifold.?

Remark 2.2. For simplicity of exposition we consider only maps on the N-dimensional torus.
However, one can extend the proofs to arbitrary compact manifolds.

Let TV = RY/Z" denote the N-dimensional torus and p the normalized Lebesgue measure on
TN. For aset S C TV and € > 0, define

B.(5) = U B.(z),

€S

where B.(z) or B(z,¢) stand for the open ball of radius ¢ centered at .

2.1. Domains for piecewise continuous maps; the classes R(K), C(A) and C(R). Abusing
notation, we refer to a family of open pairwise disjoint sets that covers TV up to measure zero (e.g.,
A € R below) as an open partition. The maps we consider are piecewise continuous on such open
partitions.

Definition 2.3 (partitions). Consider in TV a finite family of pairwise disjoint open sets A :=
{(A 01 $§if< Af}.

We say that A € R(K) if it covers TV up to measure zero and each U; has boundaries bounded
piecewise in C? by K. More precisely:

(1) w(TY\U; U) = 0;

(2) for each i there are finitely many compact C* embedded codimension-one submanifolds {T';;};
of TV such that dU; is contained in the union | J ; Tij;

(3) the C? norm of each T';; is strictly less than K; that is, for each T';; there are finitely many
C? charts @5 : By C RY — W,;; € TV, where By is the unit ball of RY, such that each
@5 and @ have C?-norm less than K and I'y; C (J, Prij(By N (RN @ {0})).

Denote by R the union | J ., R(K).

For A € R we define, using the above notation

k(A) = sup #{I';; : z € T';;},
z€TN

which gives the maximum number of boundary components to which a point belongs.

Definition 2.4 (nearby partitions). We say that two open partitions A = {U;}; and A = {U;}, in
R(K) are d-close if:

(1) the families A and A have the same number of elements, and there is also a correspondence
between the bounding submanifolds I';; and I';;;
(2) for each 7, dgausa(Us, (7,) < &, where dyausq denotes Hausdorff distance;®

2The particular formulas used for the norms in (2.1) are not important.
3Recall that dausa(A, B) := max{sup{dist(z, B) | € A},sup{dist(y, A) | y € B}}.



4 CHINMAYA GUPTA, WILLIAM OTT, AND ANDREI TOROK

(3) for each 4, j, the bounding submanifolds I';; and fij are less than § apart in Hausdorff distance.

This defines a topology on R(K).* It is not hard to see that

Lemma 2.5. Given A € R(K), there is 6 > 0 such that k(A) < k(A) for each A € R(K) that is
d-close to A.

Proof. Indeed, if z,, € TV is a point in k boundary components of A,, with A, being d,-close to A,
0, — 0, then we can select a subsequence so that x,, = x and z,, € N eI for a set J with k
elements, with each boundary component I'}; of A, being d,-close to the correspondmg boundary
component I';; of A. As n — oo, this implies that x € N;I';. [ |

Definition 2.6 (piecewise continuous maps). For A € R, we write f € C(A) for functions f :
TV — T¥ that are continuous on each U € A. Denote by C(R) the union of all C(A) with A € R.

2.2. Piecewise expanding maps; the classes M and M*. We describe next the piecewise C'*+
expanding maps that we consider.

The main estimate we need, a Lasota-Yorke inequality derived by Saussol [40, Lemma 4.1],
requires the properties described later in Definition 4.1; we consider a class M* of maps satisfying
those. We first introduce a class of piecewise expanding maps M that is easier to describe.

Notation 2.7. Denote by &y = 7V/2/(N/2)! the volume of the unit ball in RY.

Definition 2.8 (the class M). For 0 < s <1, K > 0, k > 0 such that (2.2) holds,

a dsk En—1
o o () (82) <1

denote by M(s, K, k) the piecewise C'® maps f: TV — TV that satisfy the following properties:

(1) feC(Ay) with Ay ={U; : 1 < M}EfR( )'We will refer to .Al by A1 (f)
(2) (backward contraction) [(flo) I <
s

(3) for each i, both f|y, and all its partial derivatives extend to continuous functions on the
closure of U;

(4) for each ( ||f|Ui||1+a <K
(5) k(A1) < K.
Definition 2.9 (the class M*). Denote by M*(s, K, k, £g) the set of maps f € M(s, K, k) that can be

extended to a neighborhood of the original sets U; as follows (we use the notations of Definition 2.8):
for each i, there is an open set V; D U; and an extension f(;) : V; — TV of f|y, such that

(1) f@& (Vi) D Bso (f(Ui))

(2) f(Z is a C! diffecomorphism from Vj to its image

(3) (backward contraction of extensions) || D[f; "Il < son fu (Vi)
@ Ifliea < K on Vi

Remark 2.10. For iterates of a single piecewise expanding map, not requiring a balance between
complexity and expansion (as is condition (2.2)) can lead to maps with no ACIPs (see [9]).

