First Order ODEs (Part I)

A first order ODE is separable when it can be written in the form

W~ () glw).
For example
du

U
— =sin(z)e" is separable, whereas — = sin(z) + e* is not.

Here’s another example of a separable equation including the solution technique. Find the
general solution to
du 9
L
Write the ODE in differential form X
uwidu=xdx = /u_Qdu:/xdac = u—:c+x2/2.

Note above that everything in the left integral is in terms of u and everything in the
right is in terms of x. If this were not so, there would be no way to evaluate the integral.
Integration gives u in terms of = defined here via the implicit relation —u~! = ¢ + 22/2
where the constant of integration c¢ is arbitrary. An explicit solution is one in which u is
defined explicitly in terms of z. In the example above we can use the implicit relation

1 1
e+ a2)2 - ¢—ax2/2

As an exercise you might want to plug u(z) back into the given differential equation to

—u~' = c+42?/2 to solve explicily for u(z) =

verify it works.

A first order initial value problem, or IVP for short, imposes that the ODE’s solution u(z)
takes on a particular value, say ug, at a given single point, say x = x¢. For example, the
IVPp

d

ﬁ = zu®, u(2) =3,
(here zg = 2, up = 3) can be solved by using the general solution already computed

1 1
= = 3=u)=—"F— = =7/3.
u(@) c—x?/2 u(2) c—22/2 c=1/
Therefore, the IVP’s solution is
1

we) = T
I think it’s a bit easier to just skip the general solution step and compute the IVP’s solution
for the separable problem by employing definite integrals (as opposed to the indefinite
integral I used earlier) as follows

v=u y=x ”
v ldu=xdr = / v 2dv = / ydy = (_U_l)‘
v=3 y=2 3

— (s*/2)

T
2
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1. Find the general solution (in explicit form) to the following separable first order ODEs.
du 9 du

(a)%:u (c)£:u2+1
b) M=o (@) = e

My answer to (d): u(z) =1/(1+ ce® /2).

2. Determine the solution to the following IVPs.

du du o B
(a) = lu|, u(0) =1. (c) el u(0) = 0.
& &

(b) I lu|, u(0)=—1. (d) T z(u? +1), u(1) = 0.

Note what happens in part (a) when z = —2 and in part (b) when x = 2. We'll talk

about this phenomenon in some depth later. Also, note what happens in part (d) when
2?2 5 1+7.

A first order linear ODE has the form

du
. + a(z)u = b(x),

where a(x) and b(x) are given functions of x. Let A(x) denote the antiderivative of a(x),

i.e. A'(x) =a(x), and use the product and chain rule to see that

L (A@),) = Al (G
o (e u) =e - +a(x)u | .

Therefore, the first order linear ODE can be rewritten as
d d d
e*A(x)% (eA(w)u> = ﬁ +a(x)u="0b(z) = I (eA($)u> = eA@p(x).
Now, substitute w(z) = eA®@u(z) in the right above and solve for w in terms of z as
you would for any trivially separable equation. Once you have w, the ODE’s solution u
is given by u(z) = e~ @ w(x).
Here’s an example of a first order linear ODE.

du

d
— tru=1" = A(a:):/xdx:xz/Q = S 3™

— =z
dx

The integral [ 23e” /2 dy = e /2 (22 — 2) + ¢ is done by substitution, and so we get

dx

u(x) = e*xQ/Qw(x) =ce ™ /2442 2,

The IVP can be solved by first finding the general solution (as just done) and then deter-

mining what the constant ¢ is. However, here again I prefer to use the definite integral.

2



For example

y==

du 3 y== 2/2 3 2/2
T +zu=12°, ul0)=5 = — (ey u(y)) dy = y’e¥ /= dy,
y

y=0
and use u(0) =5 to obtain

e‘”Z/zu(x) — el = em2/2(x2 —2)-e%(0-2) = wux)= 5e™® /2 4 22 — 24 2e77 /2,

3. Find the general solution to the following linear first order ODEs.

(a) 24y = © M= puy
T tu=g o= ruta
du 2 du 1
(b) T +2ru=ce (d) . + Su=c

Note that part (c) is separable the way it stands. Do this one both ways.

4. Solve the following IVPs.

du du
(a) i 3u, u(0) = 1. (c) pr 2u=1, u(0) =3.
du 2 B du 1 4 B
(b)%%—Z:vu—e , u(0) = 2. (d) dx—kxu—:z:,u(l)_él.

Here is a mixture of first order IVPs. Each ODE is separable and/or linear.

5. Find the solution to each of the following.

1
@) G tu= o w0 =1 (@) 25— u=2rlogz, u(e) = 1.
du er—u du
_— = = U. _— = — 1 2 — — = U.
(b) 1T u(l) =0 (e) o (x—1u”—(x—1), u(l)=0
du x U .
(c) et u(0) = 1. (f) . +cosxu =sinzcosz, u(0) =1.



