CHAPTER 3

Second Order Linear Differential Equations

3.1 Introduction; Basic Terminology and Results

Any second order differential equation can be written as
F(z,y,y',y") =0

This chapter is concerned with special yet very important second order equations, namely

linear equations.

Recall that a first order linear differential equation is an equation which can be written
in the form

Y +p(x)y = q(x)

where p and ¢ are continuous functions on some interval [I. A second order, linear

differential equation has an analogous form.

DEFINITION 1. A second order linear differential equation is an equation which can

be written in the form

Y +p(x)y + qlx)y = f(x) (1)

where p, ¢, and f are continuous functions on some interval I.

The functions p and ¢ are called the coefficients of the equation; the function f on
the right-hand side is called the forcing function or the nonhomogeneous term . The term
“forcing function” comes from applications of second-order linear equations; the description

“nonhomogeneous” is given below.
A second order equation which is not linear is said to be nonlinear .

Examples

(a) y’' —5y +6y = 3cos2x. Here p(z) = -5, q(z) = 6, f(r) = 3 cos 2z are

continuous functions on (—o0, 00).

(b) x2y” —2z3y + 2y = 0. This equation is linear because it can be written in the form

(1) as
/! 2/ 2
Yy -~y +—5y=0
T T

where p(x) = 2/x, q(x) =2/z% f(z) =0 are continuous on any interval that does
not contain x = 0. For example, we could take I = (0,00).
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(c) y"+xy?y —y> = e is a nonlinear equation; this equation cannot be written in the
form (1). [ |

Remarks on “Linear.” Intuitively, a second order differential equation is linear if y”
appears in the equation with exponent 1 only, and if either or both of y and ¥’ appear
in the equation, then they do so with exponent 1 only. Also, there are no so-called “cross-
product” terms, v/, yy”,y y”. In this sense, it is easy to see that the equations in (a) and

(b) are linear, and the equation in (c) is nonlinear.

Set L[yl =vy" +p(x)y +q(x)y. If we view L as an “operator” that transforms a twice
differentiable function y = y(x) into the continuous function

Lly(x)] = y"(z) + p(x)y'(x) + q(x)y(z),

then, for any two twice differentiable functions w;(z) and ys(z),

Liyi(z) +y2(2)] = [y1(2) +y2(2)]" +pla)[y1(2) +y2(2)) + q(2)[y1(2) + ya(2)]
= (@) +95(2) + p(2)[y1(2) + y2(2)] + ¢(2)[y1(2) + y2()]
= yi(2) + p(2)yi(2) + ¢(@)y1(2) + 3 (2) + p(2)ys(z) + q(2) + y2(x)
= Llyi(z)] + Llya(2)]

and, for any constant c,

Lley(z)] = [ey(@)]" + p(z)[ey(2)] + q(z)[ey(@)]
= o' (z) + p(@)[cy'(2)] + cq(2)y(z)
= cly’(2) +p(@)y (2) + a(2)y(z)]
= cL[y(z)].

Therefore, as introduced in Section 2.1, L is a linear differential operator. This is the real
reason that equation (1) is said to be a linear differential equation. |

The first thing we need to know is that an initial-value problem has a solution, and that

it is unique.

THEOREM 1. (Existence and Uniqueness Theorem) Given the second order linear
equation (1). Let a be any point on the interval I, and let a and (3 be any two real

numbers. Then the initial-value problem

Y +p@)y +q@x)y=flx), yla)=aqa, y'(a)=p

has a unique solution.
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As before, a proof of this theorem is beyond the scope of this course.

Remark: We can solve any first order linear differential equation; Section 2-1 gives a
method for finding the general solution of any first order linear equation. In contrast, there
is no general method for solving second (or higher) order linear differential equations. There
are, however, methods for solving certain special types of second order linear equations and
we shall study these in this chapter. Extensions of these methods to higher order linear

equations will be given later. |

DEFINITION 2. The linear differential equation (1) is homogeneous * if the function f
on the right side of the equation is 0 for all z € I. In this case, equation (1) becomes

Y + @)y +q(x)y=0. (2)

Equation (1) is nonhomogeneous if f is not the zero function on I, i.e., (1) is nonhomo-

geneous if f(z) #0 for some x € I.

As you will see in the work which follows, almost all of our attention will be focused on

homogeneous equations.

IThis use of the term “homogeneous” is completely different from its use to categorize the first order
equation 3’ = f(z,y) in Exercises 2.2.
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3.2 Second Order Linear Homogeneous Equations

As defined in the previous section, a second order linear homogeneous differential equation

is an equation that can be written in the form
y' +p(x)y +qx)y=0 (H)
where p and ¢ are continuous functions on some interval I.

The trivial solution The first thing to note is that the zero function, y(x) =0 for all
x € I, (also denoted by y = 0) is a solution of (H) (y = 0 implies ¥’ = 0 and y” = 0).
The zero solution is called the trivial solution . Obviously our main interest is in finding
nontrivial solutions. Unless specified otherwise, the term “solution” will mean “nontrivial

solution.” [ |

First we establish some essential facts about homogeneous equations.

THEOREM 1. If y = y(x) is a solution of (H) and if C is any real number, then
u(x) = Cy(x) is also a solution of (H).
Proof Let y =y(x) be a solution of (H). Then
y'(x) + p(x)y'(z) + g(x)y(x) = 0.
Let C be any real number, and set u(z) = Cy(x). Then
u(z) = Cy(z)

u'(z) = Cy(x)

Substituting « into (H), we get

u(z) + p(x) v'(2) + q(z) u(z) = CyY'(z) +p(@)[CY'(2)] + q(2)[Cy(z)]

Alternate Proof Consider the linear differential operator Ly] = v” + p(x)y’ + q(x)y.
Since y = y(z) is a solution of (H), L[y(z)] =0. Since L is a linear operator,

L[Cy(z)] = C Lly(x)] = C(0) = 0.
Thus, u(x) = Cy(x) is a solution of (H). [ |

In words, Theorem 1 says that any constant multiple of a solution of (H) is also a
solution of (H).
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THEOREM 2. If y = yi(x) and y = ys(z) are any two solutions of (H), then
u(x) = y1(x) + yo(x) is also a solution of (H).

Proof Let y=yi(z) and y = y2(z) be any two solutions of (H). Then

i (@) +p(@)i(z) +q(@yi(z) =0 and  y5(2) + p(x)ya(x) + g(x)y2(x) = 0.

Now set u(z) = yi(x) + y2(z). Then

u(x) = yi(x)+y2(x)
u(2) = yi(e) +ya(2)
u(2) = yi(z) +ys(x)
Substituting u into (H), we get
u(z) +plx) W' (z) +q(z) w(z) = yi'(2) +y3 (@) +p(@)[Yi(2) + va(@)] + a(@) [y1(2) + y2(2)]

= [ (@) +p(@)y1(z) + a(2)y(2)] + [y2(2) + p()ya(z) + ¢(2)y2(2)]
— 040
= 0.

Alternate Proof Set L[y] =v"”+p(x)y' +q(z)y; L is a linear operator. Since y = y;(x)
and y = yo(x) are solutions of (H), L[yi(z)] = L[y2(x)] = 0. Since L is linear,

Lly1(z) + y2(z)] = Ly (z)] + Lly2(2)] =0+ 0= 0.
Thus, u(z) =y1(z)+ y2(x) is a solution of (H). [ |

Theorem 2 says that the sum of any two solutions of (H) is also a solution of (H). (Some
authors call this property the superposition principle. )

Combining Theorems 1 and 2, we get

THEOREM 3. If y = yi(x) and y = yo(x) are any two solutions of (H), and if C
and C5 are any two real numbers, then

y(z) = Cry(z) + Coya(x)
is also a solution of (H).

DEFINITION 1. (Linear Combinations) Let f = f(z) and g = g(z) be functions
defined on some interval I, and let C7; and (5 be real numbers. The expression

C1f(x) + Cag(x)

is called a linear combination of f and g.
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Theorem 3 says that any linear combination of solutions of (H) is also a solution of
(H).
Note that the equation
y(z) = Cru(z) + Coya(x) (1)

where C7 and (5 are arbitrary constants, has the form of a general solution of equation
(H). So the question is: If y; and ys are solutions of (H), is the expression (1) the general
solution of (H)? That is, can every solution of (H) be written as a linear combination of
y1 and w7 It turns out that (1) may or not be the general solution; it depends on the
relation between the solutions y; and .

x 2x

Example 1. As you can verify, y;(z) =e* and y(x) = e** are each solutions of

y' =3y +2y=0. (a)
We want to determine whether or not the two-parameter family

y = C1e® + Cre®® (b)
is the general solution of (a).

Let u = u(xz) be any solution of (a) and let a = u(0), 8 = u/(0). We will try to find
values for C7 and Co such that y(z) = C1e® + C2e?® satisfies y(0) = a and y/'(0) = 3.
We have

y(z) = Cre® + Che®®, o/ (z) = Cre® + 20,6

Setting x = 0, we obtain the pair of equations
y0)=C1+Cy = «
Yy (0)=C1 +20; = 3.
This pair of equations has the unique solution C; =2a — 3, Co = 8 — a. Now,
y=(2a—p)e"+ (B—a)e*® and wu(x)

are each solutions of (a), and y(0) = u(0) = «a, ¥/ (0) = «/(0) = 5. By the Existence and
Uniqueness Theorem, u(z) = y(z). Thus

u(z) = (20— B)e” + (B — a)e*”
is a member of the two-parameter family (b). Since u was any solution of (a), we can

conclude that (b) is the general solution of (a); (b) represents all solutions of (a). [ |

2

Example 2. The functions y;(z) = 2% and yo(x) = 522 are solutions of

2 2
1 /
— 2y +Zy=o0.
Y-y 5y (a)

68



We want to determine whether or not the two-parameter family
y = C1a” + Ca(537) (b)

is the general solution of (a).