4One can define a fundamental system of neighborhoods, as we do later in Section 2.3 for maps.
5(N/2)! stands for I'(N/2 + 1).
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2.3. Perturbations of maps in M; the neighborhoods N(f, d; s, K, k). We describe next
perturbations of f € M. This is similar to the topology used in [14, §2.4] and [19].

Definition 2.11 (nearby maps; N(f,d;s, K, x)). Let f.fe M(s, K, k). We say that fisa -
perturbation of f, denoted f € N(f,§) = N(f,d;s, K, k), if the following hold.
(1) f € C(A,) with A; € R(K) d-close to A, (f), as described in Definition 2.4; 6

(2) outside a §-neighborhood of the boundaries,” the maps are d-close in C**:

If

Wi_f

w;l|ot+e <0 for each 1,

where _ _
W; = {x e U;NU; | dist(z, Uf) > §,dist(z, US) > d}.

It is not difficult to check that as f and § vary, the sets N(f,d; s, K, k) form a fundamental system
of neighborhoods,® so they define a topology on M(s, K, k).

2.4. Mixing maps; the class €. Arbitrary compositions of piecewise C'T* expanding maps in
M* do not necessarily exhibit exponential loss of memory. Indeed, a system defined by iterating a
single piecewise C'T® expanding map may not even be ergodic, and decay of correlations (memory
loss) in this context requires mixing. We therefore formulate a type of mixing condition.

Definition 2.12 (the class €). Let ¢; € (0,1) and {, € (1,00). We say amap f : TV — TV belongs
to &((1, () if for every finite partition H of TV into hypercubes, there exists J(H, (1, ¢2) such that
for every Hy, Hy € H, we have

(2.3) G <
for every i > J(H, (1, ().

p(Hy N f~'(Hy))
p(Hy)p(Ho)

< (o

Remark 2.13. For fixed (3, (3, H, and 7, (2.3) is an open condition with respect to the topology
we have defined on M*. This is precisely how we use (2.3) in the proof of Theorem 2.16.

2.5. Densities; the set D. We consider densities that are quasi-Holder. These quasi-Hélder spaces
were considered by Saussol [40], where more details can be found.
For ¢ € L'(p) and a Borel set S C T¥, define the oscillation of ¢ on S by

osc(p, S) := Esup(p, S) — Einf(y, S).

Given gg > 0, define the seminorm

](p\wo ‘= sup € ° /N osc(p, Be(x)) du(z).
T

0<e<eg

are equivalent for different £;’s.? Define
0SCq = {p € L'(p) : |¢l, ., < o0}

This space does not depend on gy, and contains the a-Hélder functions. Define the norm ||-||,, on
OSC, by

(2.4) 1ellaco = ll@llzrm + 1#lag, -

The seminorms ||, .

SNote that one can represent an f € M with more than one choice of A (f).

7By Definition 2.4, the boundaries of A; and A; have Hausdorff distance at most §.

8If g N(f1,0158, K, k) N N(f2,d2; s, K, k) then N(g,d;s, K,k) C N(f1,01;5, K,k) N N(fo,da; s, K, k) for some
0> 0.

9For 0 < £ < ey there are finitely many vectors v; such that B, (z) C U; B, (z + v;) for all x.
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Equipped with this norm, OSC, is a Banach space and the unit ball of OSC, is precompact in
LY ().
Our memory loss results hold for densities in the set

D:={pe0SCh:¢p =0, [l¢ll =1}

Remark 2.14. Saussol [40] proves that maps somewhat more general'® than those in M* admit
an ACIP, whose density is in D. This is obtained by proving that the Perron-Frobenius operator
satisfies a Lasota-Yorke inequality on OSC,, and therefore is quasi-compact.

2.6. Results. As mentioned earlier, we need both sufficient expansion (for condition (2.2) to hold),
and some form of mixing (of the type exhibited by maps in ).

