Complex Functions of a Complex Variable

Let D C C. A complex function of a complex variable, denoted by
f:D—C,

is a mapping that assigns to each z € D a unique w € C, where w = f(z). The set D is
called the domain of f. The range of f is the set {w = f(2): 2z € D} C C. In standard

form we write
f(z) = f(z +iy) = u(z,y) +iv(z,y),

where u(z,y) € R and v(z,y) € R are called the real and imaginary parts of f(z).
Throughout these notes, I will refer to complex functions of a complex variable simply as

complex functions.

You'll want to visualize complex functions as Calculus III style functions which take R?

into R%. For example

fR)=22+1=(@+iy)*+1=(2* —y* +1)+i2xy,
f(z) =e* = "W = %™ = % cos(y) + i e” sin(y).
Both of these example functions are well defined for any z € C and can therefore be
regarded as f: C — C. On the other hand,
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as written, is not defined when z = 0. So as written this defines f: C\ {0} — C.

1. Consider the following complex functions. Write each as f(z) = u(z,y) + iv(x,y).
(a) f(z) = cosh(z). (c) f(z) = cos(z).
(b) f(z) = sinh(z2). (d) f(z) = sin(z).
Selected answers: (a) cosh(x + iy) = cosh(x) cos(y) + i sinh(x) sin(y),
(c) cos(z +iy) = cos(z) cosh(y) — isin(x) sinh(y).

2. Consider the following complex functions. Write each as f(z) = u(x,y) + iv(x,y) and

determine where, as written, they are not defined.
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Above and throughout, the notation |z| surrounding a complex number z denotes its

complex modulus. Note that the modulus satisfies the following.

|z2| >0 and |z2|=0 <= z=0,

|z122] = |21] |22] and |21 4 22| < |z1] + |22].

You will be asked to show these facts are true. The notation |z| surrounding a real number

x denotes its absolute value. The following are easy to see and may prove useful.
Re(z) <|Re(2)| < |z| and Im(z) < |Im(z)| < |z|.

Consider a function f : D — C. For ease of presentation, we assume every point in its

domain, D C C, is an interior point. When zy € D, the notation

L= lim f(2)

Z—r 20
is used to signify the following logical statement.

There is a number L € C such that Ve > 0, 3§ > 0 where
we have |L — f(z)] < e whenever z € {z:0 < |z — 29| <} C D.

The goal is to identify the limit L and then find the § for an arbitrarily given e. Writing
L =lim,_,,, f(z) tacitly implies the limit exists. However, the limit may or may not exist.

When it does, it is unique. The function f is said to be continuous at zy € D when

f(z0) = lim f(z2).

Z—r 20

Here’s an example, f(z) = (3 + 2i)z is continuous at any zy € C. To see this, let € > 0
be arbitrary and check that by taking 0 < 6 < ¢/v/13 we have that

(3 +2i)z — (34 2i)20] = 3+ 2i| |z — 20| = V13 |2 — 20| < €

whenever 0 < |z — 29| < . That is, given an € > 0 there is an appropriate § > 0. Next,

2 is continuous at any zo € C.

consider a second example, f(z) = z
2% = 25| = |(2 + 20) (2 = 20)| < (J2] + |20]) |2 — 20].
First, take |z — 29| <1 which implies |z| < |z9] + 1. So, for any € > 0, we find that

|z2 — z8| < (142|z20]) |z — 20| < €
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by taking 1 > § > 0 small enough so that |z — 2¢| < < €/(1 + 2|z0]).

THEOREM 1. Suppose that f: Dy — C and g : D, — C. If both are continuous at

20 € Dy N Dy, then the following functions are also continuous at zp.
(1) h(z) = f(2) +9(2), (i) h(z) = f(2)9(2),
(i) h(z) = £(2)/g(z) when g(z) # 0.

If on the other hand, g is continuous at zp € D, and f is continuous at wy = g(20) € Dy,

then the composition function
(iv) h(z) = f(9(2))
is continuous at zgp.
The proofs of these facts are essentially identical to what you were shown for real functions

in Calculus I; i.e. the trick is to add and subtract or multiply and divide and then for a

given € > 0 appropriately choose  based on 6y > 0 and d, > 0.

3. Derive the following.

(a) [z2] >0and |2]| =0 <= 2 =0. Hint: |2]? = 22 + 9%
(b) |z122| = |21] |22]- Hint: |2120]? = 2122 71 25.
(c) |z1 + 22| < |z1| + |22]- Hint: |21 + 22]? = |21]? + |22|? + 2 Re(2122).

4. Suppose f(z) = u(z,y) + iv(z,y). Prove f(z) is continuous at zo = z¢ + iy if and

only if both its real part u(z,y) and imaginary part v(x,y) are continuous at (xg, o).