By the Existence and Uniqueness Theorem there exists a unique solution u of (a) such
that w(1) =1, /(1) = 0. If we try to find values for Cy, Cy such that y(1)=1, ¢/(1) =0
we obtain the pair of equations:

y(l) =C1+5C, =1
y'(1) =201 +10C, = 0

There is no solution to this pair of equations. Therefore u is not a member of the two-
parameter family (b) and (b) is not the general solution of (a)

The problem here is that y; and y, are constant multiples of each other (y, =
5y1; or y; = y2/5). Notice that while (b) “appears” to be a two-parameter family, it is, in
fact, a one-parameter family:

y = Cra? + Cy(52?) = (C} + 5Cy)x? = K.

You can verify that ys(z) = x is a solution of (a) which is “different” from y; (i.e.,
not a constant multiple of y;), and that

y = Chz + Coyz?

is the general solution of (a). [ |

Let’s consider the problem in general. Suppose that y = yi(z) and y = ya(x) are
solutions of equation (H). Under what conditions is (1) the general solution of (H)?

Let u = u(z) be any solution of (H) and choose any point a € I. Suppose that
a =u(a), 8 =1v(a). Then u is a member of the two-parameter family (1) if and only if
there are values for C; and C9 such that

Ciyi(a) + Coyp(a) = «
Ciyi(a) + Coyhla) = B

If we multiply the first equation by y5(a), the second equation by —ys(a), and add, we
get
[y1(a)ya(a) — y2(a)y1(a)]C1 = ays(a) — Bya(a).
Similarly, if we multiply the first equation by —(a), the second equation by y;(a), and
add, we get
[y1(a)ys(a) — y2(a)y1(a)]Ca = —ayy(a) + Byi(a).
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We are guaranteed that this pair of equations has solutions C7, Cy if and only if

yi(a)ys(a) — ya(a)yi(a) #0
in which case

—ay(a) + Byi(a)

. ayy(a) — By2(a) 1
@ = s (@)dh(a) — ga(a)gy(@)
(

y1(a)yz(a) — ya(a)yi(a)

and Cy =

Since a was chosen to be any point on I, we conclude that (2

(H) if

is the general solution of

~

y1(2)yh(x) — ya(2)yi(x) #0 forall zel.

DEFINITION 2. (Wronskian) Let y = yi(x) and y = ya(z) be solutions of (H).
The function W defined by

Wiyt yo](2) = 11 (2)ya(@) — y2(2)y/ (2)

is called the Wronskian of y1, yo.

We use the notation W{yi, y2](z) to emphasize that the Wronskian is a function of x
that is determined by two solutions y1,y2 of equation (H). When there is no danger of
confusion, we’ll shorten the notation to W(x).

Remark There is a short-hand way to represent the Wronskian of two solutions of equation
(H) using a 2 x 2 determinant. Determinants will be defined and discussed in general in
Chapter 5. For now

Example 3. From Example 1, the functions y;(z) = ¢® and ya(x) = €2* are each

solutions of
y" — 3y +2y=0.

Their Wronskian is:

= 7(2e*7) — ¥ (") = 3% £ 0 for all z € (—o0,00).

2

From Example 2, the functions yi(x) = 22 and ys(z) = 522 are solutions of

/"

2, 2

Y -~y +5y=0
T T

Their Wronskian is:

= 2%(10z) — 22(52%) = 102% — 102% =
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2

Also from Example 2, the functions y;(z) = x* and y3(z) = are solutions of

2 2
y// . _y/_|_ Sy = 0.
T T
Their Wronskian is:

ZL'2£L'

W) =1,, |

= 22(1) — 2z(z) = —2? # 0 for all z € (0, c0). [ |

Here is the general result.
THEOREM 4. Let y = y1(z) and y = y(x) be solutions of equation (H), and let
W(x) be their Wronskian. Exactly one of the following holds:
(i) W(x) =0 forall =€ I; y; isa constant multiple of y2 and vice versa.

(i) W(z) #0 forall z €I and y = Cry1(z) + Cayz(x) is the general solution of (H)

Proof Let y=yi(z) and y = y2(x) be solutions of equation (H). Then
W' 4yt +qui =0  which implies ¢! = —py! — qu1

Wl 4 pyh+qys =0  which implies vl = —pyh — quo

Set W = y1y5 — yoy;. Then

! !

W' =1y +you1 — vl — Vi = Y1ys — Yoyl
= y1 [—pyh —ay2] —y2 [Pyl — a1 ]
= —p[yiys —yoyl] = —pW

which implies that
W' + p(x)W = 0.

Therefore W is a solution of the first order linear equation

Y 4+ p(x)y =0.

Now, as we showed in Section 2.1,
W(x) = Ce JP@dr  for some constant C.
If C=0, then W(z)=0 forall z €I; if C #0, then W(z)#0 forall z€l.

We have already shown that if W (x) # 0 for all = € I, then (1) is the general solution
of (H). We leave it as an exercise (Exercise 25) to show that if W =0 on I then y; is
a constant multiple of y, (and vice versa). |
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Example 4. Finishing Example 3, y = C} e® + Cs e?* is the general solution of
y" =3y +2y=0;

y = Ci2? + Cyz is the general solution of

2 2
y”——y'+—2y:0. m
T T
DEFINITION 3. (Fundamental Set) A pair of solutions y = y1(z), y = y2(z) of
equation (H) forms a fundamental set of solutions if

Wlyi,y2](x) #0 for all z € I.

Linear Dependence; Linear Independence

By Theorem 4, if y; and y, are solutions of equation (H) such that W{yi,ys] = 0,
then g7 is a constant multiple of go. The question as to whether or not one function is
a multiple of another function and the consequences of this are of fundamental importance
in differential equations and in linear algebra. We introduce the concept here; we will deal
with it in more generality later.

In this sub-section we are dealing with functions in general, not just solutions of the
differential equation (H)

DEFINITION 4. (Linear Dependence; Linear Independence) Given two functions
f=f(x), g =g(x) defined on an interval I. The functions f and g are linearly dependent
on I if one of the functions is a constant multiple of the other. That is, f and ¢ are
linearly dependent on [ if there exists a number A such that g(x) = Af(z) for all =z € I,
or if there is a number ~ such that f(z) =~yg(xz) for all z € I. The functions f and
g are linearly independent on I if they are not linearly dependent.

Remark The case where one of the functions is 0 is special: If either f or ¢ is the
zero function, then f and g are linearly dependent. For example, suppose g =0, then
g=0-f is a multiple of f. |

The term Wronskian defined above for two solutions of equation (H) can be extended to
any two differentiable functions f and g. Let f = f(z) and g = g(z) be differentiable
functions on an interval I. The function Wf, g| defined by

WIf,gl(z) = f(2)g'(z) — g(z) f'(z)
is called the Wronskian of f, g.

There is a connection between linear dependence/independence and Wronskian.
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THEOREM 5. Let f = f(z) and g = g(z) be differentiable functions on an interval
I.If fand g are linearly dependent on I, then W(xz) =0 forall z € (W =0onlI).

Proof If f and g are linearly dependent on I, then there exists a number A such
that g(z) =X f(z) on I. Since ¢'(z) =\ f'(x), we have

W(z) = f(z)g'(x) —g(x)f'(z) = f@)\f(@)]—[\f@)f (z)
= Mf(@)f'(x) = Af(x)f'(x) =0 forall zel. [ |
This theorem can be stated equivalently as: Let f = f(x) and g = g(x) be

differentiable functions on an interval I. If W(x) # 0 for at least one x € I, then f
and ¢ are linearly independent on 1.

Going back to differential equations, Theorem 4 can be restated as
Theorem 4’ Let y =y (z) and y = y2(x) be solutions of equation (H). Exactly one of
the following holds:
(i) W(z)=0 forall z€I; y; and yo are linear dependent.
(ii) W(z) #0 forall =z € I; y; and yo are linearly independent and y = Ciy;(x) +

Coya(z) is the general solution of (H).

The statements “y; (), y2(x) form a fundamental set of solutions of (H)” and “y; (), ya2(z)

are linearly independent solutions of (H)” are synonymous.

Exercises 3.2

Verify that the functions y; and s are solutions of the given differential equation. Do
they constitute a fundamental set of solutions of the equation?

Loy’ —y —6y=0; yi(z) =€, yoa) =e "

2. Y —9y=0; yi(x)=e, yo(x)=¢

—3z

3. ¥"+9y=0; wyi(zx)=cos 3z, y2(x) = sin 3z.

4. o' — 4y +4y =0; y1(x) = €%, yo(x) = xe?®.

5. 2%y —x(x+2)y + (2 +2)y=0; w(z) =2, y2(v) = ze®.
6. Given the differential equation y” — 3y’ — 4y = 0.

(a) Find two values of r such that y =e™ is a solution of the equation.
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(b) Determine a fundamental set of solutions and give the general solution of the
equation.

(¢) Find the solution of the equation satisfying the initial conditions y(0) =
1, ¥/(0) = 0.

2 4
7. Given the differential equation 3" — <5> y — (ﬁ) y=0.
(a) Find two values of r such that y = z" is a solution of the equation.

(b) Determine a fundamental set of solutions and give the general solution of the
equation.

(¢) Find the solution of the equation satisfying the initial conditions y(1) =
27 y/(l) =-1
(d) Find the solution of the equation satisfying the initial conditions y(2) = ¢'(2) =
0.
8. Given the differential equation (22 + 2z — 1)y” — 2(z + 1)y’ + 2y = 0.

(a) Show that the equation has a linear polynomial and a quadratic polynomial as
solutions.

b Find two linearly independent solutions of the equation and give the general
solution.

Show that the given functions are linearly independent on the interval I and find
a second-order linear homogeneous equation having the pair as a fundamental set of
solutions.

10. y1(z) = e™*, yo(x) = we™™; I = (—00,00).

11. yi(z) =1, yo(z) =2; I =(0,00).

12. y1(x) = cos 2z, ya(x) =sin 2z; [ = (—00, 0).
13. 11
14. y1(x) =z, yo(x) =z Inx; I=(0,00).