We formulate two types of results: local, governing arbitrary compositions of maps chosen from
a small neighborhood of a fixed map in &€ N M*, and global, wherein we move through a union of
such neighborhoods; the latter is a simple consequence of the former.

We begin by setting some notation.

Notation 2.15. Given maps f; : TV — T¥ for i € N, denote Fog = fmo---ofiif m>k. Write
Fm for Fm,l-

For a (non-singular) map f : TV — TV, denote by Py : L'(u) — L'(u) the associated Perron-
Frobenius operator:

[envdu=[ ¢-Pdn perw. ver,

™~
In other words, the Perron-Frobenius map Py describes the action of f on ACIMs:
[T dp) =Pp() dp.

Recall that P; does not increase the L'-norm,

(2.5) [Pr() | < [[¢]|zr-

2.6.1. Local result. The main local theorem states that given two densities in D, their distance with
respect to ||-[|,, ., decreases at an exponential rate under action by arbitrary composition of maps
that are close to a single map in & N M*.

Theorem 2.16. Let g € E((1, () N M*(s, K, k,e9). There exist A < 1 and § > 0 such that
giwen p, € D, there exists C,, > 0 with the following property: for any sequence (f;)2, in
N(g,9;s, K, k) N M*(s, K, Kk, &9), we have

(2.6 | 1Pe(0) = P ()] A < P () = Prs ()]s, < Coh™

for all m € N.

One can relax the hypotheses of the above theorem because, by the Whitney extension theorem,
maps in M close to f € M* are in M* provided the boundaries are suitable.

10The main difference is that there can be countable many U;’s, and their boundaries need not be piecewise
smooth. In that case condition (2.2) is replaced by (PE5), described in Section 4.
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2.6.2. Global result. We note that many global formulations are possible. We give below such a
result, but one can replace continuity of w with weaker assumptions.

Let a < b and let w : [a,b] — M* be a map. We discretize w by considering sequences of the form
(w(ti)); where a <t; <to < --- < b. Let Q, :=w(ty) o ow(ty).

Theorem 2.17. Let w : [a,b] = M*(s, K, k,e0) be a continuous map. Assume that

M
w([a, bD - U N(gza 5@7 S, K7 H)
i=1
where g; € M*(s, K, k,e0) are maps for which Theorem 2.16 holds with a corresponding 6; > 0.
Then there exists A < 1 such that the following holds for any discretized sequence (w(t;));: for
every ¢,y € D, there exists C’fw > 0 such that

27) [ 1P () = Pon ()| dn < [P (9) = Po(6)].y < Chgh”
TN
for all relevant m € N.

3. PROOF OF THEOREM 2.16

We use the theory of cones and a projective metric known as the Hilbert metric (see e.g. [26, 28]).
Saussol [40] uses this theory to obtain precise estimates on rates of correlation decay for maps in
M.

The proof proceeds as follows. We define a suitable cone C, C OSC,. We then find a time T" € N
such that Pg,_,_,, maps C, strictly inside itself for all i € N. The diameter of Pr,_ ., . (C,) with
respect to the Hilbert metric is bounded uniformly in ¢. The general theory of cones then implies
that Pr, ,_,, is a contraction on C, with a contraction factor that is uniform in 7. Theorem 2.16
follows.

3.1. Invariance of a suitable convex cone. The following Lasota-Yorke inequality provides
control of the oscillation seminorm of functions in OSC,, under the action of the Perron-Frobenius
operator. It is the crucial estimate that allows us to analyze the action of the Perron-Frobenius
operator on C,. For completeness we provide the proof in Section 4.

Proposition 3.1 (Lasota-Yorke inequality [40]). Let s and k be such that (2.2) is satisfied, and
K,e9 > 0. There are positive constants epy = ey (s, K, k,0,N) < €0, Yoy = Yoy (s, K, k,ery) < 1
and Ky = Kry (s, K, k,ery), such that:

if f e M*(s, K, k,e0) then Py maps OSC, to itself and
(3.1) ’Pf(SO)’a,ELY < YLy ‘@‘Q,ELY + KLYHSDHLl(,u) p € OSC, .

Proof. See Section 4, where we recall the proof of Saussol [40]. The constants epy, vy and Ky
are described there. [ ]

Notation 3.2. We fix the above parameters s, K, k, £9; the constants 1y, 77y and Ky are those
given in Proposition 3.1.

We now define C, and study the action of the Perron-Frobenius operator on it. The following
parameters are used throughout the proof of Theorem 2.16.

