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Chapter 1

Metric Spaces

These notes accompany the Fall 2011 Introduction to Real Analysis course

1.1 Definition and Examples

Definition 1.1. Given a set X a metric on X is a functiond : X x X — R
satisfying:

1. for every z,y € X, d(z,y) > 0,

2. d(z,y) =0 if and only if x =y,

3. d(z,y) = d(y, ),

4. (triangle inequality) for every x,y,z € X, d(x,y) < d(z,z) + d(z,y).
The pair (X,d) is called a metric space.

Example 1.2. Let X =R and set d(x,y) = |x — y|, then d is a metric on
R. We call this the usual metric on R.

To prove it is a metric we verify (1)-(4). For (1): d(z,y) = |z —y| > 0,
by the definition of the absolute value functions so (1). Since d(z,y) = 0 if
and only if |z — y| = 0 if and only if z = y, (2) follows. (3) follows since
d(z,y) = o —y| = |y — = = d(y,z). Finally, for (4), d(z,y) = [z —y| =
lz—z+z—y|<|r—2z|+|z—y| =d(z,z)+d(z,vy).

Example 1.3 (The taxi cab metric). Let X = R%. Given x = (z1,12),y =
(y1,92), set d(x,y) = |x1 — y1| + |v2 — o, then d is a metric on R2.

5
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We verify (1)-(4). (1) and (3) are obvious. For (2): d(z,y) = 0 iff
|1 — y1] + |z2 — y2| = 0. But since both terms in the sum are non-negative
for the sum to be 0, each one must be 0. So d(z,y) = 0 iff |21 —y1] = 0
AND |zg —yo| = 0 iff 1 = y1 and z9 = yo iff x = (1, 22) = (y1,42) = ¥.
Finally to see (4):

d(z,y) = |z1 —y1| + |2 — yo| = o1 — 21 + 21 — y1| + |22 — 22 + 22 — 2|
<lwy— 2] + |21 — w1l + |v2 — 22] + |22 — y2| = d(2, 2) + d(2,y).

We often denote the taxi cab metric by di(x,y).

Example 1.4. A different metric on R%. For x = (z1,22),y = (y1,%2) set
doo(z,y) = max{|x1 — y1|, |z2 — y2|}. So the distance between two points is
the larger of these two numbers.

We only check the triangle inequality. Let z = (21, 22) be another point.
We have two cases to check. Either |x1—y1| = d(z,y) OR d(z,y) = |2 —y2|.

Case 1: d(z,y) = |x1 — y1]|.

Now notice that |z — z1| < max{|x; — 21|, |r2 — 22|} = d(z, z). Similarly,
|21 — y1] < max{|z1 — y1], |22 — y2|}. Hence,

d(z,y)=lz1 — | =1 — 21+ 21 — 1| <|z1 — 21| + |21 — w1
< d(x,2) +d(z,y).

Case 2: d(z,y) = |r2—1y2|. Now use |zo — 22| < max{|z; —z1], |re— 22|} =
d(z,z). Similarly, |z — y2| < max{|z1 — y1],[22 — y2|}. Hence,

d(w,y) = |v2 — y2| = |v2 — 20 + 22 — y2| < |22 — 22| + |22 — 12
< d(z,2) + d(z,y).
So in each case the triangle inequality is true, so it is true.

Example 1.5. In this case we let X be the set of all continuous real-valued
functions on [0,1]. We use three facts from Math 3333:

1. if f and g are continuous on [0,1], then f — g is continuous on [0,1],
2. if f is continuous on [0,1], then |f| is continuous on [0,1],

3. if h is continuous on [0,1], then there is a point 0 < tog < 1, so that
h(t) < h(tg) for every 0 <t < 1. That is h(ty) = max{h(t) : 0 <t <

1.
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Now given f,g € X, we set d(f,g) = max{|f(t) —g(t)]: 0 <t <1}.
Note that by (1) and (2) |f — g is continuous and so by (3) there is a
point where it acheives its mazimum.

We now show that d is a metric on X. Clearly, (1) holds. Next, if
d(f,g) = 0, then the maximum of |f(¢) — g(¢)| is 0, so we must have that
|f(t) — g(t)] = 0 for every t. But then this means that f(t) = g(t) for every
t,and so f = g. So d(f,g) = 0 implies f = g. Also f = g implies d(f,g) =0
so (2) holds. Clearly (3) holds. Finally to see the triangle inequality, we let
f,g,h be three continuous functions on [0,1]. that is, f,g,h € X. We must
show that d(f,g) < d(f,h)+d(h,g).

We know that there is a point #g,0 < tg < 1, so that

d(f,g) = max{|f(t) —g(t)| : 0 <t <1} = [f(to) — g(to)]-

Hence,

d(f.g) = |f(to) — g(to)| = [f(to) — h(to) + h(to) — g(to)|
< |f(to) = h(to)| + [R(to) — g(to)]
< max{|f(t) = h(t)|: 0 <t <1} 4+ max{|h(t) —g(t)| : 0 <t < 1}
=d(f,h) +d(h,g)

Example 1.6 (Euclidean space, Euclidean metric). Let X = R" the set of
real n-tuples. For x = (a1,...,an) and y = (b1,...,b,) we set

d(z,y) = \/(al —b1)?2 4+ (a, —by)%

This efines a metric on R™, which we will prove shortly. This metric is
called the Euclidean metric and (R",d) is called Euclidean space.

It is easy to see that the Euclidean metric satisfies (1)—(3) of a metric.
It is harder to prove the triangle inequality for the Fuclidean metric than
some of the others that we have looked at. This requires some results first.

Lemma 1.7. Let p(t) = at? + bt + ¢ with a > 0. If p(t) > 0 for every t € R,
then b2 < 4dac.

Proposition 1.8 (Schwarz Inequality). Let a1, ..., an, b1, ..., by be real num-
bers. Then

laiby + - apby| < \/a%+---+ag\/b%+---+bg.
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Proof. Look at p(t) = (tay +b1)? + -+ + (tan + b,)? > 0 for all ¢. O

Corollary 1.9. /(a1 +b1)%2+ -+ (an + bn)2 < \a? + - +a2+/b3 +--- + 2.
Proof. Let LHS denote the left hand side, RHS the right hand side of the
inequality. then

(LHS)? = (a14b1)% 4 - -+ (an+bn)? = a3+ +a2+2(arby+- - -+anby) 4034 - +b2

éa%+~--+ai+2\/a§---+ag\/b§+--~+b%+b%+---+bi

:(\/a%+---+a7%+\/b%+---+b%)2:(RHS)2
O

Now prove the triangle inequality.

Example 1.10 (The discrete metric). Let X be any non-empty set and

define
d(:c,w:{l rry
0 z=y

Then this is a metric on X called the discrete metric and we call (X, d)
a discrete metric space.

Example 1.11. When (X,d) is a metric space and Y C X is a subset,
then restricting the metric on X to Y gives a metric on Y, we call (Y,d) a
subspace of (X,d).

Homework Assignment, Due 9/7.

Problem 1.12. Let X = R, define d(x,y) = |z — y| + 1. Show that this is
NOT a metric.

Problem 1.13. Let X = R, define d(x,y) = |2® — y?|. Show that this is
NOT a metric.

Problem 1.14. Let X = R, define d(x,y) = |z — y| + |#? — y?|. Prove that
this is a metric on R.

Problem 1.15. Let X = R" for x = (a1, ...,an),y = (b1, ...,by,) define
di(z,y) = lar — bi| + -+ |an — by|.
Prove that this is a metric.
Problem 1.16. Let X = R" for x and y as before, define
doo(z,y) = max{|a1 — b1}, ..., |an — bu|}.

Prove that this is a metric.
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1.2 Open Sets

Definition 1.17. Let (X,d) be a metric space, fir © € X and r > 0. The
open ball of radius r centered at x is the set

B(x;r)={y € X : d(x,y) <r}.

Example 1.18. In R with the usual metric, B(z;r) ={y: |x —y| <r} =
lyre—r<y<ac+ri=(x—-—raz+r).

Example 1.19. In R? with the Euclidean metric, x = (x1,x2), then B(x;r) =
{(y1,2) : (1 —y1)? + (w2 — y2)? < 72}, which is a disk of radius r centered
at .

Example 1.20. In R? with the Euclidean metric, B(x;r) really is an open
ball of radius r. This example is where the name comes from.

Example 1.21. In (R?,d.,) we have

B(x;r) = {(y1,y2) : |[v1 — 1| <7 and |z2 —yo| <7} =
{yi,2) 1 —r<yi <zi1+randxe —r <y <yz +7}.

So now an open “ball” is actually an open square, centered at x with sides
of length 2r.

Example 1.22. In (R?,d;) we have B((0,0);1) = {(z,y) : |[x—0|+|y—0| <
1} which can be seen to be the “diamond” with corners at (1,0),(0,1),(-1,0),
(0,-1).

Example 1.23. When X = {f : [0,1] — R|f is continuous} and d(f,g) =
max{|f(t)—g(t)| : 0 <t <1}, then B(f;r) ={g : g is continuous and f(t)—
r < g(t) < f(t) +r,Vt}. This can be pictured as all continuous functions g
whose graphs lie in a band of width r about the graph of f.

Example 1.24. If we let R have the usual metric and let Y = [0,1] C R
be the subspace, then when we look at the metric space Y we have that
B(0;1/2) =[0,1/2) = (—-1/2,1/2)NY.

Example 1.25. When we let X be a set with the discrete metric and x € X,
then B(x;r) = {z} when r < 1. When r > 1, then B(x;r) = X.

Definition 1.26. Given a metric space (X,d) a subset O C X is called open
provided that whenever x € O, then there is an r > 0 such that B(z;r) C O.
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Showing that sets are open really requires proof, so we do a few examples.

Example 1.27. In R with the usual metric, an interval of the form (a,b) =
{z:a <z <b} is an open set.

Proof. Given x € (a,b), let r = min{x —a,b—=x}. lf y € B(x;r) then x —r <
y<z+r. Sincey<z+r<z+(b—z)=bandy>z—r>zx—(r—a)=a
we have a < y < b. So B(z;r) C (a,b). Thus, (a,b) is open. O

So “open intervals” really are “open sets”.

Example 1.28. In R? with the Euclidean metric, a rectangle of the form
R={(y1,y2) :a <y1 <b,c<yz<d} is an open set.

Proof. Given x = (z1,22) € R, let r = min{z; — a,b — x1, 22 — ¢,d — z2}.
We claim that B(x;r) C R. To see this let y = (y1,y2) € B(x;r), then
(y1 —21)* + (y2 — 22)* <72,

Looking at just one term in the sum, we see that (y; —z1)? < r? and so
ly1 — 1] < r. This implies that 1 — r < y; < x1 + r. As before we see that
rz1+r<bandz; —r>a,soa<y; <b.

Similarly, we get that ¢ < y2 < d, so y € R. O

Example 1.29. In R with the usual metric an interval of the form [a,b) is
not open.

Proof. Consider the point a € [a,b). Any ball about this point is of the form
B(a;r) = (a —r,a + r) and this contains points that are less than a and so
not in the set [a,b). O

CAREFUL! If we let Y = [0,1) C R be the subspace. Then in Y the set
O = [0,1/2) is open!(Explain why.)
The next result justifies us calling B(z;7) an open ball.

Proposition 1.30. Let (X,d) be a metric space, fir x € X andr > 0. Then
B(x;r) is an open set.

Theorem 1.31. Let (X,d) be a metric space. Then
1. the empty set is open,
2. X 15 open,
3. the union of any collection of open sets is open,

4. the intersection of finitely many open sets is open.
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Proposition 1.32. In a discrete metric space, every set is open.
Homework, due 9/7.

Problem 1.33. Prove that the set O = {(y1,y2) : y1 + y2 > 0} is an open
subset of R? in the Fuclidean metric.

Problem 1.34. Prove that the set O = {(y1,y2) : y1 > 0} is an open subset
of R? in the Euclidean metric.

Problem 1.35. Prove that the disk D = {(y1,v2) : ¥> +y3 < 1} is an open
subset of (R? dw).

Problem 1.36. Let X be the set of continuous real-valued functions on [0,1]
with the metric that we introduced. Prove that O = {g € X : g(t) > O0Vt} is
an open subset.

1.2.1 Uniformly Equivalent Metrics

The definition of open set really depends on the metric. For example, on
R if instead of the usual metric we used the discrete metric, then every set
would be open. But we have seen that when R has the usual metric, then
not every set is open. For example, [a,b) is not an open subset of R in the
usual metric. Thus, whether a set is open or not really can depend on the
metric that we are using.

For this reason, if a given set X has two metrics, d and p, and we say
that a set is open, we generally need to specify which metric we mean.
Consequently, we will say that a set is open with respect to d or open
in (X, d) when we want to specify that it is open when we use the metric
d. In this case it may or may not be open with respect to p.

In the case of R?, we already have three metrics, the Euclidean metric
d, the taxi cab metric d; and the metric dy,. So when we say that a set is
open in R?, we could potentially mean three different things. On the other
hand it could be the case that all three of these metrics give rise to the same
collection of open sets.

In fact, these three metrics do give rise to the same collections of open
sets and the following definition and result explains why.

Definition 1.37. Let X be a set and let d and p be two metrics on X. We
say that these metrics are uniformly equivalent provided that there are
constants A and B such that for every z,y € X,

p(z,y) < Ad(z,y) and d(z,y) < Bp(z,y).
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Example 1.38. On R? the Euclidean d and the metric d are uniformly
equivalent. In fact,

To see this, let x = (a1, a2),y = (b1, b2). Since |a;—b1| < \/(a1 —b1)% + (ag — b2)?
and |ag — ba| < /(a1 — b1)2 + (ag — b2)2, we have that

doo(z,y) = max{|ar — b, |az — ba|} < /(a1 — b1)% + (az — b2)? = d(=,y).