15. Let y = y1(z) be a solution of (H): y” + p(x)y’ + q(z)y =0 where p and ¢ are
continuous function on an interval I. Let a € I and assume that y;(z) #0 on I.

Set
@ = [ e lrtot
YPr) = ———dt.
? ' a y%(t)

Show that o is a solution of (H) and that y; and y, are linearly independent.

Use Exercise 15 to find a fundamental set of solutions of the given equation starting
from the given solution yj.
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16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

y' =6y +9y =0; yi(x) =€
2 2

Vi /

A yi(z) =2
1 1

Vi /

Y yi(z) =2

1 2
T Ey/ — 42y =0; yi(z)=€".

20 — 1 x—1
y' - Y+ y=0; yi(z)=c¢€".
T T

Let y=wyi(x) and y = ya(z) be solutions of equation (H) on an interval I. Let
a € I and suppose that

yi(a) =, yi(a) =6 and  ys(a) =, yyla) = 0.

Under what conditions on «, 3, 7,0 will the functions y; and wy» be linearly
independent on [7?

Suppose that the functions y; and gy, are linearly independent solutions of (H).
Does it follow that cjy; and coys are also linearly independent solutions of (H)? If
not, why not.

Suppose that the functions y; and gy, are linearly independent solutions of (H).
Prove that y3 =11 +y2 and y4 = y1 —y2 are also linearly independent solutions of
(H). Conversely, prove that if y3 and ys are linearly independent solutions of (H),
then y; and yo are linearly independent solutions of (H).

Suppose that the functions y; and gy, are linearly independent solutions of (H).
Under what conditions will the functions y3 = ay; + By2 and y4 = yy1 + dya be
linearly independent solutions of (H)?

Suppose that y = y1(z) and y = ya(z) are solutions of (H). Show that if y;(x) # 0
on I and Wiy, ye](x) =0 on I, then ys(z)= Ayi(x) on I.
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3.3 Homogeneous Equations with Constant Coefficients

We emphasized in Sections 3.1 and 3.2 that there are no general methods for solving second
(or higher) order linear differential equations. However, there are some special cases for
which solution methods do exist. In this and the following sections we consider such a case,
linear equations with constant coefficients. In this section we treat homogeneous equations;
nonhomogeneous equations will be treated in the next two sections.

A second order linear homogeneous differential equation with constant coefficients is an

equation which can be written in the form
1 /
Yy +ay +by=0 (1)
where a and b are real numbers.

ax

You have seen that the function y = e~ is a solution of the first-order linear equation

y/ + ay = 0. (the model for exponential growth and decay)

This suggests the possibility that equation (1) may also have an exponential function y =

¥ as a solution.

e
If y=e", then 3y =re™ and y” =r?e™. Substitution into (1) gives
r2e 4 a(re™®) +b(e?) =e™” (7"2 +ar +b) = 0.
Since €™ # 0 for all x, we conclude that y = €™ is a solution of (1) if and only if

r? +ar+b=0. (2)

Thus, if r is a root of the quadratic equation (2), then y = e is a solution of equation
(1); we can find solutions of (1) by finding the roots of the quadratic equation (2).

DEFINITION 1. Given the differential equation (1). The corresponding quadratic equa-
tion
r’+ar+b=0

is called the characteristic equation of (1); the quadratic polynomial 7% + ar + b is
called the characteristic polynomial. The roots of the characteristic equation are called the

characteristic roots .

The nature of the solutions of the differential equation (1) depends on the nature of the

roots of its characteristic equation (2). There are three cases to consider:

(1) Equation (2) has two, distinct real roots, r = «, r9 = f3.

(2) Equation (2) has only one real root, r = a.

76



(3) Equation (2) has complex conjugate roots, 1 =a+1i3, ro=a—if3, 8 #0.

Case I: The characteristic equation has two, distinct real roots, r; = a, ro = (.
In this case,

yi(z)=e and ya(z) = B

are solutions of (1). Since « # (3, y1 and y, are not constant multiples of
each other, the pair y;,y, forms a fundamental set of solutions of equation (1)
and

y = C; e + Cyel®

is the general solution.
Note: We can use the Wronskian to verify the independence of y; and ys:

e eﬁm

W([E) = anA’E /Beﬁfﬂ

= ™ (ﬁ eﬁm> —eP? (ae™®) = (a—p) elath)x # 0. [ |

Example 1. Find the general solution of the differential equation

y" +2y —8y=0.

SOLUTION The characteristic equation is
r24+2r—8 = 0
(r+4)(r—2) = 0

The characteristic roots are: r; = —4, ro = 2. The functions y;(z) = e, yo(x) = **

form a fundamental set of solutions of the differential equation and
y=Che 4 Cye®
is the general solution of the equation. |
Example 2. Find a linearly independent pair of solutions of
y" +3y =0.
and give the general solution of the equation.

SOLUTION The characteristic equation is 72 4+ 37 = 7(r +3) = 0, and the characteristic

roots are r; = 0, 79 = —3. Therefore the functions y;(z) = " =1 and ya(z) = 737

are linearly independent solutions of the differential equation.
The general solution is

y=0C1(1)+ Coe™® = C) + Cye 7, [
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Case II: The characteristic equation has only one real root, r = .2 Then

oaxr

yi(z) =e and y2(z) =ze

are linearly independent solutions of equation (1) and
y=C1e* 4+ Cyxe*™

is the general solution.

Proof: We know that yi(xz) = e** is one solution of the differential equa-
tion; we need to find another solution which is independent of ;. Since the

characteristic equation has only one real root, «, the equation must be

2

rPtar+b=(r—a)?=r>-2ar+a*=0

and the differential equation (1) must have the form
Y —2ay + o’y = 0. ()

Now, z = Ce*, C any constant, is also a solution of (%), but z is not
independent of ¥; since it is simply a multiple of 3. We replace C by a
function w which is to be determined (if possible) so that y = ue®® is a
solution of (x).3 Calculating the derivatives of y, we have

oaxr

y = wue
/ /

Yy = aue®® +u e**

1 / "

' = Pue® 4+ 2au e 4+ u e

Substitution into (x) gives

/ 12 /
aue® + 2au e +u e — 20 [ozueam—l—u eam] +a?ue®® =0.

This reduces to

12
u'e*™ =0

which implies =0 since e™* # 0.
Now, u” = 0 is the simplest second order, linear differential equation with
constant coefficients; the general solutionis v =C; +Cox =C1 -1+ Cy -z,
and wuj(z) =1 and wug(x) =z form a fundamental set of solutions.

Since y = ue*”, we conclude that

oaxr

yi(x)=1-e*=e and  yo(z) =we™”

2In this case, a is said to be a double root of the characteristic equation.
3This is an application of a general method called variation of parameters. We will use the method

several times in the work that follows.
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are solutions of (x). In particular, ys = ze*® is a solution of (%) which is
independent of 3y = e**. That is, 31 and yo form a fundamental set of
solutions of (). This can also be checked by using the Wronskian:

eam :Eeam

W(z) = 0t ot 4 qpeos | e [e* + aw e — az e = 2 £ 0.

Finally, the general solution of (x) is

y=C1e* + Coxe®.

Note: The solution y2(x) = ze®* can also be obtained by using Problem 15

in Exercises 3.2. |
Example 3. Find the general solution of the differential equation

y" — 6y + 9y = 0.

SOLUTION The characteristic equation is

r2—6r+9 = 0
(r—3?2 = 0

There is only one characteristic root: 71 = 79 = 3. The functions y;(z) = 3%, yo(x) = z€3®

are linearly independent solutions of the differential equation and
y=C1 e+ Cozed®

is the general solution. |

Case III: The characteristic equation has complex conjugate roots:
m=a+i8, ro=a—108, [F#0
In this case
y1(z) = e** cos Bz and y2(z) = " sin Gz
are linearly independent solutions of equation (1) and
y = C1 e cos fx + Cy e sin Bz = € [C} cos Bz + Cy sin Bz

is the general solution.

Proof: It is true that the functions z(x) = e(®)? and z(z) = el*=#H)=

are linearly independent solutions of (1), but these are complex-valued functions
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and we are not equipped to handle such functions in this course. We want real-
valued solutions of (1). The characteristic equation in this case is

Prar+b=(r—la+if)(r—[a—if)=r*—2ar+a*+5>=0
and the differential equation (1) has the form

y' —2ay + (a® + %) y=0. (*)

We’ll proceed in a manner similar to Case II. Set y = ue* where wu is
to be determined (if possible) so that y is a solution of (*). Calculating the
derivatives of y, we have

oaxr

y = ue
/ /

Yy = aue®® +u e*”
1 / "

' = Pue® 4+ 2au e 4+ u 2"

Substitution into (*) gives
Que™ + 2o e + u' e — 20 [ozueam +/ eam] + (oz2 + ﬁz) ue* = 0.
This reduces to

U e 4 FPue® =0 which implies W'+ [2u=0 since e** #0.

Now,
W+ 3u=0

is the equation of simple harmonic motion (for example, it models the oscillatory
motion of a weight suspended on a spring). The functions w;(x) = cos Bz and
ug(x) = sin Bz form a fundamental set of solutions. (Verify this.)

Since y = ue™®, we conclude that
y1(z) = e** cos fx and ya2(z) = e**sin fx

are solutions of (*). It’s easy to see that y; and y, form a fundamental set of
solutions. This can also be checked by using the Wronskian

Finally, we conclude that the general solution of equation (1) is:
y = C1e* cos B+ Coe™ sin Sz = e** [Cy cos Bz + Cy sin Bz]. |
Example 4. Find the general solution of the differential equation

y" — 4y + 13y = 0.
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SOLUTION The characteristic equation is: 72 — 4r + 13. By the quadratic formula, the

roots are

—(—4) £/(-4)?-4(1)(13) 4+/16-52 4+/-36 4+6i
2 N 2 N 2 2

T, T = =2x3:.