(P1)0<o<1
(P2) e4¢: choose such that g < epy. Let H be a partition of TV into hypercubes such that

sup diam(H) < ey.
HexX
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(P3) T € N: choose such that T' > J(H, (1, (2).
(P4) a > 0: the aperture of the cone C,. We choose the parameters €4, T', and a such that

¢ — Caegea > 0,

_ K
(¢ — Goegea) ' (’YZYG + 1 X )
— YLy

N

oaQ.

The inequalities in (P4) may be simultaneously satisfied by first choosing T sufficiently large,
then a sufficiently large, then e4; sufficiently small, and finally increasing 7" if necessary so
that (P3) holds.

Once parameter selection is complete, let § be sufficiently small so that (2.3) holds with (i, (s,
and H fixed for every composition of 7" maps chosen from N(g, d; s, K, k) N M*(s, K, K, &9).
Define

Co= {90 eL'(w):9#0, 920, |gl,.,, < aE[@U{]} :

We now show that for every i € N, Pp, maps C, into C,,. The following two lemmas

accomplish this.

+T—1,i

Lemma 3.3. For every ¢ € C, and i € N we have
32 (G~ Gefa) [ odn < EPr (o0 < G+ ask) [ pdu
T T

Proof of Lemma 3.3. Write F' = Fjp_1;. For x € TV, let H(x) denote the element of H that
contains x. We have

EPe()H](x) = s /H L Pr)an

1

= — edp
p(H (x)) /I;l(H(a:))
1

B p(H(z)) H,Zg{ /H’ﬁFl(H(z)) P(2) dul2).

Bounding ¢ from below, for y almost every z in H' N F~'(H(z)) we have

p(z) > (u(}{’) /H/sodu) — osc(p, H')
> u(}f’) (//sodu—/IOSC(%B(y,m))dy)'

Integrating gives

E[Pr(p)|H]|(x) = Z m/mwl(mx)) ﬁH’) (/Hlipdu— /,osc(go,B(y,E;())dy) dpu(z)

H’Eﬂ-fu

:HZG:% Mf&;é;ﬂ;,g;))) (/H,sodu—/,OSC(%B(y,sa{))dy)

P Cl/ edp— G lpla.,, €%
TN

> (G — CzE?{a)/ pdp.

TN
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The upper bound
EPe()3)(0) < Gl +asf) [ g
T
is established in a similar fashion.

[ |
Lemma 3.4. For every i € N we have
PFi+T—1,i(Ca(}C)) C CU(I(}C)'
Proof of Lemma 3.4. Write F' = F; 74 ;. Iterating (3.1) and using (3.2), we have
K
T LY
Pe(Naerr <1y [olaery + 7o el
Ky
< 1 T a —+ >
lellog (v + T2
a =1 (T Ky
< (G — Gega) ™ (vya+ T~ E[Pr(p)|H]
< oaE[Pr(p)|H].
[ |
3.2. Pr,r_,, is a contraction on C,. See e.g. [4, 26, 35, 36] for information on cones and the

Hilbert projective metric. Here we briefly introduce what we need in our context.
Define the partial order < on C, by declaring that ¢ < v if ¢ — ¢ € C,. The Hilbert metric © is
defined on C, by

O(p,v) = log (

Theorem 3.5 ([4]). Let i € N. Define
A; = sup O(p*, ¥).

L‘D*’q/}*epFiﬁ»T—l,i (Ca)

inf{s>0:w<sgp}>
sup{r>0:rp <}/’

For every ¢, € C,, we have

A,
@<,PF1‘+T71,¢(§0)7 PF’L+T71,1‘ (¢)) < tanh <I) 6(90’ 1/})

Here tanh(co) = 1.

The following lemma provides an upper bound on the diameter of Pp, C,) in C, that is

uniform in 1.