On the other hand, since |a1 — b1| < doo(2,y) and |az — ba| < doo(z,y),
we have that (a1 — b1)? + (a2 — b2)? < 2(dso(,y))?. Taking square roots of
both sides, yields d(z,y) < v2doo (2, 7).

Example 1.39. On R? the Euclidean metric d and dy are uniformly equiv-
alent. In fact,

d(z,y) < di(z,y) and dy(xz,y) < V2d(z,y).
We have that
di(z,y)? = (Jar — by| + |ag — ba|)?

= |ag — b1|? + 2]ay — by|az — ba| + |az — ba|? > (a1 — b1)? + (az — by)?
= (d(z,y))*.

Hence, d(z,y) < di(x,y).
To see the other inequality, we use the Schwarz inequality,

di(z,y) = |lar — b1| - 1+ Jag — bo| - 1| <

Viar = b1 +|az — 022V/12 +12 = v2d(2, y)

Given a set X with metrics d and p, a point x € X and r > 0, we shall
write By(z;r) = {y € X : d(z,y) <r}and By(z;r) ={y € X : p(z,y) <r}.

Lemma 1.40. Let X be a set, let d and p be two metrics on X that are
uniformly equivalent, and let A and B denote the constants that appear in
Definition 1.37. Then B,(x;1) C By(xz; Br) and By(x;1) C By(x; Ar).

Proof. Ify € By(z;7), then p(z,y) < r which implies that d(z,y) < Bp(z,y) <
Br. Hence, y € By(z; Br) and so B,(xz;r) C Bgy(x; Br). The other case is
proven similarly, using the other inequality. O
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Theorem 1.41. Let X be a set and let d and p be metrics on X that are
uniformly equivalent. Then a set is open with respect to d if and only if it
s open with respect to p.

Proof. Let E C X be a set that is open with respect to d. We must prove
that E is open with respect to p.

Since E is open with respect to d, given & € E there is an r > 0 so that
Bg(xz;r) C E. By the lemma, B,(z;r/B) C Bg(x;r). Thus, B,(x;r/B) C E
and we have shown that given an arbitrary point in E that there is an open
ball in the p metric about that point that is contained in E. Hence, F is
open with respect to p.

The proof that a set that is open with respect to p is open with respect
to d is similar and uses the other containment given in the lemma. O

HW due 9/12:

Problem 1.42. Let X be a set with three metrics, d, p, and . Prove that
if d and p are uniformly equivalent and p and v are uniformly equivalent,
then d and v are uniformly equivalent.

Problem 1.43. Prove that on R™ the FEuclidean metric, the metric d; and
the metric doy are all uniformly equivalent.

1.3 Closed Sets

Definition 1.44. Given a set X and E C X, the complement of E,
denoted E° is the set of all elements of X that are not in E, i.e.,
Ec={zxeX:x ¢ E}

Other notations that are used for the complement are £ = CE = X\ E.
Note that (E°)¢ = E.

Definition 1.45. Let (X, d) be a metric space. Then a set E C X is closed
if and only if E° is open.

The following gives a useful way to re-state this definition.

Proposition 1.46. Let (X, d) be a metric space. Then a set E is closed if
and only if there is an open set O such that E = O°.

Proof. If E is closed, then E€ is open. So let O = E€, then F = O°.
Conversely, if E = O¢ for some open set O, then E¢ = (0°)¢ = O, which
is open, so by the definition, F is closed. ]
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Example 1.47. In R with the usual metric, we have that (b, 00) is open
and (—oo,a) is open. So when a < b we have that O = (—o0,a) U (b, +00)
is open. Hence, O° = [a,b] is closed.

This shows that our old calculus definition of a “closed interval”, really
is a closed set in this sense.

Definition 1.48. Let (X, d) be a metric space, let v € X and let r > 0. The
closed ball with center x and radius r is the set

B (z;r) ={y € X : d(z,y) <r}.
The following result explains this notation.

Proposition 1.49. Let (X, d) be a metric space, let v € X and let v > 0.
Then B~ (z;7) is a closed set.

Proof. Let O = (B~ (z;7))¢ denote the complement. We must prove that O
is open. Note that O = {y € X : d(x,y) > r}.

For p € O set r1 = d(z,p) —r > 0. We claim that B(p;r1) C O. If
we can prove this claim, then we will have shown that O is open. So let
q € B(p;r1), then d(z,p) < d(x,q) + d(q,p) < d(x,q) + r1. Subtracting r;
from both sides of this last inequality yields, d(z,p) — r1 < d(z,q). But
d(xz,p) —r = r. Hence, r < d(z,q) and so ¢ € O. Since g was an arbitrary
element of B(p;r1), we have that B(p;r1) C O and our proof is complete. []

Because the definition of closed sets involves complements, it is useful
to recall DeMorgan’s Laws. Given subsets F; C X where i belongs to some
set I, we have

| JEi = {x € X : there exists i € I with z € E;}
i€l
and
mEi:{xeX:azeEiforeveryiEI}.
iel
Proposition 1.50 (DeMorgan). Let E; C X fori € I. Then
(JE) =B and (E)° =] E;.
iel iel iel iel

The following theorem about closed sets follows from DeMorgan’s Laws
and Theorem 1.31.
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Theorem 1.51. Let (X, d) be a metric space. Then:
1. the empty set is closed,
2. X is closed,
3. the intersection of any collection of closed sets is closed,
4. the union of finitely many closed sets is closed.

Proof. By Theorem 1.31, the set X is open, so X€ is closed, but X¢ is the
empty set. Similarly, the empty set is open, so its complement, which is X,
is closed.

Given a collection of closed set F; i@ € I, we have that each E is open.

Since

(" E) = E,

icl iel
we see that the complement of their intersection is the union of a collection
of open sets. By Theorem 1.31.3, this union of open sets is an open set.
Hence, the complement of the intersection is open and so the intersection is
closed.

Similarly, if we have only a finite collection of closed sets, F1,..., E,
then (Eq4 U---UEy,)¢ = EfN---ES, which is a finite intersection of open
sets. By Theorem 1.31.4, this finite intersection of open sets is open. Hence,
the complement of the union is open and so the union is closed. O

Proposition 1.52. In a discrete metric space, every set is closed.

As with open sets, when there is more than one metric on the set X,
then we need to specify which metric we are referring to when saying that a
set is closed. The following is the analogue of Theorem 1.41 for closed sets.

Proposition 1.53. Let X be a set and let d and p be two metrics on X that
are uniformly equivalent. Then a set is closed with respect to d if and only
if it is closed with respect to p.

HW due 9/12:

Problem 1.54. Prove that {(a1,a2) € R? : 0 < a3 <2,0<ay <4} isa
closed set in the FEuclidean metric.
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1.4 Convergent Sequences

Our general idea from calculus of a sequence {p, } converging to a point p is
that as n grows larger, the points p,, grow closer and closer to p. When we
say “grow closer” we really have in our minds that some distance is growing
smaller. This leads naturally to the following definition.

Definition 1.55. Let (X, d) be a metric space, {pn,} C X a sequence in X
and p € X. We say that the sequence {p,} converges to p and write

JJm pn =p,
provided that for every e >), there is a real number N so that when n > N,
then d(p,pn) < €.

Often out of sheer laziness, I will write lim, p, = p for limy,_, ;oo pn = p-

Example 1.56. When X = R and d is the usual metric, then d(p,p,) =
|p—pn| and this definition is identical to the definition used when we studied
convergent sequences of real numbers in Math 3333.

For a quick review, we will look at a couple of examples of sequences and
recall how we would prove that they converge.

For a first example, consder the sequence given by p, = gzt; Fo any
natrual number n, the denominator of this fraction is non-zero. So this
formula defines a sequence of points. For large n, the +1 in the numerator
and the —2 in the denominator are small in relation to the 3n and 5n so we
3

expect that this sequence has limit p = ¢.

Now for some scrap work. To prove this we would need

(bn—2) — (3n+1)5

3
d(p,pn) = |p —pn| = |

<eE€
5(5n — 2) |
Simplifying this fraction leads to the condition m < €. Solving for n we
see that this is true provided % < 25n —10, i.e., %55 + % < n. So it looks like

we should choose, N = %56 + % This is not a proof, just our scrap work.

Now for the proof:

Given € > 0, define N = %56—1—% For any n > N, we have that 25n—10 >
25N — 10 = 1, and so d(p,p,) = |2 — 22t} = -1 < (1)~ = €. Hence,
hmn—>+oo Pn = D-

For the next example, we look at p, = v/n? + 81 —n and prove that this
sequence has limit p = 4.
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Now that we have recalled what this definition means in R and have seen
how to prove a few examples. We want to look at what this concept means
in some of our other favorite metric spaces.

Theorem 1.57. Let R¥ be endowed with the Euclidean metric d, let {p,} C
R* be a sequence with p,, = (a1, G2, - -, Qkp) and let p = (a1, a2,...,a) €
R*. Then lim,_, 100 pn = p in (R¥,d) if and only if for each j,1 < j <k, we
have limy,_, o aj, = a; in R with the usual metric.

Proof. First we assume that limy,— 4o pp, = p. Given € > 0, there is a IV so
that for n > N, we have that

d(p,pn) = \/(al —a1p)?+ -+ (ag —app)? < e

Now fix j, we have that |a; —a;j,| = \/(a; — a;,)? is smaller than the above
square root, since it is just one of the terms. Thus, for the same N, we have
that n > N implies that |a; — a;,| < d(p,pn) < €. Hence, for each €, we
have found an NV and so lim,, a;, = a;. This proves the first implication.

Now conversely, suppose that for each j, we have that lim, a;, = a;.
Given an € > 0, we must produce an N so that when n > N, we have
d(p,pn) < e.

For each j, taking e; = ik we can find an N; so that for n > N; we have
that |aj —a;n| < €1.(Why did I call it N; ?) Now let N = max{Ny,..., Ny},
then for n > N, we have that (a; — aj7n)2 < € for every j,1 < j < k.

Hence, d(p—pn) = /(a1 —a10)2 + -+ (a, — agpn)2 < e+ + e =
\/@ = €. This proves that lim,, p, = p in the Euclidean metric. ]

So the crux of the above theorem is that a sequence of points in RF
converges if and only if each of their components converge.

If we combine our first two examples with the above theorem, we see that
if we define a sequence of points in R? by setting p, = (ggf%, Vn? +8n—n)
then in the Euclidean metric these points converge to the point p = (%, 4).

What if we had used the taxi cab metric or ds, metric on R? instead of
the Euclidean metric, would these points still converge to the same point?
The answer is yes and the following result explains why and saves us having

to prove separate theorems for each of these metrics.

Proposition 1.58. Let X be a set with metrics d and p that are uniformly
equivalent, let {p,} C X be a sequence and let p € X be a point. Then
{pn} converges to p in the metric d if and only if {p,} converges to p in the
metric p.
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Proof. Let p(z,y) < Ad(z,y) and d(x,y) < Bp(z,y) for every z,y € X.
First assume that {p,} converges to p in the metric d. Given € > 0, we
can pick a N so that when n > N, we have that d(p,p,) < §. Then when
n > N, we have that p(p,pn) < Ad(p,pn) < €. Hence, {p,} converges to p
in the metric p.
The proof of the converse statement is similar, using the constant b. [J

‘We now look at the discrete metric.

Proposition 1.59. Let (X,d) be the discrete metric space, let {p,} C X
be a sequence, and let p € X. Then the sequence {p,} converges to p if and
only if there exists N so that for n > N, p, = p.

Proof. First assume that {p,} converges to p. Taking € = 1, there is N so
that n > N implies that d(p,p,) < € = 1. But since this is the discrete
metric, d(z,y) < 1 implies that d(z,y) = 0, i.e., that x = y. Hence, p, = p
for every n > N.

Conversely, if there is an Nj so that when n > Np, we have p, = p, then
given any € > 0, pick N = Nj. Then n > N implies that d(p, p,) = d(p,p) =
0<e [

A sequence {p,} such that p, = p for every n > N, is often called
eventually constant.

We now look at some general theorems about convergence in metric
spaces.

Proposition 1.60. Let (X, d) be a metric space. A sequence {p,} C X can
have at most one limit.

Proof. Suppose that lim,, p, = p and lim,, p, = ¢, we need to prove that
this implies that p = q. We will do a proof by contradiction. Suppose that
p # q, then d(p,q) > 0.

Set € = d(pT"D. Since lim,, p, = p, there is N7 so that n > N; implies that
d(p, pn) < €.

Since lim,, p, = q, there is N so that n > Ny implies that d(q,p,) < €.
So if we let N = max{Ny, N2}, then for n > N, both of these inequalities
will be true.

Thus, for any n > N, we have that d(p,q) < d(p,pn) +d(pn,q) < e+e=
d(p,q). Thus, d(p,q) < d(p,q), a contradiction. O

The above result is most often used to prove that two points are really
the same point, since if lim,, p,, = p and lim,, p,, = ¢, then p = q.
Convergence is an important way to characterize closed sets.
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Theorem 1.61. Let (X,d) be a metric space and let S C X be a subset.
Then S is a closed subset if and only if whenever {p,} C S is a convergent
sequence, we have lim, p, € S.

That is, a set is closed if and only if limits of convergent sequences stay
in the set.