The characteristic roots are the complex numbers: 71 = 2+ 34, ro = 2 — 34. The

2 2

functions y;(x) = =% cos 3x, yo(xz) = e**sin 3z are linearly independent solutions of the

differential equation and
y = C} e*® cos 3z + Cy €** sin 3z = e** [Cy cos 3z + Cy sin 3z]
is the general solution. |

Example 5. Find two linearly independent solutions of 3" + 16y = 0.

SOLUTION The characteristic equation is 72 + 16 = 0 and the complex numbers 7 =
0+ 4i=4i, ro =0—4i = —4i are the characteristic roots. The functions

0 0

y1(z) = €’ cos 4x = cos 4x, ys(x) = €°* sin 4z = sin 4z

are linearly independent solutions of the differential equation. |

In our next example we find the solution of an initial-value problem.

Example 6. Find the solution of the initial-value problem:

y'+2y — 15y =0, y(0)=2, 3'(0)=—6.

SOLUTION The characteristic equation is
r2+2r—15 = 0

(r+5)(r—3) = 0

—bz 3z

The characteristic roots are: 11 = —5, r9 = 3. The functions y;(z) = e °%, y2(x) =€

are linearly independent solutions of the differential equation and
y=Cpe ™ 4 Cy e
is the general solution.
Before applying the initial conditions we need to calculate v':

Y (z) = —5C) e 4 30y e3®

Now, the conditions y(0) =2, 3'(0) = —6 are satisfied if and only if

Ci+Cy = 2
—5C1 +3Cy = —6.
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The solution of this pair of equations is: Cj = %, Cy = 1 and the solution of the initial-
value problem is
y=3e 54 et [ ]

Recovering a Differential Equation from Solutions

You can also work backwards using the results above. That is, we can determine a second
order, linear, homogeneous differential equation with constant coefficients that has given

functions v and v as solutions. Here are some examples.

Example 7. Find a second order, linear, homogeneous differential equation with constant

2x 3z

coefficients that has the functions wu(x) = e**, v(x) = e " as solutions.

SOLUTION Since e?* is a solution, 2 must be a root of the characteristic equation and

3z

r — 2 must be a factor of the characteristic polynomial. Similarly, e™>% a solution means

that —3 is aroot and r—(—3) =r+3 is a factor of the characteristic polynomial. Thus
the characteristic equation must be

(r—=2)(r+3)=0 which expands to 2 4+r—6=0.
Therefore, the differential equation is
y'+y —6y=0. |

Example 8. Find a second order, linear, homogeneous differential equation with constant
coefficients that has y = C; e ™ + Co x e ** as its general solution.

SOLUTION Since e ** and ze™** are solutions, —4 must be a double root of the
characteristic equation. Therefore, the characteristic equation is

(r—[-4)*=(r+4)2=0 which expands to 2+ 8 +16=0
and the differential equation is
vy’ 4+ 8y + 16y = 0. |

Example 9. Find a second order, linear, homogeneous differential equation with constant
coefficients that has y(z) = e® cos 2z as a solution.

SOLUTION Since ¢e*cos 2z is a solution, the characteristic equation must have the
complex numbers 1+ 2i and 1 — 2 as roots. (Although we didn’t state it explicitly,
e® sin 2z must also be a solution.) The characteristic equation must be

(r—[1+2i])(r—[1—2i])=0  which expands to 7 —2r4+5=10
and the differential equation is

y' =2y +5y=0. N
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Exercises 3.3

Find the general solution of the given differential equation.

1. y"+2y —8y=0.

2.y =13y + 42y = 0.

3. v — 10y + 25y = 0.

4. "+ 2y + 5y = 0.

5.y +4y + 13y = 0.

6. y" =0.

7.y +2¢y =0.

8. 2y’ +5y — 3y =0.

9. y" —12y =0.
10. y” + 12y = 0.
11. " =2y’ +2y = 0.
12. y" =3y’ + 2y = 0.
13. 3y — 9y — 30y = 0.
14. 2y" + 3y’ = 0.
15. 2y + 2y +y = 0.
16. y" + 2y’ + 3y = 0.
17. y" — 8y’ + 16y = 0.
18. 5y + Ly — 3y =o0.

Find the solution of the initial-value problem.

19. ¢y =5y +6y=0; y(0)=1, ¢/(0)=1.
20. ¥ +4y +3y=0; y(0)=2, y'(0) = —1.
21. "+ 2y +y=0; y(0)=-3, y(0)=1.
22. y'+1y=0; y(m)=1, ¢/(r)=-1.

23. y" =2y +2y=0; y(0)=-1, ¥y (0)=—1.
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

y' 4y +4y=0; y(-1)=2, y(-1)=1.

Find a differential equation y” +ay’ +by = 0 that is satisfied by the given functions.

yi(z) = €%, yo(z) = e .

y1(x) = 337, yo(z) = 2232,

y1(z) = cos 2z, yo(x) = 2sin 2.

2 2

y1(z) = e ** cos 4z, ya(x) = e~ “*sin 4x.

Find a differential equation y” + ay’ + by = 0 whose general solution is the given

expression.

y = C1e®/? + Che?®.

y = C1e3" 4 Coe™ 2.

y = Cie *cos 3x + Cre % sin 3x.
y = C1e*/? 4+ Coze™/?.

y = Cq cos 4x + Co sin 4.

Find the solution y = y(x) of the initial-value problem ¢"” —y' — 2y = 0; y(0) =
a, y'(0) = 2. Then find « such that y(x) — 0 as x — oo.

Find the solution y = y(z) of the initial-value problem 4y”—y = 0; y(0) = 2, y'(0) =
(. Then find § such that y(z) — 0 as = — oo.

Given the differential equation y” — (2a — 1)y’ + a(a — 1)y = 0.

(a) Determine the values of a (if any) for which all solutions have limit 0 as

Tr — OQ.

(b) Determine the values of a (if any) for which all solutions are unbounded as

Tr — OQ.

Exercises 37 - 39 are concerned with the differential equation (1): y” + ay’ +by =0
where a and b are constants.

Give a condition on a and b which will imply that:

(a) (1) has solutions of the form y; = e®®, y, = 8%, «a, § distinct real numbers.
(b) (1) has solutions of the form y; = e**, yo = ze®*, a a real number.

(¢) (1) has solutions of the form y; = e**cos Bz, yo = e**sin fz, a, B real

numbers.

Prove that if @ and b are both positive, then all solutions have limit 0 as x — oo.
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39. Prove:

(a) If a=0 and b> 0, then all solutions of the equation are bounded.

(b) If a>0 and b=0, and y=y(z) is a solution, then

lim y(z) =k for some constant k.
r—0Q0

Determine k for the solution that satisfies the initial conditions y(0) =
a, y'(0) =B

40. Show that the general solution of the differential equation
— wzy =0, w a positive constant,

can be written

y = C1 cosh wx + Cy sinh wa.

41. Suppose that the roots ri, ro of the characteristic equation (2) are real and distinct.
Then they can be writtenas r1 = a+ 3, 1o = a— [ where a and ( are real. Show
that the general solution of equation (1) in this case can be expressed in the form

y = €% (Cy cosh Bz + Cysinh fz).

Euler Equations A second order linear homogeneous equation of the form

dy | dy
2

E
$d$2+a$d$+ﬁy 0 (E)

where o and ( are constants, is called an Fuler equation .

42. Prove that the Euler equation (E) can be transformed into the second order equation

with constant coefficients
d*y | dy
dz? dz

where @ and b are constants, by means of the change of independent variable

+by=0

z=Inz.

Find the general solution of the Euler equations.
43. 2%y —xy — 8y = 0.
44. zy" — 2y’ + 2y = 0.
45. z%y" — 3xy' + 4y = 0.

46. 2%y —xy + 5y = 0.
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3.4 Second Order Linear Nonhomogeneous Equations

In this section we consider the general second order linear nonhomogeneous equation
y" +p@)y +q(z)y = f(z) (N)
where p, g, f are continuous functions on an interval I.

The objectives of this section are to determine the “structure” of the set of solutions of
(N) and to develop a method for constructing a solution of (N) using two linearly indepen-
dent solutions of the corresponding homogeneous equation

y" +p(@)y +q(z)y = 0. (H)
As we shall see, there is a close connection between equations (N) and (H). In this

context, equation (H) is called the reduced equation of equation (N).

General Results

THEOREM 1. If z=z(z) and z = z9(x) are solutions of equation (N), then
y(@) = z1(2) — 22(x)

is a solution of equation (H).

Proof: Since z; and zy are solutions of (N),

21 (z) + p(2)21(2) + q(z)z1(z) = f(z) and  25(x) +p(2)25(2) + q(2)22(z) = f(2).

Let y(x) = z1(x) — z2(x). Then
v =y tay = (A —2) + (21— 2) +a(z — 22)
= (& +p21 +a21) — (25 +pzh +qz)
— @) f(x) =0,
Thus, y = 21 — 22 is a solution of (H).

Alternate Proof Set L[y] =
zo are solutions of (N), L[z(z)] = L[ze(x)] = f(z). Since L is a linear operator,

Llz1(2) — z(2)] = Liz1(2)] - Llza(2)] = f(z) - f(x) = 0.

Thus, y = 21 — 22 is a solution of (H). |

y" + p(z)y + q(x)y; L is a linear operator. Since z; and

In words, Theorem 1 says that the difference of any two solutions of the nonhomogeneous

equation (N) is a solution of its reduced equation (H).

Our next theorem gives the “structure” of the set of solutions of (N).
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THEOREM 2. Let y =yi(x) and y = y2(z) be linearly independent solutions of the
reduced equation (H) and let z = z(z) be a particular solution of (N). If u = u(z) is any
solution of (N), then there exist constants C; and Cj such that

u(z) = Cry1(z) + Caya(x) + 2()

Proof: Let z = z(z) be a particular of (N) and let uw = u(xz) be any other solution of
(N). By Theorem 1, u(z)— z(x) is a solution of the reduced equation (H). Since y;(z)
and ys(x) are linearly independent solutions of (H), there exist constants C; and Ch
such that

u(z) — z(x) = Cryi(x) + Caya(x).