+T—1,i(

Lemma 3.6. For every i € N and all p,v € C,, we have
l+o Go(1 + ass;)
: . , , . <A:=21 — 21 =
B3 0P (9) Prr,(0) o (157 )+ 210g (L
Proof of Lemma 3.6. Let ¢*,¢* € Cy,. Let r and s be such that
ret <Yt < st
Looking at ¥* — rp*, we have

‘w* - Tgp*‘a,ELy |,l/}*|a,€Ly + r |90*’a,€Ly

<
< oaE[Y*|H] + roaEp*|H].
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Therefore v* — rp* € C, if
caBlY*|H] + roaE[e"|H] < aB[)" — re*|[H],

or equivalently,

1= o\ E[w|3]
3.4 < :
3 < (152) Hom
Arguing analogously, sp* —¢* € C, if
1+o0\ E[Y*|H]
. < s.
(39) (1=5) Fom <

Bounds (3.4) and (3.5) imply

1+o0 E[*|H] 1—0) .. E[*|H]
O(p*,v*) <1 E —1 Einf
(o) <os () B (i) ) —toe ( (1572 oot (B

1+o Ely|H] Elp"|H]

(3.6) = 2log ( > + log ( .
1- El*|H ] oo [ E[9*[H | oo

Now let ¢, ¢ € C,. Write Fi1p_1,; = F. Using Lemma 3.4, estimate (3.6), and Lemma 3.3, we have

O(Pr(g), Pr()) < A —2log(1+ )+21 (M)

G — Gega

Since the diameter of Pr,_ ., .(C,) is finite, Theorem 3.5 implies that Pr,,_, . is a contraction
on C,.

Proposition 3.7. For every i € N and all p,v¢ € C,, we have
A
(37) @<PF7L+T71,~L(QD)’ PFiJrTfl,z‘ (¢)) < tanh (Z) @(QO, 77Z})

3.3. Comparing the OSC, distance to the © distance.
Lemma 3.8. For every m € N and all ¢, € DNC,, we have

(3.8) 1PEr () = Pror (0) oy, < (@l +€5) + (2 + ) O(Pr,. (), P, ().

Proof of Lemma 3.8. Write F' = F,,7. Suppose 1, s > 0 are such that r <1 < s and
rPr(¢) < Pr(¥) < sPr(p).

Estimating the L' norm of Pp(¢)) — Pr(p), we have

IPee) = Pe@lsgy = [ [Peo) =+ (1= 1) Prlio)l dn

< [ 1Pett) = rPe(e)ldn-+ (1=

<IPe(0) = rPel@sy, e+ [ Pr(0) = rPele)dn+ (1)
(3.9) = [Pe() = 1Pr(#)la ey, 5+ 2(1 = 1)
Estimating the oscillation seminorm of Pg()) — 73 (), we have
(3.10) Pe() = Pe(P)lae,, < IPe(¥) =1Pe(@)lae,, + 1 =) Pr(@)lac,, -

Estimates (3.9) and (3.10) imply
1Pe(¥) = Pr(@)llae,, <all+eg)EPr(Y) —rPe(e)|H] + (1 —7r)(2+ aE[Pr(p)|H]).
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Integrating gives
1Pe() = Pe(@)llae,, <O =r)a(l+e5)+(2+a)).
Finally, since 1 —r < —log(r) < log(s/r) for s > 1, we conclude that
IPe() = Pr(@)llae,, < (all+e5)+ (24 a)) O(Pr(4), Pr(p)).
|

3.4. Completion of the proof of Theorem 2.16. Let v, € DNC, Let m € N. Write
m = kT + i, where k € Z* and 0 < i < T. Using (3.1), Lemma 3.8, and Proposition 3.7, we have

1P, (0) = Prp () laery

K
- (1+1 Ly )||7>FkT<so>—PFkT<w>||a,m

— VLY

< (1 Koy ) (a1 +<5) + (2 + 0)) ©(Pry (¢). Pr (1)

L —=ry
1T\ ™
< (1 + Kry ) (a(1+¢%) + (2 +a)) - max {A, 1} - tanh > <é> (tanh (é) ) .
L=y 4 4

For general ¢, € D, choose 7, > 0 sufficiently large so that

et cpre. YEer cpre
1"‘77«9,1/1 1+77<p,w

We have established (2.6) with
KLY o _9 A
Cow =Kepyoo(L+m,0) | 1+ (a(l1+€5)+ (24 a)) -max {A, 1} - tanh 7

L =Ly
A = tanh (Z) .

Here the constant K,

ELY €0

and [|-|

accounts for the equivalence of [|-[|, . aco-

4. PROOF OF PROPOSITION 3.1

This result is in Saussol [40], for a class of piecewise expanding maps in which (PE5) below
replaces (2.2). We are repeating the proof here to clarify how the constants are determined.