Proof. First assume that S is closed, let {p,} C S be a convergent sequence
and let p = lim,, p,,. We must show that p € S. We do a proof by contradic-
tion.

Suppose that p ¢ S, then p € S¢ which is open. Hence, there is r > 0 so
that B(p;r) C S€. Thus, for any g € S, d(p,q) > r. Now set € = r, then for
every n, d(p,pn) > €, and hence we can find no N for this e.

To prove the converse, we consider the logically equivalent contraposi-
tive statement: if S is not closed, then there exists at least one convergent
sequence {p,} C S, with lim,, p, ¢ S.

So we want to prove that this statement is true. To this end, look at
S¢ since S is not closed, S¢ is not open. Hence, there exists p € 5S¢, such
that for every r > 0, the set B(p;r) is not a subset of S¢. That is for every
r > 0, B(p;r) NS is not empty. Now for each n if we set »r = 1/n, then we
can pick a point p, € B(p;1/n) N S. Thus, the sequence of points that we
get this way satisfies, {p,} C S. Also, since d(p,p,) < 1/n, we have that
lim,, p, = p, by Problem 1.65.

This completes the proof of the theorem. O

One of our other main results from Math 3333 about convergent seqe-
unces in R is that every convergent sequence of real numbers is bounded.
This plays an important role in metric spaces too. But first we need to say
what it means for a set to be bounded in a metric space.

Proposition 1.62. Let (X, d) be a metric space and let E C X be a subset.
Then the following are equivalent:

1. there exists a point p € X and r1 > 0 such that E C B~ (p;r1),
2. there exists a point g € X and ro > 0 such that E C B(q;r2),
3. there exists M > 0 so that every x,y € E satisfies d(z,y) < M.

Proof. If 1) holds, then let ¢ = p and let r9 be any number satisfying,
ro > ri. Then E C B~ (p;r1) C B(p;r2), and so 2) holds.

If 2) holds, let M = 2r9, then for any z,y € E, we have that d(x,y) <
d(z,q) +d(q,y) < re+re =M, and so 3) holds.
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If 3) holds, fix any point p € E and let r; = M, then any y € E satisfies,
d(p,y) < M and so, E C B~ (p, M). O

Definition 1.63. Let (X, d) be a metric space and let E C X. We say that
FE is a bounded set provided that it satisfies any of the three equivalent
conditions of the above proposition.

Proposition 1.64. Let (X,d) be a metric space. If {pp} is a convergent
sequence, then it is bounded.

Proof. Let lim, p, = p. For ¢ = 1, there is N so that when n > N, then

d(p,pn) < 1.

Let r1 = max{1l,d(p,pn) : n < N}. Since there are only finitely many
numbers in this set the maximum is well-defined and a finite number.

Now when, n < N, d(p,pn) < r1, since it is one of the numbers used in
finding the maximum. While if n > N, then d(p,p,) < 1 < ry. Thus, for
every n,d(p,pn) <1 and so {p,} C B~ (p;r1). O

HW Due 9/19.

Problem 1.65. Let (X,d) be a metric space, {pn} € X and p € X. Prove
that limy, p, = p if and only if the sequence of real numbers {d(p,pn)} satis-

fies limy, d(p, pn) = 0.

Problem 1.66. Let S C R? be the set defined by S = {(a1,az2) : 0 < ag <
a1}. Prove that S is a closed subset of R? in the Euclidean metric.

Problem 1.67. Give an example of a bounded subset of R that is not closed,
of a closed subset that is not bounded and of a bounded sequence that is not
convergent.

1.4.1 Further results on convergence in R”

Recall that R¥ is a vector space, for p = (a1,...,ax),q = (by,...,b) € RF
and 7 € R we have

p+q=(a1+by,...,ar +bg) and rp = (raq,...,rag).
There is also the “dot product”,

p-q=aiby + -+ apby.
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Note that in terms of the dot product and Euclidean metric, we can see that
the Schwarz inequality says that

pal <\ ad 0]+ B = d(0,p)d(0,g).

Two other useful connection to notice between the Euclidean metric and
the vector space operations is that

d(p.q) = /(a1 = b1)? + - + (a, — bp)? = d(0,p — q)

and

d(rp,rq) = \/(ray — b1))2 + - - - + (rag — rb)? = |r|d(p, q).

Lemma 1.68. Let (R*,d) be Euclidean space. If E C R is a bounded set,
then there is A so that E C B~(0; A).

Proof. Since E is bounded, there is p € R* and ry, so that d(p,z) < ry
for every x € E. Let A = r 4+ d(0,p), then for any x € E, d(0,z) <
d(0,p) +d(p,z) < A, and so E C B~(0; A). O

The following result can be proved using Theorem 1.57 and results from
Math 3333 about convergence of sums and product of real numbers. we give
a proof that mimics the proofs for real numbers.

Theorem 1.69. Let (R¥, d) be Euclidean space, let p, = (a1, ..., ain) and
Gn = (b1n,---,brn) be sequences in R* with lim, p, = p = (a1,...,ax) and
lim, ¢, = q = (b1,...,b;), and let {r,} be a sequence in R with lim,, r, = r.
Then we have the following:

1. limy, pp + qn =p +q,
2. limy, rppn = D,
3. limy, pp-gn=p-q.

Proof. To see 1), given € > 0, choose Ny, so that for n > Ny, d(p,pn) < €/2
and choose Ny so that for n > Na, d(q, qn) < €/2.
Let N = max{Njy, Na}, then for n > N, we have that

AP+, u+an) = /(@1 + b1 — v —bin)2 - (0 + by — g — ben)? <

\/(al —a1n)? 4+ (ak —agn)? + \/(bl —bin)? 44 (b — bgpn)? <
d(p,pn) +d(q, qn) < e
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To prove 2), since {r,} is a bounded sequence of real numbers, there is
M > 0, so that |r,| < M, for every n. Note that also |r| < M. Since {p,} is
a bounded set of vectors, by the lemma there is A > 0, so that d(0,p,) < A,
for every n.

Now choose Ni so that for n > Ny, |r — r,| < 55, and choose Na, so
that for n > Na, d(p,pn) < 577

Let N = max{Ny, N2}, then for n > N, we have

Cl(T’p, Tnpn) < d(?“p, Tpn) + d(Tpm Tnpn) = ’T|d(p,pn) + ’T - Tn‘d(ovpn) <
o fa<c o
"o Taat =3t 3
Finally, to prove 3), let d(0,p,) < A, as before and let d(0, g,) < B, so
that d(0,p) < A and d(0,¢) < B. We may choose N; so that for n > N; we
have that d(p, p,) < 55 and Na so that for n > Ny, we have d(q, ¢n) < 55.
Thus, if we let N = max{Nj, Ny}, then for n > N,

|p'q_pn'Qn’: |<p_pn)'Q+pn'(q_QTL)’
<|(p—pn)-al+pn- (@ —aqn)| < d(0,p—pp)d(0,q) + d(0,p,)d(0,q — gn)
< d(p,pn)B + Ad(q,qn) < €/2+€/2=¢

O]

1.4.2 Subsequences

We recall the definition of a subsequence.

Definition 1.70. Given a set X, a sequence {pn} in X and numbers, 1 <
ny <mng < ---, the new sequence that we get by setting qi = pp, s called a
subsequence of {p,}.

For example, if ni, = 2k, k =1, 2, ..., then the subsequence that we get is
just the even numbered terms of the old sequence. If ny =2k—1,k=1,2, ...,
then we get the subsequence of odd terms.

Often we simply denote the subsequence by {pp, }.

Proposition 1.71. Let (X, d) be a metric space, {pn} a sequence in X and
p € X. If the sequence {p,} converges to p, then every subsequence of {p,}
also converges to p.

Proof. Let 1 < nj; < ny < ---, be the numbers for our subsequence. Note
that since these are integers and n; < nj;1, we have that they must be at
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least one apart. Since, 1 < nj, we have that 2 < ng,3 < ng, and in general,
Now let g, = pp, denote our subsequence and let € > 0 be given. We
must show that there is a K so that & > K, implies that d(p, qx) < €.
Since lim,, p, = p, there is N so that n > N implies that d(p,p,) < e.
Let K = N, then for k > K, ny > k > N. Hence, for k > K, d(p,q;) =

d(p,pn,) < €.
This proves that limg g, = p. O

1.5 Interiors, Closures, Boundaries of Sets

In this section we look at some other important concepts related to open
and closed sets.

Definition 1.72. Let (X,d) be a metric space and S C X. A point p is called
an interior point of S provided that there exists r > 0 so that B(p;r) C S.
The set of all interior points of S is called the interior of S and is denoted
as int(S).

Note that since p € B(p;r), every interior point of S is a point in S.
Thus, int(S) C S.
Example 1.73. Let X = R with the usual metric. Then int([a,b]) = (a,b),
while int(Q) is the empty set.

Example 1.74. Let X = R? with the Euclidean metric. Then int({(x1,z2) :
a <z <bec<uay<d})={(r1,m2) :a <z < bec< a2 <d} and
int({(z1,0) : a < x1 < b}) is the empty set.

Proposition 1.75. Let (X,d) be a metric space and let S C X. Then:
1. int(S) is an open set,
2. if O C S is an open set, then O C int(S),
3. int(S) is the largest open set contained in S.

Proof. If int(S) is empty, then it is open. Otherwise, let p € int(S), so that
there is r > 0 with B(p : r) C S. If we show that B(p;r) C int(S), then that
will prove that int(S) is open. Let ¢ € B(p;r) and set 11 = r—d(p, ¢q). Using
the triangle inequality, we have seen before that B(g;r1) € B(p;r) C S. This
shows that ¢ € int(S). Hence, B(p;r) C int(S).

To see the second statement, if p € O, then since O is open, there is
r > 0, so that B(p;r) C O C S. This shows that p € int(S) and so O C S.

The third statement is a summary of the first two statements. O
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Definition 1.76. Let iX,d) be a metric space and let S C X. Then the
closure of S, denoted S is the intersection of all closed sets containing S.

Before giving any examples, it will be easiest to have some other descrip-
tions of S.

Proposition 1.77. S is closed and if C is any closed set with S C C, then
Scc.

Proof. S is closed because intersections of closed sets are closed. If C is
closed and S C C, then C is one of the sets that is in the intersection
defining S and so S C C. O]

Thus, S is the smallest closed set containing S.

Theorem 1.78. Let p € X, then p € S if and only if for every r > 0,
B(p;r) NS is non-empty.

Proof. Suppose that there was an r > 0 so that B(p;r) NS was empty. This
would imply that S C B(p;r)¢, which is a closed set. Thus, we have a closed
set containing S and p ¢ B(p;r)¢. This implies that p ¢ S. (This is the
contrapositive.)

Conversely, if B(p;r) NS is non-empty for every r > 0, then for each n,
we may choose a point p, € B(p;1/n) N S. This gives a sequence {p,} C S,
and it is easy to see that lim,, p, = p. Now if C' is any closed set with S C C,
then {p,} C C, and so by Theorem 1.61, p € C. Hence, p is in every closed
set containing S and so p € S. O

Corollary 1.79. Let p € X, then p € S if and only if there is a sequence
{pn} C S with lim, p, = p.

Example 1.80. Let X = R with the usual metric. Then the closure of (a,b)
is [a,b] and Q = R.

Example 1.81. If X = {z € R: 2z > 0} with the usual metric and S = {z :
0<x <1} then S = (0,1].

Definition 1.82. Let (X,d) be a metric space and let S C X. Then the
boundary of S, denoted S is the set S = S N Se.

Proposition 1.83. Let p € X, then p € 0S if and only if for every r > 0,
B(p;r) NS is non-empty and B(p;r) NS¢ is non-empty.

Proof. Apply the characterization of the closure of sets to S and S¢. O
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Corollary 1.84. Let p € X. p € 0S if and only if there is a sequence
{pn} C S and a sequence {q,} C S° with lim,, p,, = lim,, g, = p.

Example 1.85. Let X = R with the usual metric and let S = (0,1]. Then
0S5 ={0,1} and 0Q = R.

Due 9/26
Problem 1.86. Prove Corollary 1.79.
Problem 1.87. Prove Corollary 1.84.

Problem 1.88. Let X = Rawith the Euclidean metric and let S = {(x1, x2) :
2?2 + 22 < 1}. Prove that S = {(z1,72) : 22 + 23 < 1} and that 0S =
{(z1,22) : 2 + 23 = 1}.

Definition 1.89. Let (X,d) be a metric space S C X. A point p € X, is
called a cluster point or accumulation point of S, provided that for every
r >0, B(p;r) NS has infinitely many points.

Problem 1.90. Prove that p is a cluster point of S if and only if there is
a sequence {pp} C S of distinct points, i.e., p; # pj for i # j, such that
limy, p,, = p.

Problem 1.91. Let (X,d) be a discrete metric space and let S C X be any
non-empty set. Find int(S),S,0S and give the cluster points of S.

1.6 Completeness

One weakness of “convergence” is that when we want to prove that a se-
quence {p,} converges, then we need the point p that it converges to before
we can prove that it converges. But often in math, one doesn’t know yet
that a problem has a “solution” and we can only produce a sequence {p,}
that somehow is a better and better approximate solution and we want to
claim that necessarily a point exists that s the limit of this sequence. It
is for these reasons that mathematicians introduced the concepts of Cauchy
sequences and complete metric spaces.

Definition 1.92. Let (X,d) be a metric space. A sequence {p,} C X is
called Cauchy provided that for each € > 0 there exists N so that whenever
m,n > N, then d(py, pm) < €.