Thus,
u(z) = Cry1(z) + Caya(z) + 2(z). [ |

According to Theorem 2, if y = y1(x) and y = y2(x) are linearly independent solutions
of the reduced equation (H) and z = z(z) is a particular solution of (N), then

y = C1y1(7) + Coya () + 2(x) (1)

represents the set of all solutions of (N). That is, (1) is the general solution of (N). Another
way to look at (1) is: The general solution of (N) consists of the general solution of the
reduced equation (H) plus a particular solution of (N):

Yy = Cwy(z) + Coya(r) + z(z).
~~ ——

general solution of (N)  general solution of (H) particular solution of (N)

The following result is sometimes useful in finding particular solutions of nonhomoge-

neous equations. It is known as the superposition principle.

THEOREM 3. Given the second order linear nonhomogeneous equation
y' +p@)y +a(2)y = f(z) + g(2). (%)
If z=2z(x) and z = z4(x) are particular solutions of
y' +p@)y +a(@)y = f(z) and ' +p(@)y + q(x)y = g(2),
respectively, then z(x) = zy(x) + z4(z) is a particular solution of (x).

The proof is left as an exercise. |

This result can be extended to nonhomogeneous equations whose right-hand side is the

sum of an arbitrary number of functions.
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COROLLARY If
z = z1(x) is a particular solution of
y' +p(@)y +a(2)y = fi(z),

z = z9(x) is a particular solution of

Y +p(@)y +qlx)y = fa(z),

z = zp(x) is a particular solution of
y" +p(@)y +a(x)y = fal2),
then z(z) = z1(x) + 22(x) + - - - + z,(x) is a particular solution of
y'+p@)y +a@y = filx) + folx) + -+ fulz). W

The importance of Theorem 3 and its Corollary is that we need only consider non-
homogeneous equations in which the function on the right-hand side consists of one term
only.
Variation of Parameters

By our work above, to find the general solution of (N) we need to find:

(i) a linearly independent pair of solutions y1,y2 of the reduced equation (H), and
(ii) a particular solution z of (N).
The method of variation of parameters uses a pair of linearly independent solutions of
the reduced equation to construct a particular solution of (N).
Let y1(z) and ya(x) be linearly independent solutions of the reduced equation
y" +p()y +q(z)y =0. (H)

Then
y = C1y1(x) + Coya(w)

is the general solution of (H). We replace the arbitrary constants C; and Cj by functions
u=wu(zr) and v =wv(z), which are to be determined so that

z2(x) = u(z)y1(z) + v(z)y2()
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is a particular solution of the nonhomogeneous equation (N). The replacement of the pa-
rameters C7 and C9 by the “variables” u and v 1is the basis for the term “variation of
parameters.” Since there are two unknowns u and v to be determined, we shall impose
two conditions on these unknowns. One condition is that z should solve the differential
equation (N). The second condition is at our disposal and we shall choose it in a manner
that will simplify our calculations.

Differentiating z we get
Z=uyy+yu +oyy+y .
For our second condition on u and v, we set
yru' +y2v' =0. (a)

This condition is chosen because it simplifies the first derivative 2z’ and because it will lead
to a simple pair of equations in the unknowns u and v. With this condition the equation
for z/ becomes

d=uy + oy, (b)
and

z”:uyi’—l—yiu'—l—vyé’—l—yév'.

Now substitute z, 2z’ (given by (b)), and 2z” into the left side of equation (N). This

gives

2 +pd +qz (wyf +yiu +oyd +yhv") + pluy) +vys) + qluyr + v y2)
= u(y] +pyi +ayn) +o(h +pys +aye) Hyiu’ +yp v
Since y; and y» are solutions of (H),
yi +pyi +ayi =0 and ¥y +pys +qy2 = 0
and so
2 pd gz =yid +yhv.

The condition that z should satisfy (N) is

v +ypv = f(z). (c)

Equations (a) and (c) constitute a system of two equations in the two unknowns w« and

pu +yav = 0
yiu' + iy = f(x)
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Obviously this system involves v’ and v’ not uw and wv, but if we can solve for ' and
v/, then we can integrate to find u and v. Solving for «' and v’, we find that

U = !/ / !/ /
Y1Ys — Y24 Y1Ys — Y24

We know that the denominators here are non-zero because the expression

y1(x)ya(x) — ya(x)yy (x) = W(2)

is the Wronskian of 3; and w9, and w;, yo are linearly independent solutions of the

reduced equation.

We can now get u and v by integrating:

[me@f@ o (n@fE)
w= [y e ma o= [HEE

Finally

z(z) :yl(iﬂ)/%dzn—l-yz(:n)/%dzn (2)

is a particular solution of the nonhomogeneous equation (N).

Remark This result illustrates why the emphasis is on linear homogeneous equations. To
find the general solution of the nonhomogeneous equation (N) we need a fundamental set
of solutions of the reduced equation (H) and one particular solution of (N). But, as we
have just shown, if we have a fundamental set of solutions of (H), then we can use them to
construct a particular solution of (N). Thus, all we really need to solve (N) is a fundamental
set of solutions of its reduced equation (H). |

Example 1. Find a particular solution of the nonhomogeneous equation

2 2
m_f L =993 «
Y-y y=2 (*)

2

given that y;(x) =« and ys(z) =z~ are linearly independent solutions of the correspond-

ing reduced equation. Also give the general solution of the nonhomogeneous equation.

SOLUTION The Wronskian of yi,yo is W(z) = 1195 — 129, = 2(2z) — 22(1) = 22
By the method of variation of parameters, a particular solution of the nonhomogeneous
equation is

u(r) x + v(z) 2*

I
—~
8
S~—
I

where, from (2),

u(:g):/wdm:/ﬂdm:/—2m3d$:—g$4

2
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and

v(:c):/%m:/@dm:/%?dm:gﬁ

(NOTE: Since we are seeking only one function u and one function v we have not included

arbitrary constants in the integration steps.)

Now

z(:n):—%:n‘l':n—l—%:n?’-:nzzéznf’.

is a particular solution of the nonhomogeneous equation () and
y = Crz + Caa? + L 2P

is the general solution. |

Remark Rather than simply memorizing the formula (4) for the particular solution z of
(N), some people prefer to use the variation of parameters method to construct the solution
z. We'll use this approach in the next example. |

Example 2. Find the general solution of

y" — 5y + 6y = 4€**. (%)

SOLUTION The reduced equation y” — 5y’ + 6y = 0 has characteristic equation
2 —5r—6=(r—2)(r—3)=0,

and y1(z) = €?*, ya(x) = €3® are linearly independent solutions. The general solution of
the reduced equation is
y = C1e%® + Che’®.

We replace the constants C7; and C5 by functions w and v which are to be
determined such that
2 = ue®® + ve’®

is a solution of (x).

Now,
2 = 2ue® + 2™ + 3ved® + 3%/,

Imposing the condition
X 4 3% =0, (a)

the first derivative simplifies to
2 = 2ue*® + 3ved® (b)

and
2" = due®® + 2e%u + 9ved® + 36370,
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Substituting z, 2’ [given by (b)] and 2" into the left side of (x) gives
4ue® + 2e2%u’ + 9ve3® + 3e3%0" — 5(2ue?® + 3ved®) + 6(u* + ve3®) = 22U + 3370/,
Setting this equal to 4e?* we have our second equation

2%’ 4 33Ty = 4e22. (c)

Taking (a) and (c) together, we get the system

e2mu/+e3mvl - 0

2% 4+ 30 = 4
Multiplying the first equation by —3 and adding gives
—e?y/ = 4e**  which implies « = —4 and u= —4z;

multiplying the first equation by —2 and adding gives

x —Zx

€3y’ = 4€?®  which implies v =4e™® and v = —4e

Therefore,
2= (—4z)e*® 4 (—4e )3 = —4ze®® — 4%

is a particular solution of (*).
Finally, the general solution of (*) is
y=C1e* 4+ Cope® —dz e — 4%
which can be written equivalently as
y=Che® 4 Cye®® — 4z e

by combining —4e%* with Cj e?*. |

Exercises 3.4
Verify that the given functions y; and s form a fundamental set of solutions of the
reduced equation of the given nonhomogeneous equation; then find a particular solution of

the nonhomogeneous equation and give the general solution of the equation.

2 _
Ly ——y=3-27% n@)=2" p@) =2

-1
1 1 2
2.9~ Y+ y=": wr) =z p@)=ch
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

cxty —2xy + 2y =2 Inw; yi(x) =z, yo(x) = 22,

2

s l14+z , 1
- y—l—;yzzne

" 2 yi(@) = 1+, ya(a) = €.

2.

(=Y —ay y=(z-1)% wnr) =1, ya(z) =€

2%y —xy +y =4z In z.

Find the general solution of the given nonhomogeneous differential equation.

T

Yy —y =2y =2e7.

.y +y=tan z.

.y + 4y = sec 2.

y' =2y +y = ze®.
Yy’ — 2y +y =e"cos z.
y// _ 4y/ _|_4y — %:E—leh‘

e—2m
y//+4y/+4y: 5
x

y' +2y +y=e%In x.
y" + 9y = 9sec? 3z.
Yy’ — 2y + 2y = e sec x.

The function y;(z) = z is a solution of x?y” +xy’ —y = 0. Find the general solution
of the differential equation

/"

:132y +axy —y=2x.

HINT: See Exercise 15, Section 3.2.

The function yi(x) = z is a solution of (22 +1)y” — 2y’ +2y = 0. Find the general
solution of the differential equation

(2 + 1)y — 2z +2y = (22 +1)°

2 are solutions of

The functions y1(z) =22+ 2 Inx, yo(z) =z + 2% and y3(z) ==z
a second order linear nonhomogeneous equation. What is the general solution of the

equation?