For reference, in Definition 4.1 we describe (using partially his notation) maps considered by
Saussol [40, §2]. In Saussol’s case the family {U;}; can be countable and the domain of f is a
compact set 0 C RY that is equal to the closure of its interior. We rewrote the properties for maps
on TV,

Definition 4.1 (Saussol [40]). We say that f : TV — TV is an admissible piecewise expanding map
if there exist a finite collection A; = A (f) = {U; : 1 < i < M} of pairwise disjoint open sets,
0<e,<1/2, 8 <1, cgety > 0 such that the following hold.
(PE1) (extension) For every 1 < < M there exists an open set V; satisfying V; D U; such that
(a) f|U; extends to a map f;) : V; — TV
(b) [y (Vi) > B-.(f(Ui)).
(PE2) (regularity)
(a) the map f(;) is a C! diffeomorphism from V; to Jw(V;) and
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(b) the determinant of D] f(;)l] is uniformly a-Holder in the following sense:'! for 0 < & <
sex, 2 € Viand x € B.(2) NV,
1 1 < e”

det Dazf(i) det sz(i)] detH | det sz(i)|

(PE3) 4t (T¥\UY, U;) = 0.
(PE4) (backward contraction) For all 1 < ¢ < M and z,y € f;)(V;), we have
disten(z,9) < 20— diston ()™ (), (f) "' (9) < 5 - disten (2, ),

where dist~ is the standard metric on TV.

(PE5) (cutting versus expansion) For 0 < € < ¢, introduce the following constants and assume
n(f,e.) is finite'

< fa)) (Bs(af(Ui)))mB(l—s)a*(‘r)>

p(f,e,ex) == sup )
TN zzl ,U/(B(l—s)a* (I))
n(f,ee) := 8"+ 2sup Me*o‘.
e<ex ee

Following Saussol, we derive in Section 4.3 the following Lasota-Yorke inequality:

Theorem 4.2 (Saussol [40], Lemma 4.1). Assume f satisfies (PE1)-(PE5). Then

(4.1) Pr(0)lae. <5 10lae, T Ksllellg,
where
(4.2) Vs = (1 + caens™es”) n( [, €4),
(4.3) Kg = 2¢aetns™ + 2 (1 + Caetns™es”) <sup m) )
e<ex €
Proof. See Section 4.3. [ |

4.1. Proof of Proposition 3.1. We verify that maps in M*(s, K, k, &) satisfy the properties
(PE1)-(PE5) and estimate the constants. Let f € M*(s, K, k,¢&¢). For ery < eg, the properties
that are not clear are (b) in (PE2) and (PE5).
Condition (PE2)(b): Since || Dy fu|| < K for y € V; and || D f)l|cev;) < K, it follows that for
r,z €V,
|(det Dy fi)) ™" — (det D, fi)) '] = |det Dy fiy — det D, fi)| | det Dy fo)| | det D, fy| !
< Cdet(N7 K, S) ||Df(z) ||Ca| det sz(z)|_1 diSt']I‘N (1’7 Z)a

where

| det A — det B|
A= 5]

-sup {|det (A7") || A € GL(N,R),[|[A7"|| < s <1} < 0.

Caet (N, K, 8) = sup{ | A, B € Matyxn(R), A # B, [|A|], || B]| < K}

In conclusion,
(44) CdetH Cdet<N K S)K

HGaussol has this stated for | det Du[f(;) | — det D, [f(z) I w1th w € fiy(Vi), u,v € Be(w) N fri) (V).
12Saussol requires in addition that 7., (f) := sup, <., 1(f,7) <
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Condition (PE5): Saussol [40, Lemma 2.1] shows that (2.2) implies 7., (f) < 1 if €, is chosen
sufficiently small. The key estimate are equations (3) and (4) in the proof of Saussol’s Lemma 2.1.
In Lemma 4.3, proven below, we repeat this argument with a more precise statement.

Lemma 4.3. Let I' C TV be a compact codimension-one embedded submanifold with C?-norm

bounded by K. Then
sup (B, () N B, (z)) = 2vw™ *én 1 (1 + 0k (1)) as max{v,w} — 0"

where o (1) means that this asymptotic is determined only by the value K.