5. Use the results of the previous exercise as well as Theorem 1 above, together with
your knowledge from Calculus I concerning continuity and local boundedness of the real
functions e, sin(x) and cos(z) to conclude the following complex functions are continuous

at any zg € C.
(a) f(z) =€ (¢) f(2) = cosh(z). (e) f(z) = zcosh(z) + cos(z).
(b) fz) =€ (d) f(z) = cos(2). (f) f(z) = e cos(2).

A complex function f: D — C is differentiable at a point z € D if
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Above f’(z) denotes f’s derivative at z. If this limit does not exist, at that z the

derivative of f does not exist. I will use the notation

d
) =1)
whenever it’s convenient.

THEOREM 2. The familiar rules of differentiation from Calculus I carry over to complex
functions. If f and ¢ are both differentiable at z, then the sums and products are

differentiable at z and satisfy
6) (F() +9() = - () + (),
@) 4 () 92) = 1) (o)) + (16D ) ol

If g is differentiable at z and f is differentiable at w = g¢(z), then the composition is

differentiable at z and satisfies

L d , d
(i) - (F9(2)) = (9()) +g(2).
(i) is called the sum rule, (ii) is called the product rule and (iii) is the celebrated chain

rule. We finally have the power rules. For any n € Z \ {0} and z # 0 when n < —1
d

(iv) Ez” =nz""1
and when f(z) = ¢ (i.e. constant)
d
Ze=o.
(v) —¢

Again, the proofs of facts (i)—(iii) and (v) are essentially identical to what you were shown

for real functions in Calculus I. The proof of (iv) for cases n > 1 uses the Binomial Theorem

(z4+A2)" =2"+nz"" Az 4+ -+ A"

1
= A (z4+A2)" —=2")=n2""1+ -+ A" =5 n2" ! as Az — 0.
z

This is valid for any z € C. For the case n = —1 and z # 0, the difference quotient gives

Az \z+Az z) Az\ (z+Az2)z ) (z4+ Az) z '

For cases n < —1, take z # 0 to write 2" = (z‘")_1 and apply the results of the previous

two cases along with the chain rule.



The well-known quotient rule is derived by considering d/dz (f(z)(g(z))~') and applying

to it the product rule, the n = —1 power rule and the chain rule.

From Theorem 2, we easily see that any complex polynomial is everywhere differentiable.
Moreover, the quotient of any two polynomials is differentiable at all points except those

(isolated) points where the denominator polynomial is zero.

This is a good place to show the function e® is differentiable everywhere and its derivative

is, as expected, e*. To this end, let’s first consider its difference quotient at z = 0

e0+Az _ 50 PYAC PR AT | eAx (cos(Ay) +i sin(Ay)) — 1

Az Az Az

You learned from Taylor’s theorem in Calculus II that
e =14 Az + O(Az?), cos(Ay) =14+ O(Ay?), sin(Ay) = Ay + O(Ay?).

Insert these into the difference quotient above, set Az = re® # 0 and collect terms to find

60—|—Az o 60

s =1+0(|Az|) =1 as Az — 0.

Now for arbitrary z € C observe

ez+Az — e? B eOJrAz _ 60 ; d B ;
A— = e A— — € as AZ —0 — d—e = e .
z z z

Differentiable complex functions are very, very special. For example, the function
u(z,y) +iv(z,y) = (v +y) +i(z + 2y)

(z+2) and y =

N[ +—
N[+

can be written as a function of z by setting x =

u(z,y) +iv(z,y) = 5((z+2) —i(z — 2)) + 3i((z + 2) — 2i(z — 2))
5 - 1_2i25f(,2).

T27 T T2

However, this function is not differentiable anywhere. To see this, it suffices to show that
c(z) = z is not differentiable anywhere. Let Az = re® #£ 0 to find

c(z4+Az2)—c(z) z2+Az—%z2 Az ¥ Yy

Az Az T Az et
and observe the difference quotient does not have a limit as Az — 0.
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A necessary condition concerning the differentiability of a complex function is easy to

derive. Suppose f(z) = f(x +1iy) = u(x,y) + iv(x,y) is differentiable at z. Then,

e (@t i) = () g+ i) = () = waley) + i)

ox
(%f(m +iy) = f'(2) 6%(96 +iy) = f'(2)i = uy(2,y) +ivy(z,y)
- Ux(x,y)JriUx(ﬂ?,y) = %(uy(xay)—i_ivy(xay))'

Equate the real and imaginary parts above to see we must have both

0 0 0 0
gz 1) = goo(ey) and gu(ey) =~ gu(ey)