The functions y;(z) = z— 223 yo(z) = ze* +2—223 and y3(z) = —223 are solutions
of a second order linear nonhomogeneous equation. What is the general solution of
the equation?
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3.5 Nonhomogeneous Equations with Constant Coefficients;

Undetermined Coefficients

Solving a linear nonhomogeneous equation depends, in part, on finding a particular solution
of the equation. We have seen one method for finding a particular solution, the method
of variation of parameters. In this section we present another method, the method of

undetermined coefficients.

Remark: Limitations of the method. In contrast to variation of parameters, which
can be applied to any nonhomogeneous equation, the method of undetermined coefficients
can be applied only to nonhomogeneous equations of the form

Y +ay +by = f(z) (1)

where a and b are constants and the nonhomogeneous term f is a polynomial, an

exponential function, a sine, a cosine, or a combination of such functions. |

To motivate the method of undetermined coefficients, consider the linear operator L
on the left side of (1):

Lly| = y" + ay' + by. (2)
If we calculate L[y] for an exponential function z = Ae™, A a constant, we have
z = Ae'”, 2 = Are™, 2 = Ar?e™®
and
Lyl =y"+ay +by = Ar’e"™ + a(Are™) + b(Ae’™ = (Ar® + aAr + bA) ™
= Ke™* where K = Ar? + aAr + bA.

That is, the operator L “transforms” Ae™ into a constant multiple of e"™*. We can use

this result to determine a particular solution of a nonhomogeneous equation of the form

v+ ay + by = ce™.

Here is a specific example.

Example 1. Find a particular solution of the nonhomogeneous equation
Y — 2y + by = 6.
SOLUTION As we saw above, if we “apply” 3" — 2y’ + 5y to z(x) = Ae3* we will get

an expression of the form Ke3*. We want to determine A so that K = 6. The constant

A is called an undetermined coefficient. We have

2= A, 2 =34e3", ' =943,
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Substituting z and its derivatives into the left side of the differential equation, we get
9Ae* — 2 (34e™) +5 (A4e*™) = (9A — 6A + 5A)e™™ = 8Ae™.

We want
2 — 22 4 5z = 6e%2,

S0 we set
8Ae3* = 6e>*  which gives 84 =6 and A= %.

Thus, z(z)=32e3" is a particular solution of y” — 2y’ + 5y = 6¢3®. (Verify this.)
You can also verify that
y = C1e” cos 2x + Coe® sin 2z + %egm

is the general solution of the equation. |

If we set z(x) = A cos Bz and calculate 2’ and 2", we get
z=Acos Bz, 7 =—FAsinpzr, 2"=—-3%A cos (.
Therefore, L[y] =vy" + ay’ + by applied to z gives
Llz) = 2"+ a2 +bz = —[3%A cos fz + a(—BA sin Bz) + b(A cos fz)
= (—B*A+bA)cos fz + (—aBA)sin fz.
That is, L “transforms” z = Acos Bz into an expression of the form
K cos fx + M sin Bz

where K and M are constants which depend on a,b,3 and A. We will get exactly the
same type of result if we apply L to z = Bsin(x. Combining these two results, it follows
that L[yl = y” + ay’ + by applied to

z = Acos fx + Bsin Sz

will produce the expression
K cos Bx + M sin Bz

where K and M are constants which depend on a,b,3, A, and B.
Now suppose we have a nonhomogeneous equation of the form
y' +ay +by=ccos fr or y'+ ay + by=d sin Bz,

or the general form
y" + ay’ + by = ¢ cos Bz + d sin fx.

(Note: The first equation can be written 3" + ay’ + by = ¢ cos Bz + 0 sin Bz and the
second equation can be written v’ + ay’ + by = 0 cos Bz + d sin Bz so each is a special

case of the general form.)

We will look for a solution of the form z(z) = Acos fx + Bsin fx.
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Example 2. Find a particular solution of the nonhomogeneous equation
y" 4+ 2y’ +y = 10 cos 3z.
SOLUTION Set z = Acos 3z + Bsin 3x where A and B are constants which are to
be determined so that z” + 22’ + z = 10 cos 3.
Calculating the derivatives of z, we have
2z = Acos 3z + Bsin 3z, 2 = —3Aasin 3z +3Bcos 3z, 2’ = —9Acos 3z — 9Bsin 3x.
Substituting z and its derivatives into the left side of the differential equation gives

—9A cos 3z — 9B sin 3z + 2(—3Asin 3z + 3B cos 3x) + Acos 3x + Bsin 3z
= (—8A+6B) cos 3z + (—6A — 8B) sin 3z.

Since we want 2" + 2z’ + z = 10 cos 3z = 10 cos 3z + 0sin 3z, we set
(—8A +6B) cos 3z + (—6A — 8B) sin 3z = 10 cos 3z + 0sin 3x

which implies

—8A4+6B = 10
—6A—-8B = 0
The solution of this pair of equations is: A = —%, B = % Therefore a particular

solution of the differential equation is

z(z) = —3% cos 3z + 2 sin 3z.

You can verify that the general solution of the differential equation is
y=Cie " + Coze ™" — % cos 3x + % sin 3x. [ |
Example 3. Find the general solution of the differential equation

y” — 6y + 8y = 2cos 2z — 4sin 2. (%)

SOLUTION First we consider the reduced equation:
y’ — 6y +8y =0.

The characteristic equation is: 7% —6r+8 = (r —2)(r —4) = 0 and the roots are r = 2,4.
Therefore the functions y;(z) = €2, yo(z) = €'® form a fundamental set of solutions of

the reduced equation.
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Next we find a particular solution of (x). Since f(z) = 2cos 2z — 4sin 2z, we seek
a solution of the form 2z = Acos 2x + Bsin 2x. We calculate the derivatives of z and
substitute into the left side of (x):

2z = Acos 2x + Bsin 2z, 2 = —2Asin 2z 4 2Bcos 2z, 2"’ = —4Acos 2z — 4B sin 2x;

2" — 62 +82 = —4Acos 2x —4Bsin 2x — 6(—2Asin 22 + 2B cos 22) + 8(A cos 2z + Bsin 2x)
= (4A —12B)cos 2z + (12A + 4B) sin 2x;

Now z is a solution of (x) if
(4A —12B) cos 2x + (12A + 4B) sin 2z = 2 cos 2z — 4sin 2z
which implies

4A—-12B = 2

12A+4B = —4
The solution to this pair of equations is: A = —%, B = —%. Therefore, z(z) = —% cos 2x—
% sin 2z is a particular solution of ().
Finally, the general solution of (x) is:
y = C1e** + Coe?® — % cos 2x — % sin 2z. [ ]

Continuing with these ideas, if 3" +ay’+by is applied to z = Ae** cos B+ Be*® sin [z,
then the result will have the form

Ke** cos fr + Me** sin (Bx

where K and M are constants which depend on a,b, «, 3, A, B. Therefore, we expect
that a nonhomogeneous equation of the form

vy + ay’ + by = ce™® cos fx + de** sin Bx
will have a particular solution of the form z = Ae** cos fx + Be** sin (x.

The following table summarizes our discussion to this point.

A particular solution of 3" + ay’ + by = f(x)

If f(z)= try z(x) =

Ce’f‘fL’ Ae’f‘fl]

c cos Bz + d sin Bz z(x) = A cos fx + B sin Sz

ce®® cos Br + de** sin Sz z(x) = Ae®* cos Sz + Be™* sin Sz

Note: The first line includes the case r = 0;
if f(z) =ce" =c, then z= A" = A.
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Unfortunately, the situation is not quite as simple as it appears; there is a difficulty.

Example 4. Find a particular solution of the nonhomogeneous equation
y" — 5y + 6y = 4€**. (%)
SOLUTION According to the table, we should set z(x) = Ae?®. Calculating the derivatives

of z, we have
/ 1
z=Ae®, 2 =246, =44

Substituting z and its derivatives into the left side of (x), we get
2" =52 4+ 62 = 44e* — 5(24e*) + 6(Ae*) = 04>,
Clearly the equation
0Ae%® = 4¢**  which is equivalent to 0A4 =4

does not have a solution. Therefore equation (x) does not have a solution of the form
z = Ae®®,

The problem here is z = Ae?* is a solution of the reduced equation

y" — 5y + 6y = 0.

(The characteristic equation is 72 — 5746 = 0; the roots are r =2, 3; and y; = €?*, yp =
e3® are linearly independent solutions.)
In Example 2 of the preceding section we saw that z(z) = —4ze?® is a particular

solution of (x). So, in the context here, since our trial solution z = Ae?* solves the
reduced equation, we'll try z = Aze?®. The derivatives of this z are:

z = Axe®®, 2 = 24xe®® 4+ Ae*®, ' = 4Aze® + 446
Substituting into the left side of (), we get
2 =52 462 = 4Axe®® +4Ae* — 5(2Axe* + Ae*®) + 6(Axe®)
= —Ae®,
Setting 2’ — 52/ + 62 = 4€?* gives
—Ae*® = 4¢*®  which implies A = —4.

Thus, z(z) = —4xe?* is a particular solution of () (as we already know). [ |

We learn from this example that we have to make an adjustment if our trial solution 2z
(from the table) satisfies the reduced equation. Here’s another example.
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Example 5. Find a particular solution of

y" + 6y + 9y = 5e 3T, ()

SOLUTION The reduced equation, 3" + 63’ + 9y = 0 has characteristic equation
2+ 6r+9=(r+3)%*=0.

Thus, 7 = —3 is a double root and y;(z) = e™3%, ya(x) = xe™3* form a fundamental set
of solutions.

According to our table, to find a particular solution of (%) we should try z = Ae™37.

But this won’t work, z is a solution of the reduced equation. Based on the result of the

3z T

, but this won’t work either; z = Aze™3
3z

preceding example, we should try z = Azxe™

is also a solution of the reduced equation. So we'll try z = Axz2e™3%. The derivatives of

this z are:
z=Ax?e™3%, 2 = —3A2%e73 4 2Axe73, 2 =94z — 12Axe 3% + 24737,
Substituting into the left side of (xx), we get
2462 492 = 9Az%e 3% —12Axe 3% + 246737 4 6(—3Ax%e 3" + 2Axe737) 4+ 9(Az?e )
= 24737,
Setting 2" + 62’ + 9z = 5e 3% gives
24e73% = 5¢73%  which implies A = %
Thus, z(z) = 3z2%e37 is a particular solution of (*x).