To estimate p(f, e, ), because of the backward contraction, we need Lemma 4.3 with v = se < 7y
and w = (1 — )y, where 0 < e < v < &p:

2(se)[(1 = )7V v (1 + ok (1)) p 2se€n-1 o
(4.5) o(f.e,7) <k T — 501V En = s)”ny(l + ok (1))
hence
(4.6) sup p(f;i’w < 512—53 : &gNl (1 + og(1))
with

og(1) = 0asy— 0.
so (PE5) holds.
Proof of Proposition 3.1. We conclude that one can apply Theorem 4.2 for maps in f € M*(s, K, k, o)

and ey = €, < g9. Bounds for cqen, p(f,-,e«) and n(f,e,) are determined by the dimension N
and s, K, k, using (4.4), (4.5) and (4.6). We obtain

2 _
(4.7) Yoy < (1 + cqetns®ely) | s© + QKMG +ok(1) ],
(1—s)én
SEN_
(4.8) Kry < 2cqetns® + 4k (1 + caetns“ely ) (15%5;3(1 + o0k (1))
with

ox(1) = 0asery — 0",

Then, given (2.2) and taking into account the bound (4.4) for cqetn, there exists ey sufficiently
small, determined only by the dimension N and s, K, k, €g, such that vy < 1. [ |

Proof of Lemma /J.3. We only sketch the idea, for more details see [40, Lemma 2.1]. Through a
chart, one can map locally I" into a hyperplane of RY. Up to a small distortion, we have now to
intersect a v-neighborhood of the hyperplane by a sphere of radius w. The largest volume occurs

when the center of the sphere is on the hyperplane, and then the intersection is close to a cylinder
of height 2v and radius w. [ |

4.2. Preliminaries to the Proof of Theorem 4.2. We begin by showing that OSC,, continuously
injects into L>(pu).

Lemma 4.4. Let ¢ € L'(u). If a,b,c > 0 satisfy a +b < ¢ < 1/2, then for all x € TV, we have

1

Esup(y, B(z,a)) < 1(B(z,b))

/B( ) [¢(y) + osc(e, B(y, )] dy.
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Proof of Lemma 4.4. Let x € TV. For y € B(x,b) we have B(z,a) C B(y,c). Consequently, we
have

Esup(¢, B(z,a)) < Esup(p, B(y, ¢)) < ¢(y) + osc(y, By, c))

1 almost everywhere. Now average. [ |
Lemma 4.5 (OSC, continuously injects into L>(u)). For all ¢ € OSC,, we have

max{1,e.*}
[l ooy < gTHw

lae. -
*

Proof of Lemma 4.5. Using Lemma 4.4 with a > 0 and b = ¢, — a gives
max{1,e.*}
Evles —a)y

Now let ¢ — 0. [ |

ol Loo(uy < olla. -

Proposition 4.6 (Properties of osc). Let o, (p;)M,, and 1 be elements of L°° (1) such that 1) > 0.
Let S be a Borel subset of TV .

(01)

M M
0SC (Z i, S) < ZOSC((,OZ-, S).
i=1 i=1

(02) For alla >0 and z € TV we have

osc(plg, B(x,a)) < osc(p, SN B(x,a)) - 1g\p,0s) () + 2 - Esup(|¢|, B(z,a) N S) - 1,5 ()
< osc(p, SN B(z,a)) - 1s(x) + 2 - Esup(|g|, B(z,a) N'S) - 1p,0s)(2).

(03) osc(py, S) < osc(p, S) Esup(v, S) + osc(v, S) Einf(|¢|, S).

Proof of Proposition 4.6. (O1) is immediate.

For (O2), we check the first inequality (the second only gives a more convenient expression). It
is easy to see that it holds whether z € S\ B,(95), © € B,(9S) or x is in none of these two sets.
For the second case use that osc(p, S) < 2 Esup(|g|, 5).

For (03), if ¢ is nonnegative p almost everywhere, then

osc(pt, S) < Esup(y, S) Esup(y, S) — Einf(p, S) Einf(¢, S)
= Esup(¢, S) ( Esup(g, S) — Einf(p, S)) + Einf(p, S) ( Esup(¢, S) — Einf(¢, S))
= Esup(¢, S) osc(yp, S) + Einf (¢, S) osc(¢, 5).

