EXERCISES FOR MATH 2331 DUE APRIL 15

(1) Find an orthogonal basis for the column space of

1 1 0
1 1 1
A= R (8pts)
1 0 0
1
Solution Use Gram-Schmidt: Let A = [ay, ag, az]. Let vi = a; = } .
1
1 1 1
vT 1 1 1
LetV2=a2—Hjji= 0 —2 1 =1 1
0 1 -1
0 1 -1
Let vs=as — 7 — o = (1| ~7 1| ~0V2=3 |,
0 1 -1

Then [vy, va, v3] is an orthogonal basis for CoolA.

(2) Find a least-squares solution of Ax = b by (a) constructing the normal
equations for X and (b) solving for x. Then (c) find the distance from Ax
to b.

1 2 2
A=1lo -1|, b=[1
0 1 0
Solution
(a) Normal equations: ATA%x = ATb: ATA = B (23] ATb = [ﬂ
Normal equations are:
1 2], |2
[2 6] X = L] . (6 pts)
. -1(2 6 —2| |2 2
(b) Solve: x = (AT A) ' [4} =1 [_2 1 } L] = {0] (6 pts)
1 2 9 0
(c) |Az —b|: Az = |0 -1 M =[2 0 0].42—-b = |-1| and
0 1 0

|AZ —b| = 1. (6 pts)
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(3) Find the equation y = ax + b of the least-squares line that best fits these
data points:
(_274) (_1a 2) ’ (170) s (21 0) :
Solution
(a) Write the equations that would be true if the line y = ax + b passed
through all four points:

—2a+b=4 (4 pts)
—la+b=2

la+b=0

2a+b=0

(b) Next, write this system in matrix form:

-2 1] [b 4
-1 1 |b 2
11l sl = Lol or Ax =c. (4 pts)

2 1| [b] o
(c) Next, multiply both sides of this equation by A”.

. [10 0 . [-10
a0 aren [

So the new system is
—10| 21| _ |—10
-6 s

3
CCA1:—].:G,, f2:§:b

(d) The solution is

The least-squares line for these data points is
3
y=—$+§. (4 pts)
An alternate method of solution is available since the columns of A, a;, as

are orthogonal. See p. 366 of text. The orthogonal projection of ¢ onto
ColA is

T T
R ajcC a,c
e=—"—"a 2 ay. (8pts)
la | [az|l
Then # = 2% = =10 — 1 gz, — 226 _ 6 _3 (8pts)
17 Jar? ~ 710 P2 T a7 T 1T 2 P
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(4) Let
3 1 1 0
S 5 R I O N (1] I
500 W o> |10 " 1
6 -1 1 1

Let W = Span [uy, usz, us]. Express v as the sum of a vector in W and
a vector orthogonal to W.

Solution Since {uy, ug, us} is an orthogonal set, we can compute
T

, ulv ulv u; v
projwv = 2u1 + 2111 21].3
[ | [z [[us]]

1 1 0
11| 4o, -5 |1
3ol T3 T

-1 1 -1

(8pts)

)
2
3
6
-2
Then vt = v — projyv = . Check that v+ 1L W. (4 pts)

O NN