The general solution of (xx) is: y = C1e 3% 4 Cowe 3% + g:pze_sm. |
Based on these examples we amend our table to read:

Table 1

A particular solution of 3" + ay’ + by = f(x)

If f(z)= try z(x) =*
ce™ Ae™
¢ cos Bx +d sin Bz z(x) = A cos Bz + B sin fx

ce® cos B + de** sin fr  z(x) = Ae™* cos fx + Be** sin fx

*Note: If z satisfies the reduced equation, try zz; if xz also satisfies the

2

reduced equation, then z“z will give a particular solution
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Remark In practice it is a good idea to solve the reduced equation before selecting the
trial solution z of the nonhomogeneous equation. That way you will not waste your time
selecting a 2z that satisfies the reduced equation. |

Example 6. Without carrying out the calculations, give the form of the general solution

of the nonhomogeneous differential equation

y" — 1y — 6y =2cos x — 23 + 10.

SOLUTION The first step is to solve the reduced equation %3” — 3y’ — 6y = 0. The
characteristic equation is 72 —7 —6 = (r +2)(r —3) = 0. Thus, y;(x) = e 2%, yo(z) = 3*
forms a fundamental set of solutions of the reduced equation and

y = Cre 2 4 Coe®
is the general solution of the reduced equation.

Now we need a particular solution z of the given equation. To find z we make use of
the Corollary to Theorem 3 in the preceding section. That is, we’ll find a particular solution
z1 of

1 /
y —1y — 6y =2cos x,

a particular solution z9 of
y' —y — 6y = -2,

and a particular solution z3 of
y" —y — 6y =10.
Then z = z1 4+ 22 + 23 will be a particular solution of the given equation.

From Table 1, 2z; has the form zj(x) = Acosx + Bsinxz and zy has the form
zo(x) = Cxed®. To find z3 note that 10 = 10e% which is simply the case r =0 in the
first line of Table 1. Thus 23 has the form z3(z) = De% = D. A particular solution z

of the nonhomogeneous equation has the form
2(x) = Acos x 4+ Bsin z + Cxe3® + D.
where the constants A, B,C, D are to be determined.
The general solution of the equation will have the form
y=Cre 2 4+ Cye3® + Acos x + Bsin z + Cze®® + D. [ |

You can verify that y = Cy e 2% 4+ Cy e3% — % cos T — % sin x — %:Ee?’m — % is the general

solution.
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So far we have only considered the nonhomogeneous differential equation (1) in cases
where the nonhomogeneous term f is a constant multiple of one of the functions €"*, cos Sz,
sin Bx, e** cos Bz, e**sin Bz, or is a sum of such functions. In general, the method of
undetermined coefficients can be applied in cases where

f(z) = p(z)e™
f(x) = p(x)cos px, or p(x)sin fz,

flx) = p(x)e*cos Bz, or p(x)e** sin Sz

where p is a polynomial, or where f is a sum of such functions. This follows from the
fact that the expression 3" + ay’ + by applied to

z = (AO + Az + Asz® + - --—I—An:E") e

will result in an expression of the form P(z)e"™ where P is a polynomial of degree n
(or less); vy’ + ay’ + by applied to

z= (AO + Az + Az + - --—I—An:E") cos Bx

will result in an expression of the form P(x)cos Bz + Q(x)sin fx where P and @ are
a polynomials of degree n (or less); and so on.

The general version of the method of undetermined coefficients can be summarized as
follows:

(1) If f(z) =p(x)e"™ where p is a polynomial of degree n, then
z(x) = (Ao + Ajx + Asx® + -+ Anwn) e,
(2) If f(x) = p1(x) cos Bx + pa(x) sin fxr where p; and py are polynomials of degrees
k and m, respectively, then
z(x) = (Ag+ A1z + - - -+ Apx"™) cos fx + (By + Bz + - - - + Bpa") sin fx
where n = max {k, m}.

(3) If f(x) = p1(x)e** cos Bx + pa(x)e*® sin Bz where p; and pe are polynomials of
degrees k and m, respectively, then

z(x) = (Ao + A1z + - - -+ Apa™) e** cos Bz + (Bo + Biz + - - - + Bpa") e*F sin Sz
where n = max {k, m}.

Note: If any term in z satisfies the reduced equation "+ ay’ +by =0, then use zz as

2

the trial solution; if any term in xz satisfies the reduced equation, then x°z will give a

particular solution.

Here are some examples.
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Example 7. Find a particular solution of

Y + 4y = (3 + 2x)e . (%)
SOLUTION The functions yi(x) = cos 2z, yo(x) = sin 2z form a fundamental set of
solutions of the reduced equation 3" + 4y = 0.

A particular solution of (x) will have the form z = (A + Bz)e™?* where A and B

are to be determined. The derivatives of z are:
2= (A+ Bzx)e™, 2 =-2(A+Bx)e ® +Be >, 2'=4(A+ Bx)e * —4Be™ ",
Substituting z and its derivatives into the left side of (x), we get
2" 442 = 4(A+ Bx)e ™ — 4Be™* + 4(A+ Bx)e > = [(8A — 4B) + 8Bxle .
Thus z is a solution of (%) if
[(84 — 4B) + 8Bx]e™2* = (34 2z)e™** which implies 8A — 4B =3 and 8B = 2.

, and

N

The solution of this pair of equations is A = %, B =
Hz) = (3 +qu)e™
is a particular solution of (x). |
Example 8. Give the form of the general solution of each of the following nonhomogeneous
equations:
(a) ¥ — 3y + 2y = (1 + 2z — 4z?)e?®.
(b) 4" + 4y + 4y = (3 — bx)e 2%,
SOLUTION (a) The reduced equation is y” — 3y’ + 2y = 0. The characteristic equation

1S
2 =3r+2=(r—-1)(r—2)=0.

Thus, y1(x) = €%, yo(x) = €2** forms a fundamental set of solutions of the reduced equation.
According to the summary above, a particular solution z should have the form
2= (Ag+ Az + Ayz?)e*®

but Age?® satisfies the reduced equation. Therefore we need to multiply the trial solution
by « and try
2z = (Apz + A1z? + Ayz®)e®®.
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Since none of the terms in this 2z satisfies the reduced equation, this is the form of a

particular solution.
The general solution of the equation will have the form
y = Che® + Che®® + (Agz + Ayz? + A2$3)e2m
where Ag, A1, Ay are constants which are to be determined.
(b) The reduced equation is y” + 4y’ + 4y = 0. The characteristic equation is
2 rdr+4=(r+2)%=0.

2x

Thus, yi(z) = e 2%, yo(x) = ze~2* forms a fundamental set of solutions of the reduced

equation.
According to the summary above, a particular solution z should have the form
z=(Ag+ Ajz)e "

but Age™2* and Aj;xe ?* satisfy the reduced equation. Therefore we need to multiply

the trial solution by = and try
2= (Agz + Ayz?)e2",

But Agze 2% also satisfies the reduced equation so we need to multiply the initial z by

x2. Since none of the terms in
z = (Agx® + a12®)e "
satisfies the reduced equation, this is the form of a particular solution.
The general solution of the equation will have the form
2

y=Cre 2 4 Cowe™* + (A0:E2 + A1:E3)6_

where Ag, A1 are constants which are to be determined. |

Summary of Sections 3.4 and 3.5

The method of variation of parameters can be applied to any linear nonhomogeneous
equation but it has the limitation of requiring a fundamental set of solutions of the reduced

equation.

The method of undetermined coefficients is limited to linear nonhomogeneous equations

with constant coefficients and with restrictions on the nonhomogeneous term f.

In cases where both methods are applicable, the method of undetermined coefficients is

usually more efficient and, hence, the preferable method. |

103



Exercises 3.5

Find the general solution.

1. " — 2y — 3y = 3e?*.

2.y + 2y + 2y = 10e”.

3.y + 6y + 9y = 937,

4. y" 4+ 6y +9y = e 37,

5. y" + 2y = 4sin 2x.

6. v’ +y = 3sin 2z + z cos 2z.

7. 2y" + 3y +y =2+ 3sin .

8.y — 6y + 9y =e 3%,

9. ' +5y + 6y =3x+4.
10. ¥ + 4y’ + 4y = ze™*.
11. y" + 6y’ + 8y = 3e~22.
12. " + 2y +y =xe ™.
13. y" 4 9y = 2%e3* + 6.
4. ' +o — 2y =23 + 2.
15. y"” — 2y’ + 5y = e~ sin 2x.
16. y" + 2y’ + 5y = €2 cos z.

Find the solution of the given initial-value problem.
17. y"+y — 2y =2x; y(0) =0, ¥/(0) =1.
18. y"" 4+ 4y = 2% 4+ 3%, y(0) =0, 3/ (0) = 2.
19. ¢ —y' — 2y =sin 2z; y(0) =1, 3/(0) = —1.
20. v =2y +y=xe®+4; y(0)=1, y/(0)=1.
Determine a suitable form for a particular solution z = z(z) of the given equation.

21. " — 2y — 3y =6 — 3ze™* + 4 cos 3.

22. " + 2y =2z + 2273 4 sin 2z.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

y"+y=2%—1+3cos x — 2sin .

Yy’ — 5y + 6y = 2¢%% cos © — 3xe3 + 5.

Y — 4y + 4y = 22e?® + 2% — 1 + 27 cos 2z.

y" + 5y + 6y = 2e%* cos = — 3xe3* + 5e 27,

y' 42y +2y =4e " +2e *cos x + 9.

y" + 2y + 5y = 4e ¥ sin 2z + 2e~* cos x.

Find the general solution of the given differential equation.
y" — 4y + 4y = 2sin = + 3z~ Le?®.