We look at a few properties of Cauchy sequences.
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Proposition 1.93. Let (X,d) be a metric space and let {p,} C X be a
sequence. If {p,} is a convergent sequence, then {p,} is a Cauchy sequence.

Proof. Let p = lim, p,. Given ¢ > 0 there is N so that n > N implies that
d(p,pn) < §. Now let m,n > N, then d(pp,pm) < d(pn,p) + d(p,pm) <
S5+5=e O
2T 2

Proposition 1.94. Let (X,d) be a metric space, {p,} C X a sequence and
{pn,} @ subsequence. If {p,} is Cauchy, then {py,} is Cauchy, i.e., every
subsequence of a Cauchy sequence is also Cauchy.

Proof. Given € > 0, there is N so that n,m > N then d(py,pm) < €. Let
K = N and recall that ng > k. Thus, if k,j7 > K then np > k > N and
nj > j > N, and 50 d(pn,,, pn;) < € O

Proposition 1.95. Let (X,d) be a metric space and let {p,} C X be a
Cauchy sequence. Then {py} is bounded.

Proof. Set e =1 and choose N so that for n,m > N, d(p,,pm) < 1. Fix any
ny > N, we will show that there is a radius r so that {p,} C B~ (pn,;7).
To this end, set r = max{1,d(pn,,pn) : 1 < n < N}. This is a finite set of
numbers so it does have a maximum. Now given any n, either 1 < n < N,
in which case d(P,,,p,) < r, since it is one of the numbers occurring the
max, or n > N, and then d(py,,pn) <1 <. O

Definition 1.96. Let (X,d) be a metric space. If for each Cauchy sequence
in (X,d), there is a point in X that the sequence converges to, then (X,d) is
called a complete metric space.

Example 1.97. Let X = (0,1] € R be endowed with the usual metric
d(z,y) = |z — y|. Then X is not complete, since {2} C X is a Cauchy
sequence with no point in X that it can converge to.

Example 1.98. Let Q denote the rational numbers with metric d(z,y) =
|z —y|. We can take a sequence of rational numbers converging to /2, which
we know is irrational. Then that sequence will be Cauchy, but not have a
limit in Q. Thus, (Q,d) is not complete.

In Math 3333, we proved that R with the usual metric has the property
that every Cauchy sequence converges, that is, (R, d) is a complete metric
space. This fact is so important that we repeat the proof here. First, we
need to recall a few important facts and definitions.
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Recall that a set S C R is called bounded above if there is a number
b € R such that s € S implies that s < b. Such a number b is called an upper
bound for S. An upper bound for S that is smaller than every other upper
bound of S is called a least upper bound for S and denoted lub(S) in
Rosenlicht’s book. In the book that we used for Math 3333, a least upper
bound for S was called a supremum for S and denoted sup(S).

Similarly, a set S C R is called bounded below if there is a number
a € R such that s € § implies that a < s. Such a number a is called a
lower bound for S. A lower bound for S that is larger than every other
lower bound is called a greatest lower bound for S, and denoted glb(S)
in Rosenlicht’s book. In the book that we used for Math 3333, a greatest
lower bound was called an infimum for S and denoted inf(S).

A key property of R is that every set that is bounded above has a least
upper bound and that every set that is bounded below has a greatest lower
bound.

Proposition 1.99. Let {a,} be a sequence of real numbers such that the
set S = {ay : n > 1} is bounded above and such that a, < any1 for every
n. Then {an} converges and limy, a,, = lub(S). If {b,} is a sequence of real
numbers such that S = {b, : n > 1} is bounded below and by, > by41, then
{bn} converges and lim,, b, = glb(S).

Proof. Let a = lub(S), then a,, < a for every n. Given € > 0, since a —€ < a,
we have that a — € is not an upper bound for S and so there is a N so
that a —e¢ < ay. If n > N, then a — ¢ < ay < a, < a < a+ €. Thus,
a—€<a, <a+eand so |a, —a|] < € for every n > N. This proves that
lim,, a, = a.

The proof of the other case is similar. O

Theorem 1.100. Let (R,d) denote the real numbers with the usual met-
ric. Then (R,d) is complete, i.e., every Cauchy sequence of real numbers
converges.

Proof. Let {p,} be a Cauchy sequence of real numbers. By the above results
S1 ={p;j : 7 > 1} is a bounded set of real numbers, so it is bounded above
and bounded below. For each n > 1, let S,, = {pr : & > n}. Note that
S1 282 D ..., so that each set .S, is a bounded set of real numbers.

Let ay, = glb(Sy), and b, = lub(Sy,). Since Sy+1 C S, we have that a,, <
an+1 and byy1 < by. Since p, € Sy, an < pn < by. In particular, a, < by
for every n, and so {a,} converges and a = lim, a, = lub({a, : n > 1}).
Similarly, a; < b, for every n and so {b,} converges and b = lim, b, =
glb({by, : m > 1}). Also, since a,, < b, we have that a < b.
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Now given any € > 0, there is IV so that when j,n > N, |p, — p;| < e.
Hence, for any j > n, we have that p, — e < p; < p, + €. This shows that
pn, — € is a lower bound for S, and p, + € is an upper bound for S,,. Thus,
pn_ESGnSGSbSbnEPn_{'E-

This shows that a and b are trapped in an interval of length 2e. Since €
was arbitrary, by the “vanishing e principle”, |a — b| = 0, so a = b. Thus,
lim, a, = lim,b,, but a, < p, < b, so by the “Squeeze Theorem” for
limits, lim,, a,, = lim,, p,, = lim,, b,,. ]

Another set of important examples of compelte metric spaces are the
Euclidean spaces.

Theorem 1.101. Let (R*,d) denote k-dimensional Euclidean space. Then
(RF,d) is complete.

Proof. To simplify notation, we will only do the case £ = 2. So let p, =
(an,bn) be a Cauchy sequence of points in R? with the Euclidean metric
d. Given € > 0, there is N so that n,m > N implies that d(p,,pm) < €.
But |an — am| < /]an — am|* + by — b|? = d(pn,Pm), so for n,m > N,
|an, — am| < €, and so {a,} is a Cauchy sequence of real numbers. Hence
{an} converges, let a = lim,, a,,.

Similarly, |b, — by| < € for n,m > N and so {b,} converges and let
b = lim,, b,.

Since lim, a,, = a and lim,, b, = b, by Theorem 1.57, lim,, p, = (a,b).
Hence, this arbitrary Cauchy sequence has a limit and the proof is done. [

Due 10/3:

Problem 1.102. Let X be a set and let d and p be two uniformly equivalent
metrics on X. Prove that (X,d) is a complete metric space if and only if
(X, p) is complete.

By the above theorem and problem, (R¥,d;) and (R, d..) are also com-
plete metric spaces.

Example 1.103. Let X = (0, 1]. Recall that X is not complete in the usual
metric d(z,y) = |z — y|. Given x,y € X we set y(z,y) = \% - %\ It is easy
to check that ~ is a metric on X. We claim that (X,~) is complete! Thus,
d and v are not uniformly equivalent.

We sketch the proof. To prove this we must show that if {z,} C X is

Cauchy in the = metric, then it converges to a point in X. Given € > 0,

suppose that for n,m > N, y(zp, Tm) < €. Since Y(xp, Tpy) = = ﬁ\ =
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fntm| we have that |2, — zm| < €lznzm| < e Thus, {z,} is Cauchy

in the usual metric. Let z = lim, z,. Since, 0 < z,, < 1 we have that
0 <z < 1. We claim that = # 0. Because if x = 0, then for any N, when
n,m > N, if we fix m and we let n — 400, x,, — 0, then é — +00. Thus,
V(s Tiyy) = |ﬁ - i\ — +00. This prevents us making v(xy, ;) < € and
so violates the Cauchy condition.

Thus, x # 0. But also z,, # 0 for every n. By one of our basic results
from 3333, when = # 0, z, # 0 and lim,, z,, = x, then lim,, i = % But this
last limit being true means that for any € > 0, we can pick N so that when
n > N, \% - i\ < e. But this implies that for n > N, v(x,z,) < € and so
{zn} converges to x in the v metric! We are done.

Now that we have a few examples of complete metric spaces, the following

result gives us many more examples.

Proposition 1.104. Let (X,d) be a complete metric space. If Y C X is a
closed subset, then (Y,d) is a complete metric space.

Proof. Let {y,} CY be a Cauchy sequence. Since X is complete, there is a
point z € X, so that lim,, y, = x. But since Y is closed, = € Y. Thus, each
Cauchy sequence in Y has a limit in Y. O

1.7 Compact Sets

Definition 1.105. Let (X,d) be a metric space, S C X. A collection {Uy }aca
of subsets of X is called a cover of S provided that S C UacaU, and an
open cover of S provided that it is a cover of S and every set U, is open.
A subset S C X is called compact provided that whenever {Uy}aca is an
open cover of S, then there is a finite subset F C A such that S C UyepUs,.
The collection {Uy}aer is called a finite subcover.

Example 1.106. Let R have the usual metric. Let U, = B(0;n) = (—n,+n),
n € N. Then these sets are open and R = UpenU,. Suppose that there was
a finite subset F' = {nqy,....,n} CN so that R C UpepU, =U,, U---UU,,.
If we let N = max{ni,...,np}, then since n < m implie that U, C Up,, we
would have that R C U,cpU, = Un. But this implies that every real number
is in B(0; N), a contradiction. Hence, no finite subcover of {Uy,}nen covers
R and so R is not compact.

Proposition 1.107. Let (X,d) be a discrete metric space and let K C X.
Then K is compact if and only if K is a finite set.
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Proof. Assume that K is compact. For each = € K, let U, = {z}. Because
X is discrete each U, is an open set. Also K = U, U,, so this is an open
cover of K. But if you leave out any of the sets U, then you no longer cover
K. So this cover must be a finite cover, in which case K has only finitely
many points.

Conversely, assume that K = {z1,...,z,} is a finite set and let {U, }aca
be any open cover of K. There must be some a so that z; € Us,;. But then
{Ua,, -, Uaq, } is a finite subcover for K. O

Before we can give many more examples of compact sets, we need some
theorems.

Proposition 1.108. Let (X,d) be a metric space. If K C X is compact,
then K is closed.

Proof. We will prove that if K is not closed, then K is not compact. Since
K is not closed K # K. Hence, there is p € K, p ¢ K. Since p € K, then
for every r > 0, B(p;r) N K is non-empty.

Let U, = B~ (p;1/n)¢ = {qg € X : d(p,q) > 1/n}. Then each of these
sets is open and UpenU, = {q¢ € X : d(p,q) > 0} = {p}°. Since p ¢ K,
we have that thi is an open cover of K. Not that n < m implies that
U, C Un, so as in the proof of Example 1.106, U,, U---UU,, = Uy
where N = max{ni,...,nz}. So if K was contained in a finite subcover, then
there would be N with K C Uy. But this would imply that for ¢ € K,
d(p,q) > 1/N, and so K N B(p;1/N) would be empty, contradiction. O

Proposition 1.109. Let (X,d) be a metric space, K C X a compact set
and let S C K be a closed subset. Then S is compact.

Proof. Let {Uy}aca be an open cover of S and let V' = S¢ so that V' is open.
Check that {V U, : « € A} is an open cover of K. So finitely many of these
sets cover K and the same finite collection covers S since S is a subset of
K. O

The next few results give a better understanding of the structure of
compact sets.

Proposition 1.110. Let (X,d) be a metric space, K C X a compact set
and S C K an infinite subset. Then S has a cluster point in K.

Proof. We prove the contrapositive. Suppose S C K is a set with no cluster
point in K. Then for each point p € K, since it is not a cluster point of
S there would exist an r > 0 such that B(p;r) contains only finitely many
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points from S. The set of all such balls is an open cover of K. Now because
K is compact, some finite collection of these balls cover K. But each of
these balls has only finitely many points from .S so their union contains only
finitely many points from .S. Since their union contains K, it contains all of
S and so S has only finitely many points. O

Definition 1.111. Let (X,d) be a metric space, K C X. Then K s called
sequentially compact if every sequence in K has a subsequence that con-
verges to a point in K.

In some texts a set is said to have the Bolzano-Weierstrass property
if and only if it is sequentially compact.

Proposition 1.112. Let (X,d) be a metric space, K C X. If K is compact,
then K is sequentially compact.

Proof. Let {p,} C K be a sequence. We do two cases.

Case 1. The sequence has only finitely many points. In this case there
must be some p so that p,, = p for infinitely many n. Let ny be the first such
integer, ng the second, etc., this defines a subsequence {py, } with p,, =p
for all k. Clearly this subsequence converges to p.

Case 2. The sequence has infinitely many values. In this case if we let
S be the set of points in the sequence, then S is an infinite set and so has a
cluster point p in K. We will construct a subsequence that converges to p.
First, let n; be the smallest integer so that p,, € B(p;1) and p,, # p. Now
let ng be the smallest integer strictly larger than ny so that p,, € B(p;1/2)
and py, # p. Continuing in this way we obtain a subsequence {p,, } such
that d(p,pn,) < 1/k, and hence this subsequence converges to p. O

Definition 1.113. Let (X,d) be a metric space, K C X and let ¢ > 0. A
subset E C K is called an e-net for K provided that given any p € K there
is ¢ € E, such that d(p,q) < e. The subset K is called totally bounded if
for each € > 0 there is an e-net for K consisting of finitely many points.

Example 1.114. Let K = [0,1] for each € > 0, let N be the largest integer
so that Ne < 1. Then {0,¢,2e¢, ..., Ne} is an e-net for K.

Proposition 1.115. Let (X,d) be a metric space and K C X. If K is
sequentially compact, then K is totally bounded and complete.