This is the renowned Cauchy-Riemann condition. When 2z is written in polar coordinates,
z=re" and f(z) = u(r,0) +iv(r,0), you will derive as an exercise the polar form of the

Cauchy-Riemann condition

0 10 0 10
o u(r, 0) 50 v(r,0) and o v(r,0) 50 u(r, 0)
Here are two Cauchy-Riemann examples. For the first example
J) =@y +ilet2y) = T W
z =z y y ’Ux pr—y 17 ’Uy = 27

and so this complex function can not be differentiable anywhere. This confirms what was
explicitly shown above. For the second

ur = cos(0), wug = —rsin(0),

f(z) = 1 (cos(0) + i sin(f)) = v, = sin(f), vy = 7cos(0),

and this complex function may be everywhere differentiable. In fact, since this f(z) = z,

it clearly is differentiable for every z € C.

6. Determine where f(z) is differentiable and at those points compute its derivative.

92+ 2
(@) f(2) =3 492 () f()= .

1
(b) f(2) = (+2)%. (d) f(z) =2+~
7. Do the same as asked in the previous exercise.

() £(2) = . () f(2) = cosh(z).
(b) f(z) = e sin(z). (d) f(2) =sin?(2).



8. Do the same as asked in the previous exercise.

sin z 1
() F(2) = 222, © £2)= s
(b) £() = 55— m)ﬂ@:j$z§

Hint (c) and (d): Show sin(z) and cos(z) can only be zero along the real axis.

9. Suppose f(z) = u(z,y) +iv(z,y) is differentiable. Use the Cauchy-Riemann condition
to show the following are true.

(2) (ue)? + (v2)? = (uy)® + (vy)*  (€) Uagw +1uyy =0

(b) uzuy + vyvy, =0 (d) vgg +vyy =0
Note that (c) and (d) show the real and imaginary parts of a differentiable complex function

are what are called harmonic functions.

10. (a) Derive the polar form of the Cauchy-Riemann conditions.

Hint: Consider f(z) = f(re?®) = u(r,0) +iv(r,0) then use the &/dr and 9/90 chain rule.
10. (b) Consider f(re®) = log(r) + i@ where r > 0 and —7 < § < w. Determine where
this function is not defined. Determine where this function is not continuous. Can this be

differentiable otherwise?

It is possible for the Cauchy-Riemann condition to be true at a point but the complex

function is not differentiable there. For example, consider

72 .

f(z) = {Z [z 20 o Gy i0)=2 440 and f(0O+iy)=0+iy.
0 ifz=0

By evaluating the partial derivative difference quotients at (0,0), you’ll find u,(0,0) =1,

v£(0,0) =0, uy(0,0) =0 and v,(0,0) = 1, and so the Cauchy-Riemann condition is met.

However, setting Az = re’® # 0 we see that

O+A82) = f(0) _ s 0fre? 0,

Az rei ’

which does not have a limit as Az — 0.

If we add one further requirement concerning the real functions u(x,y) and v(z,y) (which

by the way are not entirely necessary) we can show the following.

Suppose the partial derivatives of u and v exist and are continuous functions at a point
(20,70) € R?. Then, if the Cauchy-Riemann condition is satisfied at (z¢,%), the complex
function f(z) = u(x,y) +iv(zx,y) is differentiable at zg = z¢ + iyo .
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To prove this, first use your Calculus III extension of Taylor’s theorem

u(wo + Az, yo + Ay) = u(0, Yo) + Uz (T0, Yo) AT + uy (0, Yo) Ay + e/ Az® + Ay?,

v(xo + Az, yo + Ay) = v(Z0,Y0) + vz (70, Yo) AT + vy (70, Yyo) AY + €4/ Az? + Ay,

where, given that u,, u,, v, and v, are continuous real valued functions at (zo,yo), the
error terms, e, and e, , both tend to zero as \/Az? + Ay® — 0. Insert the expansions for
u and v into f’s difference quotient (with Az = Az + i Ay)

f(zo +Az) — f(20)
Az
_ L ((Ux(ﬁoayo) Az + uy(z0,90) Ay) + i (va(z0,Y0) Az + vy(z0,Y0) Ay)) +e,

Az
VAZ? + Ay?

Az

where here note e = (e, + ie,) —0 as Az — 0.

Substitute partial derivatives according to Cauchy-Riemann, i.e. vy(zo,y0) = uz(z0, yo)

and uy (o, Yo0) = —vz(x0,Y0), into the bracketed expression to find

f(z0 + Az) — f(z0)
Az

= Uy (20, Yo) + 105 (20, Y0) + €

Finally, as already noted, the rightmost term above tends to zero as Az — 0.