T

+ 2¢2%,

VoY = :1326—1— 1

y" + 9y = 3cos x — 9sec? 3x.

y" + 4y = 5e** 4 3 — sec? 2z.

FExercises 33 and 34 are concerned with the differential equation
y' +ay' +by = f(z)

where a and b are nonnegative constants.

Suppose that a, b > 0. Show that if y;(x) and ys(z) are solutions of the equation,
then yi(z) —y2(z) — 0 as x — oco. What happens if a =0 and b > 07

If f(z) =e¢, ¢ a constant, show that every solution y(x) of the equation has the
property y(z) — ¢/b as x — oo. What happens if b = 0?7 What happens if
a=b=07?
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3.6 Vibrating Mechanical Systems

Undamped Vibrations

A spring of length [y units is suspended from a support. When an object of mass m is
attached to the spring, the spring stretches to a length [; units. If the object is then pulled
down (or pushed up) an additional yy units at time ¢ =0 and then released, what is the
resulting motion of the object? That is, what is the position y(t) of the object at time
t > 07 Assume that time is measured in seconds

We begin by analyzing the forces acting on the object at time ¢ > 0. First, there is the
weight of the object (gravity):
1 =mg.

This is a downward force. We choose our coordinate system so that the positive direction
is down. Next, there is the restoring force of the spring. By Hooke’s Law, this force is
proportional to the total displacement [y 4+ y(¢) and acts in the direction opposite to the
displacement:

Fy = —Ek[l1 + y(t)] with £ > 0.

The constant of proportionality & is called the spring constant. If we assume that the
spring is frictionless and that there is no resistance due to the surrounding medium (for
example, air resistance), then these are the only forces acting on the object. Under these
conditions, the total force is

F=F +Fy=mg—k[li +y(t)] = (mg — kl1) — ky(t).

Before the object was displaced, the system was in equilibrium, so the force of gravity,
mg plus the force of the spring, —kly, must have been O0:

mg — kly = 0.
Therefore, the total force F' reduces to

F = —ky(t).

By Newton’s Second Law of Motion, F' = ma (force = mass x acceleration), we have

k
= —ky(t = ——1y(?).
ma y(t) and a=——y(t)

Therefore, at any time ¢ we have

k k

a=y'(t)= (t) or y'(t) + —y(t) = 0.

—
m
When the acceleration is a constant negative multiple of the displacement, the object is

said to be in simple harmonic motion.
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Since k/m >0, we can set w = y/k/m and write this equation as

y'(1) +w?y(t) =0, (1)

a second order linear homogeneous equation with constant coefficients. The characteristic
equation is
24+ w?=0

and the characteristic roots are +wi. The general solution of (1) is
y = (4 cos wt + Cy sin wt.

In Exercises 3.6 (Problem 5) you are asked to show that the general solution can be written

as
y = Asin (wt + ¢o), (2)
where A and ¢ are constants with A > 0 and ¢g € [0,27). For our purposes here,

this is the preferred form. The motion is periodic with period T given by

ro
w

a complete oscillation takes 27w /w seconds. The reciprocal of the period gives the number
of oscillations per second. This is called the frequency , denoted by f:

w
f=g9_
Since sin(wt 4 ¢¢) oscillates between —1 and 1,
y(t) = Asin (wt + 6o)

oscillates between —A and A. The number A is called the amplitude of the motion.
The number ¢q is called the phase constant or the phase shift . The figure gives a typical
graph of (2).

Figure 1
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Example 1. Find an equation for the oscillatory motion of an object, given that the period
is 27/3 and at time t =0, y=1, ¢y’ = 3.

SOLUTION In general the period is 27/w, so that here

2 2
T and therefore w = 3.
w 3

The equation of motion takes the form

y(t) = Asin (3w + ¢g).

Differentiating the equation of motion gives
y'(t) = 3A cos(3t + ¢p).
Applying the initial conditions, we have
y(0) =1 = Asin ¢y, y'(0) = 3 =3Acos ¢g

and therefore
Asin ¢g =1, Acos ¢ = 1.

Adding the squares of these equations, we have
2 = A%sin? ¢ + A% cos® ¢y = A%
Since A >0, A= /2.
Finally, to find ¢g, note that
\/§sin¢0:1 and \/§cos¢0:1.
These equations imply that ¢y = 7/4. Thus, the equation of motion is

y(t) = V2 sin (3t + L 7). [ |

Damped Vibrations

If the spring is not frictionless or if there the surrounding medium resists the motion of the
object (for example, air resistance), then the resistance tends to dampen the oscillations.
Experiments show that such a resistant force R is approximately proportional to the
velocity v =%’ and acts in a direction opposite to the motion:

R=—cy withe>0.
Taking this force into account, the force equation reads
F = —ky(t) - ey (1),
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Newton’s Second Law F = ma = my” then gives
my"(t) = —ky(t) — cy'(t)
which can be written as
" c k _
y'+—y +—y=0. (¢, k, m all constant)
m m
This is the equation of motion in the presence of a damping factor.

The characteristic equation

r? + S +—==0
m
has roots
—c++/c2—4km
r= .
2m
There are three cases to consider:
& —4km <0, & —4km >0, & —4km =0.

Case 1: ¢? — 4km < 0. In this case the characteristic equation has complex

roots:
. ¢ Vikm =&
rM=——<+iw, T9=————1w wherew=-——60H——.
2m 2m 2m

The general solution is
y = =2t (O cos wit + Cy sin wt)
which can also be written as
y(t) = Ael=/2™ gin (wt + ) (4)

where, as before, A and ¢y are constants, A > 0, ¢g € [0,27). This is
called the underdamped case. The motion is similar to simple harmonic motion
except that the damping factor e(=¢/2M)t  causes y(t) — 0 as t — oo.
The oscillations continue indefinitely with constant frequency f = w/27 but

diminishing amplitude Ae(=¢/2m)t  This motion is illustrated in F igure 2. |
y

Figure 2

109



Case 2: ¢?—4km > 0. In this case the characteristic equation has two distinct

real roots:
—c+ V2 —4km —c—+/c2 —4km
r1 = To = .
! 2m 02 2m
The general solution is
y(t) =y = Cre"" 4 Cre™. (5)

This is called the overdamped case. The motion is nonoscillatory. Since

Ve —4km < Ve =,

r1 and ro are both negative and y(t) — 0 as t — oc. |

Case 3: ¢? —4km = 0. In this case the characteristic equation has only one

real root:
—c
r=—
1= o
and the general solution is
ylt) =y = Cle—(c/zm)t + Czte—(c/2m)t' (6)

This is called the critically damped case. Once again, the motion is nonoscillatory

and y(t) — 0 as t — oo. [ |

In both the overdamped and critically damped cases, the object moves back to the
equilibrium position (y(t) — 0 as t — 00). The object may move through the equilibrium

position once, but only once. Two typical examples of the motion are shown in Figure 3.

Figure 3

Forced Vibrations

The vibrations that we have considered thus far result from the interplay of three forces:
gravity, the restoring force of the spring, and the retarding force of friction or the surround-

ing medium. Such vibrations are called free vibrations .
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The application of an external force to a freely vibrating system modifies the vibrations
and produces what are called forced vibrations . As an example we’ll investigate the effect

of a periodic external force Fycos vyt where Fy and ~ are positive constants.
In an undamped system the force equation is
F = —kx+ Fycos vt
and the equation of motion takes the form

" k FO
Yy + —y = —cos 7t.
m m

We set w = /k/m and write the equation of motion as
E
Y+ w?y = =2 cos t. (7)
m
As we’ll see, the nature of the motion depends on the relation between the applied frequency

, /27, and the natural frequency of the system, w/2m.

Case 1: 7 # w. In this case the method of undetermined coefficients gives the

particular solution

F(]/m
Z(t) = m COS ’)/t
and the general equation of motion is
. Fo/m
y = Asin (wt + ¢o) + w207£72 cos vt. (8)

If w/v is rational, the vibrations are periodic. If w/v is not rational, then
the vibrations are not periodic and can be highly irregular. In either case, the
vibrations are bounded by

F(]/m

|A| + 5|

w? —
Case 2: v = w. In this case the method of undetermined coefficients gives

F
z(t) = ﬁ t sin wt

and the general solution has the form

: Fi :
y = Asin (wt + ¢o) + ﬁ t sin wt. 9)

The system is said to be in resonance . The motion is oscillatory but, because of
the ¢ factor in the second term, it is not periodic. As ¢t — oo, the amplitude
of the vibrations increases without bound.

111



A typical illustration of the motion is given in Figure 4. |

y

Figure 4

Exercises 3.6

1. An object is in simple harmonic motion. Find an equation for the motion given that
the period is iw and, at time ¢t =0, y =1, v = 0. What is the amplitude? What
is the frequency?

2. An object is in simple harmonic motion. Find an equation for the motion given that
the frequency is 1/7 and, at time ¢ =0, y =0, y = —2. What is the amplitude?

What is the period?

3. An object is in simple harmonic motion with period T and amplitude A. What is
the velocity at the equilibrium point y = 0?7

4. An object in simple harmonic motion passes through the equilibrium point y =0 at
time ¢ = 0 and every three seconds thereafter. Find the equation of motion given
that y(0) = 5.

5. Show that simple harmonic motion y(t) = Cj cos wt + Cysin wt can be written as:
(a) y(t) = Asin(wt +¢o); (b) y(t) = Acos(wt + o) .

6. What is the effect of an increase in the resistance constant ¢ on the amplitude and
frequency of the vibrations given by (4)?

7. Show that the motion given by (5) can pass through the equilibrium point at most

once. How many times can the motion change directions?

8. Show that the motion given by (6) can pass through the equilibrium point at most

once. How many times can the motion change directions?

9. Show that if v # w, then the method of undetermined coefficients applied to (7)

gives

F
z:%cosyt.
w* =79
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10. Show that if w/~ is rational, then the vibrations given by (8) are periodic.

11. Show that if v = w, then the method of undetermined coefficients applied to (7)
gives

Fy .
z = tsin wt.
2wm
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