Proof. First we show that K is complete. To see this let {p,} C K be a
Cauchy sequence. Since K is sequentially compact, there is a p € K and
a subsequence so that limg p,, = p. We now show that lim,, p,, = p. Given
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€ > 0, there is N so that n,m > N implies that d(pp,pm) < €/2. But we
can pick a large k so that ny > N and d(p, pp,) < €/2. Hence for n > N,
d(p, pn) < d(p, pny,) + d(pny,, Pn) < e

Now to show that K sequentially compact implies K totally bounded,
we prove the contrapositive. So assume that K is not totally bounded. Then
there exists some € > 0 for which we can find no finite e-net. Pick any p; € K,
since this point is not an e-net, there must be py € K such that d(pa,p1) > €.
Since {p1,p2} can not be an e-net, there is ps € K such that d(ps,p2) > €
and d(ps,p1) > e. Continuing in this way, we obtain a sequence {p,} in K
with d(pn, pm) > € for all n # m. But for a sequence to converge to a point,
it must be Cauchy. Since no subsequence of this sequence could be Cauchy,
no subsequence converges. Hence, K is not sequentially compact. O

Now we come to the main theorem.

Theorem 1.116. Let (X,d) be a metric space and K C X. Then the fol-
lowing are equivalent:

1. K is compact,
2. K 1is sequentially compact,
3. K 1is totally bounded and complete.

Proof. We have already shown that 1) implies 2) and that 2) implies 3). So
it will be enough to show that 3) implies 1). To this end assume that 3)
holds but that K is not compact. Then there is some open cover {U,} of K
with no finite subcover.

For e = 1/2 take a finite 1/2-net, {p1, ..., pr}, So that K C U]LZIB(pj; 1/2).
Hence, K = (KN B~ (p1;1/2)) U---U (K N B~ (pr;1/2). This writes K as
the union of L closed sets. Now if each of these sets could be covered by a
finite collection of sets in {U,} then K would have a finite subcover. So one
of these sets cannot have a finite subcover. Pick one and call it K;. Then
K1 C K is closed and since it is the intersection with a closed ball of radius
1/2 no two points in K; can be distance greater than 1 apart.

Now take a finite 1/4-net, use it to write K as a finite union of sets of
radius 1/4, and arguing as before pick one which cannot be covered by a
finite collection of the U’s. This defines a closed subset K9 C K7 with no
two points greater than 1/2 apart. Proceed inductively to define a sequence
of closed subsets, K DO K; C Ko D ..., so that no two points in K,, are
distance greater than 1/2"~! apart and each K, cannot be covered by a
finite collection of the U’s.
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If we pick a point p,, € K,,, then the sequence is Cauchy since for n,m >
N, d(pn,pm) < 1/2V~1. Since K is complete, there is p € K with lim,, p, =
p. Also, since p, € K,, for all n > m, this implies that the limit is in K,,,
ie., p € K,, for all m.

Now since {U,} is an open cover of K, there is some «ag, with p € U,,
and since this set is open, there is an 7 > 0, so that B(p : r) C U,,. But
since no two points in K, are more than distance 1/2"~! apart, if we pick
n, so that 1/2"1 < r, then K,, C B(p;r) C Ug,. This contradicts the fact
that K, is not contained in a finite union of the U’s. This contradiction
completes the proof of the theorem. O

Theorem 1.117 (Heine-Borel). Let (R*,d) denote k-dimensional Buclidean
spaceand let K C R*. Then K is compact if and only if K is closed and
bounded.

Proof. We have already shown that compact sets are closed. Every compact
set is bounded by Problem 1.121.

If K is closed and bounded, then there is some M > 0 so that K C
[-M,+M] x [-M,+M] x --- x [-M,+M]. If we can show that this k-
dimensional cube is totally bounded, then it will be compact and since K is
a closed subset of this compact set, it will follow that K is compact.

To see that the cube is totally bounded, divide each interval into 2N
equal length subintervals of length M /N. This divides the large cube up into
a finite number of smaller cubes. Each of these smaller cubes is contained
in a Euclidean ball of radius \/E% Given any € > 0, pick N large enough
that \/E% < €, then these balls define a finite e-net. Thus, the big cube is
totally bounded. O

Theorem 1.118 (Bolzano-Weierstrass). Let (R*, d) be k-dimensional space.
If {pn} C R* is a bounded sequence, then it has a convergent subsequence.

Proof. Since the sequence is bounded it is contained in a closed ball of
some finite radius. This set is compact by Heine-Borel, hence sequentially
compact. ]

Historically, the Bolzano-Weierstrass theorem was proved before Heine-
Borel. The original proof used a “divide and conquer” strategy.

Definition 1.119. Let (X,d) be a metric space and letY C X. A subset S C
Y is called dense provided that SNY =Y. The set Y is called separable
if there is a sequence S = {p,} CY that is dense.
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Proposition 1.120. Let (X,d) be a metric space. If K C X is compact,
then K is separable.

Proof. For each n € N, let S,, be a finite 1/n-net for K. Now we write the
elements in S = U,enS, as a sequence by numbering them beginning with
S1, then Sy, etc.

Now we claim that the sequence S = {p,} is dense. To see this, given
any p € K and r > 0, if we take 1/n < r then since S,, is a 1/n-net for K,
we have that B(p;r) NS, # O. Hence, B(p;r) NS # . This shows that
peS. Thus, K C SN K C K and so S is dense. ]

Due 10/10:

Problem 1.121. Let (X, d) be a metric space and K C X a compact subset.
Prove that K is bounded.

Problem 1.122. Let (X,d) be a metric space. Let K; C X,i=1,....,n be a
finite collection of compact subsets. Prove that K1 U ---U K, is compact.

We now look at a few applications of compact sets. First we need an
inequality sometimes called the reverse triangle inequality.

Proposition 1.123. Let (X,d) be a metric space and let x,y,z € X. Then
‘d(SE, y) - d(I‘, Z)| < d(ya Z)‘

Proof. We have that d(z,y) —d(z,2) < (d(z,2)+d(z,y)) —d(x, z) = d(y, 2).
On the other hand, —(d(z,y) — d(z,2)) = d(z,z) — d(z,y) < (d(z,y) +
d(y, z)) —d(x,y) = d(y, z). Since this number and its negative are both less
than d(y, z) we have that |d(z,y) — d(z, 2)| < d(y, 2). O

Proposition 1.124. Let (X,d) be a metric space, let {g,} € X be a con-
vergent sequence with limit q and let p € X. Then d(p,q) = lim, d(p, qn).

Proof. Given e > 0, there is a N so that n > N, implies that d(q,¢,) < e.
Hence, by the reverse triangle inequality, for n > N, we have |d(p,q) —
d(p, qn)| < d(q,qn) < €. This shows that d(p,q) = lim, d(p, ¢n)- O

Definition 1.125. Let (X,d) be a metric space, let S C X and let p € X.
Then the distance from p to S is the number

dist(p,S) = inf{d(p,q) : ¢ € S}.



1.7. COMPACT SETS 35

In general, the distance from a point to a set is really an infinum and
not a minimum. That is there is not generally a point in gg € S so that
dist(p,S) = d(p,qo). For example, in R with the usual metric, if we take
S =10,1) and p = 3, then dist(p, S) = 2, but there is no point ¢y € S, with
d(p,q0) = |p — qo| = 2.

However, for compact sets the distance is always attained as the following
result shows.

Proposition 1.126. Let (X,d) be a metric space, let K C X and letp € X.
If K is compact, then there is a point qo € K, such that dist(p, K) = d(p, qo).

Proof. Let {g,} be a sequence in K so that dist(p, K) = lim,, d(p, ¢,). Since
K is compact, this sequence has a subsequence that converge to a point in
K. Let {qn, } be a convergent subsequence with limit gy € K. Then by the
above proposition, we have that d(p, qo) = limy d(p, ¢n,,). Since {d(p, ¢,)} is
a convergent sequence of reals, the subsequence has the same limit. Hence,
d(p, qo) = limy, d(p, ¢n) = dist(p, K). O

Proposition 1.127. Let (Rk, d) be k-dimesnional Fuclidean space, let C' C
R* and let p € R*. If C is closed, then there is a point qo € C with

dist(p,C) = d(p, qo)-

Proof. Pick any point ¢; € C and let r = d(p, q1). Then dist(p, C') < d(p, q1)
and so, dist(p, C') = inf{d(p,q) : ¢ € C,d(p,q) < r}. This shows that if we let
K =CnN B (p;r), then dist(p,C) = dist(p, K). Now since K is closed and
bounded, it is a compact set by Heine-Borel. Thus, by the last result, there
is go € K( and hence, gy € C) with dist(p,C) = dist(p, K) = d(p, qo)- O
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Chapter 2

Finite and Infinite Sets

Later we will need a little familiarity with infinite sets and the fact that they
can have “different sizes”. So we discuss these ideas now.

One formal way to think of the statement that a set S has n elements,
is that there is a function f : {1,2,...,n} — S that is one-to-one and onto.
Usually, we write f(j) = s; and write S = {s1, 52, ..., 5, } to show that it has
n elements.

A set S is finite when there is some natural number n and a one-to-one
onto function f:{1,2,....,n} — S.

A set S is called countably infinite when there is a one-to-one onto
function f : N — S. This can be thought of as saying that a set is countable
infinite precisely when the elements of S can be listed in sequence of S =
{s1, 52, ...} with no repetitions, i.e., ¢ # j implies that s; # s;.

A set is countable when it is either finite or countably infinite. It is
not hard to see that a set S is countable if and only if there is a function
f N — S that is onto.

There are many sets that are countable, some are a little surprising.

For example, Z is countable, since I could “list” the elements as,

{0,1,-1,2,-2,...}.

Formally, f : N — Z is the function, f(2k — 1) = —k, for k = 1,2, ... and
f(2k) =k, for k=1,2,....

Also, even though N x N seems to be much “larger” than N it is also
countable. To see this first I'll write N x N as a union of sets, each of which
is finte. For each natrual number n > 2, let S,, = {(4,j) € NxN:i+j=n}.
Thus, Sy = {(1,1)}, S3 = {(1,2),(2,1)}, S4 = {(1,3),(2,2),(3,1)}. It is not
hard to see that S, has n—1 elements. Now to list these points, we will first
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list the points in So then S3 etc. Within each set, we will list the elements in
order of their first coordinate, so for example, (1,2) comes before (2, 1). This
time the formula for the one-to-one onto function f : N — N x N, is difficult
to write down. But equivalently, we could define its inverse, i.e., a one-to-one
onto function g : NxN — N. Now if i+j = n then all the elements of the sets
Si,...,Sp—1 come before. These sets have 1 +2+ ...+ (n —2) = %
elements, then the order after that is determined by whether ¢ = 1,2, ...
Thus, the function g is defined by

o) = CHIZHIZD)

and we have shown that N x N is countable.

Now since N x N is countable N x N x N is also countable! To see how to
do this, first define h : NxNxN — NxN by h((i,j,k)) = (9((i,7)), k). Since
g is one-to-one and onto N, it is easy to see that A is one-to-one and onto
N x N. Now if we compose with g then we will have goh: N x N x N — N
is one-to-one and onto!

In a similar way one sees that doing the Cartesian product of N with
itself any finite number of times yields a countable set.

These facts make it easy to see that some other sets are countable. For
example to see that, Q = {p/q : p,q € Z,q # 0} is countable. First, the
map from Z x (Z\{0}) — Q defined by (p,q) — p/q is onto(but not one-to-
one). We know that Z is countable and Z\{0} is countable. So there is a
one-to-one onto map from N x N — Z x (Z\{0}), and hence, a one-to-one
onto map from N to Z x (Z\{0}). Composing with the above map gives an
onto map from N onto Q. Hence, Q is countable.

With so many countable sets it is a little surprising that there are sets
so big that their elements cannot be “listed”, i.e., that are not countable.
Such sets are called uncountable.

One example of an uncountable set is the set R. To prove that R is
uncountable it will be enough to prove that the real numbers in the interval
(0,1) is uncountable.

Suppose that the real numbers in (0,1) was a countable set, then we
could list them all, let 7, denote the n-th real number, so that {r, : n €
N} = (0,1). Now each real number has a decimal expansion. Recall that
0.4000... = 0.399999.... We shall only allow the first type of decimal expan-
sion. When we disallow infinite tails of nines, then the decimal expansion is
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unique. Now let

r = O.a1,1a172a173 .....
To = 0.&271612’2&2’3 .....

etc.

where each of the a;; is an integer between 0 and 9. Note that a;; is the
j-th decimal entry of the i-th number.
Now define a sequence of integers by, as follows: if 0 < ap, < 4 let
bp =anny,+1,and if 5 < ayy, <9let by = apy, — 1.
Note that 1 < b, < 8. Hence, there is a real number r,0 < r < 1, where
r has decimal expansion,
r = Oblbg

Note that the way that we have defined the b,,’s, there are no nines. Since
b1 # a1,1, 7 # r1 and since by # ag 2, 7 # r2, etc. Thus, r was not included
in the list! Contradiction.

This method of proof-of listing things, somehow getting a doubly in-
dexed array and then altering the (n,n)-entries is often referred to as Can-
tor’s diagonalization method.
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Chapter 3

Continuous Functions

Continuity plays an important role for functions on the real line. Intuitively,
a function is continuous provided that it sends “close” points to “close”
points. When we say “close” we naturally have a notion of distance between
points, both in the domain and the range. Thus, we see that continuity is
really a property for functions between metric spaces. In this chapter, we
define what we mean by continuous functions between metric spaces, then
study the properties of continuous functions. We will see that our notions
of open, closed and compact sets all play an important role.

