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A-1 Find polynomialsf(z),g(x), and h(z), if they exist,
such that for allk,

-1 if v < —1
1f(2)] = lg(z)|+ h(z) =3z +2 if-1<z<0
—2x+2 ifx>0.

A-2 Let p(x) be a polynomial that is nonnegative for all
real z. Prove that for somé, there are polynomials
fi(x),. .., fr(x) such that

k

> (fi@)?.

Jj=1

pz) =
A-3 Consider the power series expansion

-3

Prove that, for each integer> 0, there is an integen
such that

1—2x—x2

afl + aiﬂ = Q-
A-4 Sum the series

A-5 Prove that there is a constafitsuch that, ifp(z) is a
polynomial of degree 1999, then

0)| < c/_1 ip(z)] dz.

A-6 The sequencéa,,),>:1 is defined bya; = 1,00 =
2,a3 = 24, and, forn > 4,

2 2
6as,_1an—3 — 8an—1a;,_o

ap =
Ap—20p—3

Show that, for all ng,, is an integer multiple of..

B-1 Right triangleABC has right angle at and/BAC =
6; the pointD is chosen oM B so tha AC| = |AD| =
1; the pointE is chosen omBC so thatZCDE = 6.
The perpendicular t&C at E meetsAB at F'. Evalu-
atelimg_.o |EF|.

B-2 Let P(z) be a polynomial of degreesuch thatP(z) =
Q(x)P"(x), whereQ(z) is a quadratic polynomial and
P"(x) is the second derivative dP(x). Show that if
P(z) has at least two distinct roots then it must have
distinct roots.

B-3 LetA = {(z,y) : 0 < z,y < 1}. For(z,y) € A, let

> amyn,

<m<o

S(xvy)::

[SE

where the sum ranges over all paffs, n) of positive
integers satisfying the indicated inequalities. Evaluate

lim 1 — 2y (1 — 2%y)S(z, y).
(M)H(M)V(W)GA( y7)( y)S(z,y)

B-4 Let f be a real function with a continuous third deriva-
tive such thaif (z), f'(x), f"(x), f"(x) are positive for
all z. Suppose that”’(z) < f(z) for all z. Show that

f'(z) < 2f(z) for all .

B-5 For an integem > 3, let§ = 2n/n. Evaluate the
determinant of ther x n matrix I + A, wherel is
then x n identity matrix and4A = (a;ix) has entries
aj, = cos(j0 + k0) for all j, k.

B-6 Let S be a finite set of integers, each greater than 1.
Suppose that for each integerthere is some € S
such thatged(s,n) = 1 or ged(s,n) = s. Show that
there exists, ¢ € S such thaiged(s, t) is prime.



