Deriving d’Alembert’s Solution to the Wave Equation

In what follows, c¢ is a positive number.
1. Suppose that
u(z,t) = f(x +ct) + g(x — ct)

for some pair of twice differentiable one-place functions f and ¢g and all (z,t). Show
that

0%u 50U
ﬁ(x,t) =c @(x,t)
for all (z,t).
Solution.
8u . / !
o @t) = flatet) ctg@—c)- (o) (1)
%(x,t) = fllz+ct)-c-ctg'(z—ct)- (=) (—c) (2)
Tawt) = Pt o)+ o) 3)
%w) = [e+ct)+ g/ —ct) (4)
Tawt) = flotet) 4o’ (e e ©)

The result follows from (3) and (5).

2. Suppose that ) ,
%(m,t) = 628—;(@ t) (1)
for all (x,t). Show that
u(z,t) = f(x +ct) + g(x — ct)

for some pair of twice differentiable one-place functions f and ¢ and all (z, ).

Solution. Let
S(x,t) = (x + ctz — ct)
and
r+t r—1

T(x,t) = ( 5 20

)

for all (z,t).Computation shows that
S(T(x, 1)) =T(S(x,1)) = (1)
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for all (z,t).

Let
w(z,t) = u(T(z,t))

so that
u(z,t) = w(S(x,t)) = w(x + ct.x — ct)

for all (x,t).Letting p stand for = + ct,x — ct it follows that

wt) = S2) e+ 2om) - (o
Tt = |Z50) e g (-0 o

+ o)+ 520 (-0 - -0
%(fc,t) = :%(p)Jra;—g(p)] '62_2;25;@'02
5ot = 50+ 50
T = |5me+ 5w + |+ S50
T = |5Ee+ SR+ 2w

From (1), (4), and (7) it follows that

2
5 07w

A Gy W) =0

SO
9*w
otox
0*w
Oyox

for all (x,t). Thus, since T'(x,t) is a point in the z-t plane whenever (z,1) is,

(x+ct,x—ct) =0

or

(S(x,t)) =0

0*w

Oyox

(S(T(x,1))) = 0

for all (z,t).So
0*w
otox
for all (x,t). From this it follows that

(x,t) =0

ow

oy (o) = N(z)
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for some one-place function A and from this it follows that
w(z,t) = f(z) +9(t)
where f is an anti-derivative of h and ¢ is a one-place function. Since
u(z,t) = w(r +ct,x — ct)

it follows that
u(x,t) = f(x + ct) + g(z — ct)
for all (z,t).

. Suppose that v is differentiable, ¢ is twice differentiable, and

1 x+ct
u(z.t) = 5 [o(z + ct) + p(x — ct)] + % (s)ds (1)
r—ct
for all (z,t). Show that
0*u 02
w<x7t)_c2a 2($,t) (2)
for all (x,t),
u(x,0) = o(z)
for all z, and
ou
2 (2, 0) = w(a)

for all z.

Solution. From (1) it follows that

z+ct
+ —

N 0 w<>ds——/ (s)ds
- et o 0”d¢<3>d5] Sele—ct - / vo)is|

[o(z + ct) + p(z — ct)]

1
u(z,t) = 5

showing that u(x,t) is a one-place function at x + ct plus a one-place function at = — ct.
Thus (2) follows from Part 1. Also

1

Lo(@) + 2p(x) + 0 = p(x)

0) =

for all x.From (3) we have

%(m, t) = g [0 (x + ct) — ¢ (z — ct)] + 2—CC¢(9; Yoet) + 2—Cc¢(x e
SO a
u
% 2.0) = v(2)
for all z.



4. Suppose that

0u 0%
w(%t) = 02@(3%)
for all (x,t),
u(z,0) = p(z)
for all z, and 5
U
e (r,0) = ¥(a)
for all z. Show that
1 x+-ct
u(z.t) = 5 [o(z + ct) + p(x — ct)] + % ¥(s)ds
r—ct

Solution. From Part 2 it follows that
u(x,t) = f(x + ct) + g(z — ct)

for some pair of one-place functions f and g.Thus

%(m,t) =f(x+ct)-c—g'(x—ct)-c
From (2) and (3) we have

p(a) = f(x) + g(x)

and
(@) = cf'(z) + cg'(z).
Then
¢'(x) = f'(z) + ¢'(x)
and

1
(@) = ()~ g (0)
for all z. Solving (5) and (6) for f’and g’we have

o) =3 (@) + 70t

and , e .
/o) =3 (¢ - Loio)

for all x.Integrating from 0 to z we have
1 1 [
F(2) = F(0) = 5o(a) — 50(0) + o [ w(s)ds
€Jo

and
912) = 9(0) = 3o(o) = 390 — 5 [ 0(ds
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Replacing z with = + ¢t in (7) and by = — ¢t in (8), adding and using (4) to get
—f(0) = 9(0) = —(0),we get

flx+ct)+g(x —ct) + 1 I+Ct¢(s)d5 1 /x_d W(s)ds
g 2¢ J, 2¢ J, '

Thus x+ct
[o(x + ct) + oz — ct)] + — ¥(s)ds

1) =
U(x ) 2C r—ct

N =

for all (z,t).