Definition 3.1. Let (X,d) and (Y, p) be metric spaces and let pg € X. We
say that a function f: X — Y is continuous at py provided that for every
€ > 0 there is 6 > 0 such that whenever p € X and d(po,P) < & then

p(f(po), f(p)) < e

Note that in this definition the value of ¢ really depends on the € for this
reason some authors write d(e).
Two quick examples.

Example 3.2. Let X =Y =R both endowed with the usual metric and let
f:R =R be defined by

B 0 ifx<O
f(x){l if x > 0.

Then f is not continuous at pg = 0.

To see that f is not continuous at 0, take ¢ = 1/2. For any 6 > 0,
the point p = 0/2 satisfies d(po,p) = |po — p| = |0 — /2] = §/2, but
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o(f(po), f(p)) = |f(po) — f(p)| = 0 — 1] > €. Thus, every possible value of ¢
fails to meet the critieria.

Note that the domain of the function is really important when trying to
decide continuity. For this same formula, if we made the domain instead
just X = [—1,0], then f would be continuous at 0, since now the function
would be the function f(x) = 0, for every z € X.

Example 3.3. Let X =Y = R with the usual metric, let f(x) = 2% and let
po = 3. Then f is continuous at py.

To see this given € > 0, we take § = min{1,¢/7}. Then when d(po,p) =
|3—p| < & we know that [3—p| < 1 and so 2 < p < 4. Hence, d(f(po), f(p)) =
132 —p?| =3 —plI3+p| < (B3+4)[3—p|<T6<e

If we wanted to prove that this function was continuous at py = 5, then
we could take § = min{1,¢e/11}, and the same argument would work.

Definition 3.4. Let (X,d) and (Y,p) be metric spaces. We say that a
function f : X — Y is continuous provided that f is continuous at every
point in X.

Thus, f is continuous provided that for each pyp € X and ¢ > 0 there
is 0 > 0, such that p € X and d(pg,p) < 0 implies that p(f(po), f(p)) < e.
In this case § depends on both € and the point py. For this reason some
author’s write 0(po, €).

Example 3.5. Let X =Y = R with the usual metric. Then f(p) = p? is
continuous.

Given pp € R and € > 0 let § = min{1, m. Then d(pg,p) < 0 implies

that [p| < |po| + 1 and hence p(f(po), f(p)) = Ipg — p*| = |po + pllpo — p| <
(Ipol + Ip[)0 < (2[po| +1)0 < e.

In this example, the § that we picked depended on both pg and €. When it
can be chosen independent of pg, the function is called uniformly continuous.
That is:

Definition 3.6. Let (X,d) and (Y,p) be metric spaces. We say that a
function f : X — Y is uniformly continuous provided that for every
e > 0 there is § > 0 such that whenever p,q € X and d(p,q) < 0 then

p(f(p), f(q)) <e.

The following is immediate:

Proposition 3.7. Let (X, d) and (Y, p) be metric spaces and let f : X — Y.
If f is uniformly continuous, then f is continuous.



43

Example 3.8. Let X =Y = R with the usual metric and let f(p) = 5p+7,
then f is uniformly continuous.

Given € > 0, let § = €¢/5, then when d(p,q) = |p — q| < 6 we have that
p(f(p), f(@)) = f(p) — f(a)| =5lp— gl <55 =e.

Example 3.9. Let X =Y = R with the usual metric and let f(p) = p°.
Then f is not uniformly continuous.

To prove this it will be enough to take e = 1, and show that for this value
of €, we can find no corresponding § > 0. By way of contradiction, suppose
that there was a 0 such that |p — ¢| < ¢ implied that |f(p) — f(¢)| < 1. Set

Pn =71, qn = n+5/2' Then |pn - Qn| < 4, but |f(pn) - f(Qn)‘ = qy% _p% =
né + 62/4 > nd > 1, for n sufficiently large, in fact for n > 1.

Example 3.10. Let X = [-M,+M], Y = R with usual metrics and let
f: X — Y with f(p) = p?. Then f is uniformly continuous.

To see this, given € > 0, set 0 = 53;. then |p — ¢ < ¢ implies that
P2 —? = Ip+qllp—ql <2M|p—q| <2Mé =c.

We now look at a characterization of continuity in terms of open and
closed sets.

Recall that if f: X — Y and S C Y, then the preimage of S is the subset
of X given by

fUS)={zxeX: fz)e S}

It is important to realize that to make this definition, we do not need for

the function f to have an inverse function.

Theorem 3.11. Let (X, d) and (Y, p) be metric spaces and let f : X — Y.
Then the following are equivalent:

1. f s continuous,
2. for every open set U CY, the set f~1(U) is an open set in X,
3. for every closed set C CY, the set f~1(C) is a closed subset of X.

Proof. First we show that 2) and 3) are equivalent. To see this note that
(fFHS) ={z € X : f(x) ¢ S} = f71(5°). So if say 2) holds and C is
a closed set, then C¢ is an open set. Hence, (f~1(C))¢ = f~1(C) is open,
which implies that f~!(C) is closed. The proof that 3) implies 2) is similar.

Now we prove that 1) implies 2). Let U C Y be open. We must prove
that f~1(U) is open. Since we will be talking about balls in two different
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metric spaces, we will use a subscript to help indicate which metric. Let
po € fHU), so that f(pg) € U. Since U is open there is ¢ > 0, so that
B,(f(po);€) € U. Because f is continuous at pg, there is a 6 > 0, so that
d(po,p) < 0 implies that p(f(po), f(p)) < e.

But this last statement shows that Bg(po;d) C f~1(U), because p €
By(po; 6) implies that d(po,p) < 6, implies that p(f(po), f(p)) < €, implies
that f(p) € B,(f(po);€), implies that f(p) € U.

Hence, f~1(U) is open in X.

Conversely, assume that 2) holds and we will prove 1). Given py € X
and an € > 0, we have that U = b,(f(po);€) is open. Hence, by as-
sumption, f~}(U) is open and py € f~!(U). Thus, we may pick § > 0
so that Bg(po;d) € f~'(U). But this implies that if d(pg,p) < J, then
p € f~1(U), which implies that f(p) € U = B,(f(po);e€), which implies that
p(f(po), f(p)) < e

Hence, f is continuous at pg, and since this was an arbitrary point, we
have that f is continuous at every point in X. O

Proposition 3.12. Let (X,d),(Y,p) and (Z,7) be metric spaces and let
f: X =Y and g:Y — Z be continuous functions. Then go f : X — Z is
continuous.

Proof. First note that if S C Z, then z € (go f)~1(9) iff (go f)(z) € S
iff g(f(z)) € S iff f(z) € g71(S) iff z € f~1(g7*(S)). Thus, we have that
(95 £) () = (g (S)).

We use the above theorem. If U C Z is open in Z, then g~ (U) is open
in Y and hence f~!(g~1(U)) is open in X. Thus, when U is open in Z, then
(go f)~Y(U) is open in X. Hence, g o f is continuous. O

Due 10/19:

Problem 3.13. Let f : R — R be defined by f(z) = 23. Prove that f is
continuous.

Problem 3.14. Prove that f(z) = x> is not uniformly continuous on R.

Problem 3.15. Prove that f : [-M,+M] — R with f(x) = 23 is uniformly
continuous.

Problem 3.16. Let (X,d) and (Y, p) be metric spaces. A function f : X —
Y is called Lipschitz continuous provided that there is a constant K > 0, so
that p(f(p), f(q)) < Kd(p,q). Prove that every Lipschitz continuous function
s uniformly continuous.
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Given a function f: X — Y and S C X, the image of S'is the subset of
Y given by f(S) = {f(p) : p € 5}.

Problem 3.17. Let (X,d) and (Y, p) be metric spaces and f : X — Y a
function. Prove that f is continuous at py if and only if for every e > 0, there
exists a 0 > 0 so that the image of Bq(po;0) is contained in B,(f(po);e€).

3.1 Functions into Euclidean space

Let (X,d) be a metric space. Given functions f; : X — R, i = 1,..,k
we can define a function F : X — RF by setting F(z) = (fi(z), ..., fr(x)).
Conversely, any function F' : X — R* is readily seen to be of this form.
We call the functions fi, ..., fi the component functions or, more simply, the
components of F.

To avoid possibly confusion, we shall let do denote the Euclidean metric
on RF.

Theorem 3.18. Let (X,d) be a metric space and let (R* dy) be Euclidean
space. A function F : X — RF is continuous at a point py € X if and only
if each of its component functions f; : X — R is continuous at py for every
1=1,....,k. The function F' is continuous if and only if each of its component
functions is continuous.

Proof. First assume that F' is continuous at pg. Given € > 0, there exists
0 > 0 such that when d(pg,p) < ¢, then

da(F(po), F(p)) = v/ (fi(po) — fi(p)2 + -+ (fr(po) — fr(p))? < e.

For each 14, since |f;(po) — fi(p)| < d2(F(po), F'(p)), we see that d(po,p) < 0
implies that |fi(po) — fi(p)| < €. Thus, f; is continuous at pg for each .
Conversely, assume that each f; is continuous at pg and let ¢ > 0 be
given. For each i, there exists d; > 0, so that d(pg,p) < ¢; implies that
|filpo) — fi(p)| < ﬁ Now let 6 = min{dy, ..., 0, }. Then for d(pg,p) < & we
have that do(F(po), F(p)) < e.
The second equivalence follows from the first and the fact that continuous

means continuous at every point. [

Theorem 3.19. Let (X, d) be a metric space, let pg € X, let R have the usual
metric and let f,g: X — R be functions. If f and g are both continuous at
po, then:

1. f+ g is continuous at po,
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2. fg is continuous at po,
3. for any constant c, cf is continuous at py,
4. if g(p) # 0 for all p, then g 18 continuous at pg.

Proof. To prove the first statement, given € > 0, there is §; > 0, so that
d(po,p) < 01 implies that f(po) — f(p)| < €/2. Also there is d3 > 0, so that
d(po,p) < 62 implies that |g(po) — g(p)| < €/2. Let 6 = min{dy, d2}.

To prove the second, given ¢ > 0, first pick 1 > 0 and do > 0, so
that d(po,p) < 01 implies |f(po) — f(p)] < 1 and d(po,p) < 62 implies that
lg(po) — g(p)| < 1. Now pick d3 > 0 and d4 > 0 so that d(pg,p) < d3 implies
that | f(po)—f(p)| < oD and d(po,p) < 64 implies that |g(po)—g(p)| <

W. Let 6 = min{dy, ..., d4}, then for d(pg,p) < § we have that

|£(po)g(po) — f(p)g(p)| < |f(po) — fF(P)IIg(po)| + lg(po) — g()I|f(p)] <

g+ 1) P g el +D <

Statement 3) follows from 2) and the fact constants are continuous.

Statement 4) will follow from 2), if we prove that the function 1 is
continuous at po. Given e > 0, we first pick d; > 0, so that d(po,p) < 01
implies that |g(po) — g(p)| < @. This guarantees that |g(p)| > w. We

now pick d2 > 0 so that d(po,p) < 2 implies that |g(po) — g(p)| < W.
Now if we let § = min{d1,d2}, then when d(pg,p) < 8, we have

| 1 1 ,_Ig(p)—g(po)l

glpo) 9@ lg(po)g(p)]

l9(p) =9(po)| _ lg(po)le 2 _

l9(po)[?/2 2 lg(po)l?

Corollary 3.20. Let (X,d) be a metric space, let R have the usual metric
and let f,g: X — R be functions. If f and g are both continuous, then:

1. f+ g is continuous,
2. fg is continuous,
3. for any constant c, cf is continuous,

4. if g(p) # 0 for all p, then 5 s continuous.
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Corollary 3.21. Let (X,d) be a metric space, let pg € X,and let F,G :
X — RF. If F,G are both continuous at pq(respectively, both continuous),
then

1. F + G is continous at po(respectively, continuous),
2. cF is continuous at pg(respectively, continuous),
3. F -G is continuous at pg(respectively, continuous).

Proof. We only prove 3), the rest are similar. If we let f1, ..., fx and g1, .., gk
be the component functions for F' and G, then the fact that F' and G are
continuous at pg implies that fi,..., fx, 91, ---, gr are all continuous at pg. By
the above result about continuity of products, each f;g; is continuous at pg,
and so by the result about continuity of sums, F'- G = fig1 + -+ + frgi is
continuous at pg.

The results about continuity on all of X then follow since they are true
at each point. 0

3.2 Continuity of Some Basic Functions

Proposition 3.22. Every polynomial defines a continuous function on R.

Proof. The proof is by induction on the degree of the polynomial. First note
that 1(x) = z is not only continuous but uniformly continuous since we can
pick 6 = e. Applying Corollary 3.19.2 with f(x) = g(x) = =, we get that the
function pa(r) = 22 is continuous. Now assume that we have shown that
pn(x) = 2™ is continuous. Then applying Corollary 3.20.2 again, we have
that p,(z)p1(x) = 2" = p,11(z) is continuous.

Since py, is continuous, applying Corollary 3.20.3 any function of the form
anx™, with a,, € R a constant is continuous. Since constants are continuous,
applying Corollary 3.20.1 to f(x) = a1z and g(x) = ag, we get that any first
degree polynomial is continuous. Now assume that we have proved that
all polynomials of degree n are continuous and we are given an (n + 1)-st
degree polynomial, ¢(z) = an; 12" + g.(z) where ¢, is an n-th degree
polynomial. By our inductive hypothesis ¢, is continuous and by our earlier
work, a,12" ! is continuous. Thus, applying Corollary 3.20.1, gives that ¢
is continuous.