If o is nonpositive u almost everywhere, argue similarly using osc(¢1), S) = osc(—p1), §). Otherwise,
we have

Esup(pv, S) — Einf(¢¢), S) = Esup(vy), S) + Esup(—¢¢), S)
< Esup (v, S)(Esup(p, S) + Esup(—¢, S)) = Esup(¢), S) osc(p, ),

so (O3) is proven. [
4.3. Proof of Theorem 4.2 (Lasota-Yorke inequality). Recall that in our setting

2 -1
Prlp) = XZ: W o(flo,) " - lrwy ae.
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Assume f satisfies (PE1)-(PE5), ¢ € OSC,, and ¢ < e,. Using (O1) and (02), for u almost
every x € TV, we have

osc(Pry, B ZOSC ((ld t(Df)] ol

®Y
< Z (|det(Df)! ol

L (Esup (‘MLDM o (flu)”

M

(49) <Y o (Wﬁw Ui (Flo) <B<x,e>>) 10 (2)

Ui)1> 1f(Ui),B(x,s))

o)L J(U) N B, a>) L (2)

YL fU)n B(LS))) 15.(0 pv)) ()

et(Df)] w)” <B(“7>€)))> 1p. (0 fw) (@)-

We will check that the L' norm of the right side of (4.9) is bounded by

+2 (Esup (ld&,m N(f

(4.10) Vs 1#lae, €%+ Ksllollgne®

with vg and K as stated in (4.2) and (4.3).
We estimate the two components of the right side of (4.9) separately. For the first component,
define

B () = ose (|det(D)| ™ Ui (flu) ™ (Bl 2)).
For x € f(U;), setting z := (f|y,)”" (x) and using (PE4), we have

RY(z) < osc(p|det(D )|, Us N Bz, s€)).

7

(O3) implies that for p almost every € TV we have'?
R (2) < osc(y, Ui N B(z;, s¢)) Bsup(|det(D f)| 71, U; N B(z, s¢))
+osc(|det(Df)| 7, U; N B(z;, 5¢)) Einf (|, U; N B(z;, s¢))
< (14 caenr(s8)®) [det(D f ()| osc(p, Us N B(zi, s€))
+ 2caeent(s8) (2| - [det(D f ()]~
For Lebesgue almost every x € TV the first component of the right side of (4.9) therefore satisfies

M
> RV () < (1+ caon(5)™) Py 0se(p, B(-, 5¢))) + 2caem(s2)*Pylipl.
Integrating over TV and using (2.5) yields
M
(4.11) / D R0y dp < (U cann(59)) |9, (52)° + 2eaen(59)° 0l 2.
T -

For the second component of the right side of (4.9) we use the extensions fg; to V;. Define

o) <B<x,s>>) o sy ().

(2) . |SO| ,
R,”(xz) = Esup <—\det(Df)|’UZ N(f

13We use that Einf(|p|, U; N B(zi, s€)) < |¢(z)] for a.e. x = f(2), z € Uj.
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and let ' z; := = f '(x) € V; for x € B.(d f(U;)). Using the regularity of det(Df;), we have

RE” (2) < (1+ caewni(52)) Esup (||, B(zi, 52)) [det(D fy ()] ™ - 1a.(0 s (@).

Integrating, changing variables z; = f(;)l () and using Lemma 4.4 with a = se, b = (1 — s)e,, and
c = g, yields

1+ caan(s2)) ™ [ RO (@) duo)
< /TN Esup (||, B(zi, s¢))|det(D fu)(2:)| ™" - 1.0 s (x) dp(z)
= /V Esup(|¢|, B(2i, 52)) - 1p.(a pwi)) (fi)(2i)) dp(z:)

< / 1.0 s (i (2))x

Vi

1

EEa=
B lf&)l(BE(af(Ui)))(Z) ) 13(4,(1—3)5*)(2)
= [, Ip(O1 + osellel, BG.2.)] [ | e i
P (BOFU)) N BG, (L= 5)=)
(1

/B( o TetOl+ oscllel. BGG.22)) du(g)] an(e)

= [ 10(O1 + ose(lel, B, 2]

We arrive at the estimate

(4.12) (1 4 caermr(s6)” /N ZR <p(fiee) (el + lel,., %)
T

Combining estimates (4.11) and (4.12), we have
/ osc(Prg, Bz, €)) du(x) < (14 caernnse?) @], ., s“€™ + 2caetns™ e[| 11
TN

+2 (1 + caums®e®) p(f,2,60) ([l 1) + [#lae, &7)-
Then inequality (4.10) holds with

767 6* o o o]
Vs = (1 + caeense”) (Sa +2-sup %5* ) = (1 + caens”e.") n(f, )
e<Ex

y €, Ex%
KS = 2CdetH8a +2 (1 + CdetHSa&T*a) (sup %)

e<Ex

as claimed. [ |
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