Here I derive several identities found in Table 3.2 on page 147 of your text book. They’re
not in order, but all of the more difficult ones are here. Ones near the top are those I

consider the easiest. As you go down they become more difficult.

3.40: V x (V) =0

0%¢ 0%¢
T = — i) -
Z@xjaxi ej X ei) Bazzﬁxj (ej x ei)
Since (e; x e;) = —(e; x e;), this shows
0%¢
T=—- % i) — _T;
i 8331833] (e % ej)
which implies T = 0.
341: V- (Vx F)=0
First, we write
OF}
x F = Zejaz X Zerk = —J(ej X ek).
Now, compute that
0 OFy
Vv - (V X F):;ela—xz . . a—x](ej X ek)
Tl ) (e x @)
= e - (e xe
— 8%8% J k
Z?]?
0?Fy,
= ; = Ty),
;ek Zaxiaxj (e; % €;) ;ek (T%)



0% F,
where T} = Z DB (e; x e;). Reindex this sum so that ¢ — j, j — 4 to find
iO%j

Again, since (e; x €;) = —(e; x e;), this shows

which implies T, = 0 for every k. Therefore V - (V x F) =

342: V- (Vg1 x Vo) =0
Calculate that

961 003

\V4 (V ¢1 X ngz Zel@xz Z 8&:3 8ajk X ek)
_ 0 (0¢1 0d2\ '

= Z P (8% - )eZ (ej X ey).

4,3,k

Use the product rule to split this last sum into two pieces:

e - (e x ep)

g1 0Pds (e x e +Z O¢2 0y
i+ (€

~ 8_233 0x;0x © Oxy, 0x;0x;

=1+11.

The fact e; - (e; x e;) =e; - (e x €;) allows us to rewrite term I above as

I= . (%1 Zam B (e X €) | =V¢1 - (V x (Va)),

and example (3.40) shows this is zero. Term IT is shown to be zero similarly.



329: V x (¢pF)=¢(V x F)+ V¢ x F
It should be easy by now to see that

Z(‘? ) (e x €;).

Via the product rule, this is equal to

OF, 20
ZZJ_ (%Z( ;X ej)+iZija—xi(ei x ;)

=1+11.

Term I is clearly seen to be equal to ¢ (V x F). Term II can be rewritten as

II:ZS—Zei X ZFjej:vgb x F.
{ J

336: V- (FxG)=(VxF)-G-F - (Vx G)
This one is pretty straight forward.

0
V- (F X G) :Zeza_xl . ZFij(ej X ek Z 8 FGk . (ej X ek)

1,9,k

0G,
Z@x erl'ejxek} +ZF‘78I Z--(erek)

1,5,k 1,7,k
=I+11.

In term I, use the fact that e; - (e; x e;) =ey - (e; x e;) to write

OF);
I = 9 - (e; x €j) Z&cz elxej)~§erk

4,9,k

=(VxF)-G.

In term 17, use the fact that e; - (e; X e;) =e€; - (ex X €;) to write

II_ZFJ@ i (er x €) ZFe] Za% (er x €;)

©,7,k

:F-(—VXG):— (V% G).



33 Vx (FxG)=(V-GF+(G-V)F-(F-V)G—(V-F)G
This one requires a fair amount of work. Recall that the (F - V) operator is defined by

0
Z an— and may act on vector valued functions as well as scalar valued functions.
, Z;

(~><ek)

0
V x (F x G)_Zeiaxz

—Za (F;Gr) e x (e x eg)

7]7

Use the product rule and the fact that

e, X (e x e;) =(e; - ey)e; — (e - €;)ey

to obtain
V x (F x G)
0G|, OF;
- 'jk (FJ axl + 8355 Gk) ((ez : ek)ej — (ei . ej)ek)
0G},
Z ja—xi(ez er)e; (=1)
1,9,k
OF;
Z 9 L Gr(e; - ep)e; (=11)
1,5,k
oG
ZF]a—k( i - ejler (=111)
1,5,k
OF;
_Z o ’ Gk(ei -ejlep, (=1V).
i,k

I will evaluate terms I and II. Youdo III and IV as an exercise.

(Z gik / ek)) ZFjej =(V-G)F

uzz%ﬂ' ;Gm Zafej
—ZG (ZFeJ) (G - V)F



338: Vx (VxF)=V(V-F)-V?F
Recall that the Laplacian operator is defined by V? = —— and may act on vector
x

valued functions as well as scalar valued functions.

V x Zelaxz X Z aFk (ej X e)

2
:Z O°F, k'eix(ejxek)

Term II can be rewritten as

82
=B i (Sm) - D -
k

i’j

Last one, and it’s probably the most difficult of the bunch. Here’s a sketch. Give it a try.

339: V(F-G)=(F-V)G +F x (VxG)+ (G-V)F + G x (Vx F)

First, write

Zel ZFGk . 28 (F;G) (e - e)e;.

i3,k
Use the product rule to write this as
0G|} OF;
Z 1 O (e - ex)e; + Z G 833; (e - ex)e;
4,7,k 4,5,k
=1+1I



Vector identity 1.30 on page 59, with A =e;, B =e; and C = e, gives
(e - er)e; =e; x (e; X e;)+ (e - €;)e.
Use this in term I above and manipulate to determine that

oG
ZFij(eJ‘ rep)e;=F x (VxG)+ (F-V)G.

Do the same with term I after reversing the roles of j and k.