Thus, all polynomials are continuous. O

Proposition 3.23. Let p,q be polynomials and let E = {x € R : q(z) # 0}.
Then r: E — R defined by r(z) = p(x)/q(z) is continuous.
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Proof. We know that p and ¢ are continuous on R by the above result
and hence they are continuous on F. The result now follows by applying
Corollary 3.20.4 with X = F. O

We now prove continuity of our favorite trigonometric functions. We will
need a few important facts and inequalities:

cos(x+y) = cos(x)cos(y)—sin(xz)sin(y), sin(x+y) = sin(x)cos(y)+cos(x)sin(y),
|sin(z)| < |z], |1 — cos(x)| < [z].

The first two equalities are the double angle formulas. The two inequalities
follow by examining the unit circle and recalling that = in radian measure
is the length of the arc.

Proposition 3.24. The functions, sin,cos : R — R are both Lipschitz
continuous with constant 2.

Proof. We have that

|sin(x) — sin(y)| = [sin((z —y) +y) — sin(y)| =
|sin(x — y)cos(y) + cos(x — y)sin(y) — sin(y)| <
|sin(x —y)cos(y)| + |(cos(x —y) — 1)sin(y)| <
|sin(z —y)| + |cos(z —y) — 1] < 2|z —y].

Thus, d(sin(z), sin(y)) < 2d(z,y). O

Recall that by Problem 3.16, we have that the functions sin and cos
are not only continuous on R but are uniformly continuous on R. Applying
Corollary 3.20.4, we have that the functions tan, cot, sec, cosec are continu-
ous wherever their denominators do not vanish.

We now look at some multivariable functions. We formally define func-
tions, z; : R¥ — R by 2;((ay, ..., ax)) = a;. Thus, ; is the function that yields
the i-th coordinate of a point. These are called the coordinate functions
of a point. By a polynomial in the coordinate functions, we mean
any function p : RF — R that can be expressed as a finite sum of products
of constants times products of coordinate functions of points. For example,
62223 + 273 + 7 is a polynomial in the coordinate functions.

Proposition 3.25. FEvery polynomial in the coordinate functions defines a
continuous function from the Euclidean space R* to R.
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Proof. Given p = (a1, ...,a;) and ¢ = (b1, ..., b) two points in R¥, we have
that d(x;(p), zi(q)) = |zi(p) — zi(q)| = |a; — b;| < da(p, q). This shows that
each coordinate function is a Lipschitz continuous function from (R¥, dy) to
R. The remainder of the proof follows as in the case of ordinary polynomials.
First, one does induction to show that every monomial function is continuous
and then do an induction on the number of terms in the polynomial. O

Due 10/26:

Problem 3.26. Prove that the function g : [0,4+00) — R defined by g(x) =
VT is continuous.

Problem 3.27. Prove or disprove that the above function is uniformly con-
tinuous.

3.3 Continuity and Limits

In this section we generalize the concept of limit and establish the connec-
tions between limits and continuity. The first result gives a sequential test
for continuity.

Theorem 3.28. Let (X,d) and (Y, p) be metric spaces, let f: X —Y be a
function and let pg € X. Then f is continuous at py if and only if whenever
{pn} € X is a sequence that converges to py, the sequence {f(pn)} C Y
converges to f(po).

Proof. Assume that f is continuous at pp and let € > 0. Then there exists
d > 0, such that d(pg,p) < ¢ implies that p(f(po), f(p)) < €. Since lim,, p,, =
Do, there is N so that n > N implies that d(pg,p) < 0. Hence, if n > N,
then p(f(po), f(pn)) < €. This proves that lim, f(pn) = f(po).

To prove the converse, we show its contrapositive. So assume that f is
not continuous at pg. Then there exists € > 0, for which we can obtain no
0 that satisfies the definition of continuity. The fact that 6 = 1/n fails to
satisfy the definition, means that there exists a point p,, with d(po, pn) <
1/’/1, but p(f(p0)7 f(pn)) > €.

In this manner we obtain a sequence {p,} with d(po,p,) < 1/n and
hence lim,, p,, = po. Yet p(f(po), f(pn)) > € for every n, and so f(py) cannot
be the limit of the sequence {f(p,)}. O

Corollary 3.29. Let (X,d) and (Y, p) be metric spaces and let f : X — Y.
Then f is continuous if and only if whenever {p,} C X is a convergent
sequence we have limy, f(pn) = f(lim, p,).
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There is another notion of limit, familiar from calculus, that is also
related to continuity.

Definition 3.30. Let (X,d) and (Y, p) be metric spaces, let pg € X be a
cluster point, let f: X\{po} — Y be a function and let qo € Y. We write

lim f(p) = qo

pP—Po
provided that for every e > 0 there is a § > 0 such that whenever d(pg,p) < d
and p # po, then p(qo, f(p)) < €.

Note that we need py to be a cluster point to guarantee that the set of
p’s satisfying d(pg,p) < § and p # pg, is non-empty. Often, when using this
definition, the function f is actually defined on all of X, in which case we
simply ignore its value at pq.

We leave the proof of the following result as an exercise.

Theorem 3.31. Let (X,d) and (Y, p) be metric spaces, let f: X — Y be
a function and let pg € X be a cluster point. Then f is continuous at pgy if

and only if limy,_,,, f(p) = f(po)-

Lemma 3.32. Let (X,d) and (Y, p) be metric spaces and let f: X —Y be
any function. If po € X is not a cluster point, then f is continuous at po.

Proof. Since pg is not a cluster point, there exists » > 0 so that d(pg,p) < r
implies that p = pg. Thus, given any € > 0, if we let 6 = r, then d(pg,p) < ¢
implies that p(f(po), f(p)) =0 < e. O

Corollary 3.33. Let (X,d) and (Y, p) be metric spaces, and let f : X —Y
be a function. Then f is continuous if and only if for every cluster point
po € X, we have that lim,_.,,, f(p) = f(po).

Due 10/26:
Problem 3.34. Prove Theorem 3.31.
Problem 3.35. Prove Corollary 3.33.

Problem 3.36. Let (X,d) and (Y, p) be metric spaces, let f : X — Y be
a function and let pg € X be a cluster point. Prove that limy,_.,, f(p) = qo
if and only if for every sequence of points {p,} C X such that p, # py and
limy, pp, = po, we have lim,, f(p,) = qo.
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3.4 Continuous Functions and Compact Sets

If we let C = {(x,y) € R? : xy = 1} then it is not hard to see that C is
a closed subset of R%. Also we know that the function f : R? — R given
by f((z,y)) = x is a continuous function, it is the first coordinate function.
But the image f(C) = {z € R : x # 0} is not a closed subset of R. Thus,
the continuous image of a closed set need not be a closed set. The story is
quite different for compact sets.

Theorem 3.37. Let (X,d) and (Y, p) be metric spaces, and let f: X —Y
be a continuous function. If K C X is compact, then its image f(K) CY
18 compact.

Proof. Let {U,}aca be an open cover of f(K), then each of the sets f~1(Uy)
is open and {f1(U,)}aea is an open cover of K. Since K is compact, there
is a finite subset F' C A such that {f~1(Uy)}acr covers K.

Note that f(f~1(U,)) = U,. Hence, {U,}acr covers f(K). Since every
open cover of f(K) has a finite subcover, f(K) is compact. O

Corollary 3.38. Let (X,d) and (Y, p) be metric spaces, and let f : X — Y
be a continuous function. If X is compact, then f(X) is a bounded subset
of Y.

Thus, when X is non-empty, compact and f : X — R is continuous,
then there exists M such that |f(x)| < M for every x € X. So in particular
sup{f(z) : x € X} and inf{f(z) : z € X} exists. The following shows that
not only does the supremum and infimum exist but that they are attained.

Corollary 3.39. Let (X,d) be a non-empty compact metric space and let
f X — R be continuous. Then there are points T,z € X, such that for
any x € X, f(zm) < f(x) < f(zm). That is, f(xym) = inf{f(z) : z € X}
and f(xpr) = sup{f(z):xz € X}.

Proof. The proof is similar to the proof of Proposition 1.126. Choose a
sequence of points {z,} such that lim, f(z,) = inf{f(x) : + € X}. Then
since X is sequentially compact, there is a subsequence {z,, } that converges
to some point z,. Since f is continuous, f(zy,) = limy f(z,,) = inf{f(z) :
x € X}. The proof for the supremum is similar. O

The above result gives the proof that whenever f : [a,b] — R is continu-
ous, then f attains its maximum and minimum value. First, by Heine-Borel
the interval [a, b] is compact, now apply the above result. Note that (0,1)
is a bounded interval, f(x) = 1/x is continuous on this set but is not even

bounded.
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Theorem 3.40. Let (X,d) and (Y, p) be metric spaces, and let f: X — Y
be a continuous function. If X is compact, then f is uniformly continuous.

Proof. Given € > 0, since f is continuous at p, there is a §(p) > 0, such that

d(p.) < 3(p) mplis that /(7). £(0) < /2.

The collection of sets { B(p; = 3p) )}pex is an open cover of X. Hence, there
exists a finite collection of pomts {p1, ..., pn} so that

3(pn)
2

JU - U B(pa;

).

Let § = mln{é(pl) 5 0(pn) }-
Now let p,q € X be any points with d(p, q) < J. Because the above balls

are a cover, there exists an i, so that p € B(p;; ops )) Hence, p(f(pi), f(p)) <

¢/2. Also, d(pi, q) < d(ps, p)+d(p, q) < @,)Mq(m) and so, p(f(p;), f(q)) <

€/2. Thus, we have that p(f(p), f(q)) < p(f(p), f(pi)) + p(f(pi), f(q)) <
€. O]

Thus, for example any rational function r(z) = p(x)/q(z), such that
q(z) # 0 on the set [a,b] will be uniformly continuous.

Problem 3.41. Let (X,d) be a metric space, fir p € X and define f : X —
R by f(z) = d(p,x). Prove that f is continuous. Use this fact to give another
proof of Proposition 1.126.

3.5 Connected Sets and the Intermediate Value
Theorem

We will see in this section that the intermediate value theorem from calculus
is really a consequence of the fact that an interval of real numbers is a
connected set. First we need to define this concept.

Definition 3.42. A metric space (X,d) is connected if the only subsets
of X that are both open and closed are X and the empty set. A subset S
of X is called connected provided that the subspace (S,d) is a connected
metric space. If S is not connected then we say that S is disconnected or
separated.

Proposition 3.43. A metric space (X,d) is disconnected if and only if X
can be written as a union of two disjoint, non-empty open sets.
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Proof. We have that (X,d) is disconnected if and only if there is a subset
A with A # X and A non-empty and A is open and closed. Let B = A€,
then since A is closed B is open and since A # X, B is non-empty. Thus,
X = AU B expresses X as a disjoint union of two non-empty open sets.
Conversely, if X = AU B with A and B disjoint, non-empty and open.
Then necessarily A = B¢ and so A is both open and closed. Since neither
set was empty, A # X and A is non-empty. O

Example 3.44. If (X, d) is a discrete metric space with two or more points,
then X is disconnected since X = {po} U {po}¢ expresses X as a disjoint
union of two non-empty open sets.

We now come to perhaps the most important example of a connected
space. By an interval in R we mean either an open interval, closed interval,
or half-open interval. The endpoints can be either an actual number or +oo
or —oo.

Theorem 3.45. Let I C R be an interval or all of R. Then I is a connected
set.

Proof. Suppose not, then we could write I = AU B where A and B are
both non-empty and open in the metric space (I,d) where d is the usual
metric. Let a € A and b € B. Without loss of generality, we can assume
that a < b(otherwise just change the names of A and B). Let A; = ANJa, ],
and By = BN|[a,b]. Then A; and B; are disjoint, non-empty open sets in the
topological space ([a,b],d). Since A; is closed and bounded, it is compact
and hence ¢ = sup{z : € A1} is an element of A;. Hence, ¢ < b. But since
Aj is open, there is an open interval centered at ¢ that is still in A;. This
open interval contains points in A; that are larger than c. This contradiction
completes the proof. ]

Now we come to a general version of the Intermediate Value Theorem.

Theorem 3.46 (Intermediate Value Theorem for Metric Spaces). Let (X, d)
be a connected metric space and let f: X — R be a continuous function. If
xo, 1 € X with f(xg) < L < f(x1), then there is xo € X with f(xz2) = L.

Proof. Suppose not. Then we would have that X = f~!((—o0, L))Uf ! ((L, +0)).
Since f is continuous, both of these sets are open, with zq in the first set and
x1 in the second set. Thus, X is written as a disjoint union of two non-empty
open sets. This makes each of these sets open and closed, contradiction. [J
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Corollary 3.47 (Intermediate Value Theorem). Let I C R be an interval
or the whole real line and let f : I — R be continuous. If xg,x1 € I and
f(zo) < L < f(z1), then there is o between xo and x1 with f(x2) = L.

Proof. If xy < x1, apply the theorem to the connected space [zg,x1], if
x1 < xo apply the theorem to the connected space [x1, zo]. O

Theorem 3.48. Let (X,d) and (Y, p) be metric spaces and let f : X — Y
be continuous. If X is connected, then f(X) CY is a connected subset.

Proof. Let S = f(X) and let (S, p) be the subspace. Then f: X — S is also
continuous. If we could write S = AUB as a disjoint union of two non-empty
open sets, then we would have that X = f~1(A)U f~!(B) expresses X as a
disjoint union of non-empty open sets. Hence, S must be connected. ]

Definition 3.49. A metric space (X,d) is called pathwise connected
provided that for any two points, a,b € X there exists a continuous function
f:0,1] = X such that f(0) =a and f(1) =b.

Intuitively, a space is pathwise connected if and only if you can draw a
“curve” between any two points with no breaks in the curve.
Due 11/2:

Problem 3.50. Prove that if (X,d) is pathwise connected, then (X,d) is
connected.

Example 3.51. The subset of the plane defined by

1
X ={(z,sin(=)): 0 <2z <1}U{(0,y): -1 <y < +1}
x
s a space that is connected, but not pathwise connected.
Due 11/2:

Problem 3.52. Let X = {(z,y) : a <z < b,c <y < d} CR2 Prove that
X is pathwise connected.

Definition 3.53. Let g : [a,b] — R. By the graph of g we mean the set
G={(z,9(z)):a <z <b} CR%
Not due:

Problem 3.54. Let g : [a,b] — R. Prove that g is continuous if and only if
the graph of g is a pathwise connected subset of the plane.

This last problem is often used in calculus to intuitively describe con-
tinuous functions as those whose graph can be drawn without lifting your
pencil.



Chapter 4

The Contraction Mapping
Principle

At this point we would like to present an important result that uses the
concepts that we have developed and together with some of its applications.
Logically, this material should be done later, since it uses facts from calculus
about derivatives and integrals which we have not yet discussed. But we find
that a little practical math at this stage helps to motivate the rest of the
course.

Definition 4.1. Let (X, d) be a metric space. A function f : X — X is
called a contraction mapping provided that there is r,0 < r < 1, so that

d(f(x), f(y)) < rd(z,y) for every z,y € X.

Note that saying that f is a contraction mapping is the same as saying
that it is Lipschitz continuous with constant » < 1. It is important to note
that when we say that f is a contraction mapping that is stronger than just
saying that d(f(z), f(y)) < d(z,y), since we need the r.

Given a function f: X — X any point satisfying f(xg) = zo is called a
fixed point of the function.

Theorem 4.2 (Contraction Mapping Principle). Let (X,d) be a complete
metric space and let f: X — X be a contraction mapping. Then:

1. there exists a unique point xoy € X, such that f(x¢) = xo,

2. if x1 € X is any point and we define a sequence inductively, by setting
Tnt1 = f(xp), then lim, x,, = x,,

x9,x1)r" !

. d
3. for this sequence, we have that d(xo,x,) < ( -

55
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Proof. First, we show that the inductively defined sequence does converge.
To see this, since X is complete, it will be enough to show that the sequence
is Cauchy.

Let A = d(x2,x1). Then we have that d(zs,z2) = d(f(z2), f(x1)) <
rd(z2,r1) = rA. Similarly, d(z4, x3) = d(f(x3), f(22)) < rd(xs, z2) < r?A.
By induction, we prove that d(x,11,7,) < r" tA.

Now, if m > n, then AT, Tn) < d(@m, Tm—1) + -+ + d(@Tpy1,2,) <

Zm ! k A< AT . Given any € > 0, we may choose an integer N such
that AT <e. Then 1fm n > N, we have that d(z,,, z,) < €. Thus, {2, }nen
is Cauchy

Let 9 = lim, x,. Then since f is continuous, f(z¢) = lim, f(z,) =
lim,, ,,41 = 2. to a point xq satisfying f(z¢) = .

Now if we fix any n, then d(xg,x,) = limy, d(xy,, 2,) <
above estimate, which proves 3).

Thus, we know that there is a point zg, with f(z9) = z¢ and that this
sequence converges to one such point. To complete the proof of the theorem
it will be enough to show that if f(z¢) = xo and f(po) = po, then py = xg.
To see this last fact, note that d(pg, zo) = d(f(po), f(z0)) < rd(po,xo). Since
r < 1, this implies that d(po, zo) = 0. O

Thus, the contraction mapping principle not only guarantees us the exis-
tence of a fixed point, but shows that there is a unique fixed point and gives
us a method for approximating the fixed point, together with an estimate of
how close the sequence x,, is to the fixed point! This is a remarkable amount
of information.

Here’s a typical application of this theorem. Let f(x) = cos(x) and
note that since 1 < 7/2 for 0 < z < 1, we have that 0 < f(z) < 1. Thus,
f:10,1] — [0,1] and is continuous. Also, by the mean value theorem, for
0<z<y<1,thereis c,x < c <y with

fly) = f(@) = f(e)(y — x) = —sin(c)(y — 2).

Hence, |f(y) — f(z)| < sin(c)|ly — x| < sin(1)|y — x|. Thus, f(x) = cos(x) is
a contraction mapping with r = sin(1) < 1.

Using the fact that [0, 1] is complete, by the contraction mapping princi-
ple, there is a unique point, 0 < z¢ < 1, such that cos(zg) = x. Moreover,
we can obtain this point(or at least approximate it) by choosing any number
21,0 < x; <1 and forming the inductive sequence z,+1 = cos(x,).

The third part of the theorem gives us an estimate of the distance be-
tween our “approximate” fixed point x, and the true fixed point. In par-
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ticular, if we pick ;1 = 0, then z9 = cos(z1) = 1, so |xg — x1| = 1. Hence,

sin(1)" 1
’$0 - x”| < 1—sin(1) -

Due 11/11/11:
Problem 4.3. Let f(z) = £+ 1. Use basic calculus to show that f : [1,2] —
[1,2] and use the mean value theorem to show that f is a contraction. Show
that the unique fized point of f is \/2. Using 1 = %, give an estimate on

’\/i_xn|

4.1 Application: Newton’s Method

Newton’s method gives an iterative method for approximating the solution
to an equation of the form f(z) = 0, when f is differentiable.

The idea of the iteration is to choose any x; and then get an “improved”
estimate to the solution by tracing the tangent line to the graph at the point
(21, f(21)) until it intersects the x-axis and letting this determine the point
9. The formula that one obtains is

f(z1)
f(x1)

Newton’s method consists of repeating this formula iteratively to generate
a sequence of points

Tro9 =21 —

f(zn)

Tt = T )
n

that, hopefully, converge to the zero of the function.

Note that if we set g(z) = z— %, then f(x) = 0if and only if g(z) = =.
Thus, finding a zero of f is equivalent to finding a fixed point of g. Moreover,
the above iteration is simply computing z,+1 = g(x,).

Thus, if we can construct an interval [a, b] such that ¢ : [a,b] — [a,b] and
such that g is a contraction mapping on [a, b] then we will have a criterion
for convergence of Newton’s method.

The details are below.

Theorem 4.4 (Newton’s Method). Let f be a twice continuously differ-
entiable function and assume that there is a point xo with f(xo) = 0 and
f'(xg) # 0. Then there is M > 0 so that for any x1 with xo — M < x1 <
xo + M the sequence of points obtained by Newton’s method starting at xq
converges to xg.
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Proof. Fixanr,0 < r < 1. Let g be as above, then ¢'(z) = %, which is
continuous in a neighborhood of zy. Since ¢'(x¢) = 0, there is some M > 0,
so that |z — xg| < M implies that |¢/(z)| < r. Hence, for any z, in the
interval I = [xg — M, xg + M|, we have that |g(z) — zo| = |g(x) — g(x0)| =
lg'(¢)(x — z0)| < rM < M. Hence, z € I implies that g(x) € I.

Thus, g : I — I and for any z,y € I, |g(z) — g(y)| = |¢'(c)(z — y)| <
r|x —yl|, since ¢ € I. Hence, we may apply the contraction mapping principle
to g to obtain the desired result. O

There are two difficulties in using the above theorem. First, the interval
is centered at xg, which is a value that we are trying to obtain! The second
lies in having enough detailed information about g to explicitly find M.
However, since the proof of Newton’s method uses the contraction mapping
principle, in some cases it is possible to say a great deal.

Due 11/11/11:

Problem 4.5. Let f(x) = 2% — 5. Show that a zero of this equation lies
somewhere in the interval [2,3]. Calculate g(x) for this function and prove
that g : [2,3] — [2,3] and |¢'(z)| < 1/2 for x € [2,3]. Prove that if we
perform Newton’s method with x1 = 2, then |z, — /5| < (1/2)".

Due 11/11/11:

Problem 4.6. Let f(x) = x — cos(x), so that xy = cos(xg), the problem
that we studied earlier. Compute the corresponding g for this f and find a
concrete interval I = [a,b] with 0 < a < b <1 such that g : I — I is a
contraction mapping. How does this v compare to the earlier r from the last
section?

4.2 Application: Solution of ODE’s

In this section we show how the contraction mapping principle can be used
to deduce that solutions exist and are unique for some very complicated
ordinary differential equations.

Starting with a continuous function h(z,y) and an intial value yg, we

wish to solve

d
= = h(z,y),y(a) = yo.

That is, we seek a function f(x) so that f'(z) = h(x, f(z)) fora <z < b
and f(a) = yo. Such a problem is often called an initial value problem(IVP).
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For example, when h(z, y) = 2%y, then we are trying to solve, % =z
which can be done by separation of variables. But our function could
h(z,y) = sin(xy), in which case the differential equation becomes %
sin(xy), which cannot be solved by elementary means.

23
be

For this application, we will use a number of things that we have not yet
developed fully. But again, we stress that we are seeking motivation.

First note that by the fundamental theorem a continuous function f :
[a,b] — R satisfies the IVP if and only if for a < z <,

ﬂm—/ﬂwm+m-/%mﬂmﬁ+m

This is often called the integral form of the IVP.

Now let C([a,b]) denote the set of all real-valued continuous functions
on the interval [a, b]. Note that if we are given any f € C([a,b]) and we set

mwz/%mﬂmﬁ+m

a

then ¢ is also a continuous function on [a, b].

Thus, we can define a map ® : C([a,b]) — C([a,b]) by letting ®(f) =g,
where f and g are as above. We see that solving our IVP is the same as
finding a fixed point of the map ®! Also, we are now in a situation, where
by a “point” in our space C([a,b]), we mean a function.

This is starting to look like an application of the contraction mapping
principle. For this we would first need a metric d on the set C([a, b])(again
points in this metric space are functions!) so that (C([a, b)), d) is a complete
metric space and then we would need ® to be a contraction mapping.

It turns out that there is such a metric on C([a,b]) and that for many
functions h the corresponding map ® is a contraction mapping.

First for the metric. Given any two functions f, g € C([a, b]), we set

d(f,9) = sup{[f(z) = g(2)| : @ <= < b}.

This is the example that was introduced in the our first section on metric
spaces. Note that since f, g are continuous functions on the compact metric
space [a, b], we have that the continuous function f — g is bounded. Hence,
the supremum is finite. Also, it is clear that d(f,g) = 0 if and only if
f(z) = g(z) for all z, i.e., if and only if f = g. Note that d(f,g) = d(g, f).
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Finally, if f,g,h € C([a,b]), then

d(f,g) = sup{|f(z) — h(z) + h(z) — g(x)| :a < x < b} <
sup{(x) — h(z)| + |h(x) - g(x)] : a < & < b} <
sup{|f(z) — h(x)| :a <z < b} +sup{|h(z) —g(z)| :a <x < b} =
d(f,h)+d(h,g).

Thus, we see that d is indeed a metric on C([a,b]). To apply the con-
traction mapping principle, we need this metric space to be complete. This
fact is shown by the following theorem.

Theorem 4.7. The metric space (C([a,b]),d) is complete.

Proof. We need to prove that if {f,} C C([a,b]) is a Cauchy sequence in
the d metric, then there is a continuous function f, to which it converges.
First, note that is we fix z,a < z < b, then we have that

[fn(2) = fm(2)] < sup{[fn(t) = fm ()] : @ <t < b} = d(fn, fn)-

Thus, for each fixed z, the sequence of real numbers { f,,(z)} is Cauchy and
hence converges to a real number.

Thus, we may define a function by setting, f(z) = lim,, f,(z). Doing this
for each a <z < b, defines f : [a,b] — R.

We now wish to prove that f is a continuous function, so that f defines
a point in the metric space C([a,b]) and then prove that the sequence { f,}
converges to this point.

First to see that f is continuous at some point zg, given € > 0, pick N
so that n,m > N implies that d(f,, fm) < €/3. Now fix an n > N, then we
have that

(@) = fa(@)| = lim [ fr(2) = fu(z)] < /3.

Using that f,, is continuous, pick § > 0, so that |z¢g — z| < § implies that
| frn(xo) — fu(z)| < €/3. Then for |z¢g — x| < 6 we have that

|f(z0) — f(2)| = |f(z0) = falz0) + fu(z0) — fu(2) + fu(z) — f(2)| <
| f(x0) — falzo)| + [fulwo) — fulz)| + | falz) — f(z)] < e

Thus, we have that f is continuous at xg and since zog was arbitrary, f is
continuous.

Finally, we must show that lim, d(f, f,) = 0. But to see this, given
e > 0, take N as before and recall that we have already shown, that |f(z) —
fn(x)] < €/3, for any n > N. Hence, for n > N, we have that d(f, f,) <
sup{|f(z) — fu(x)] :a <z <b} <e/3 <e. O
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We now have all the tools at our disposal needed to solve some IVP’s.

Theorem 4.8. Let h(x,y) be a continuous function on [a,b] xR and assume
that |h(z,y1) — h(z,y2)| < K|y1 — y2| with r = K(b— a) < 1. Then for any
Yo, the initial value problem, f'(x) = h(z, f(z)), f(a) = yo has a unique
solution on the interval [a, b].

Proof. Consider the mapping ® : C([a,b]) — C(]a, b]) defined by

®(/)w) = [ hit.SO)dt+ .

Given f,g € C([a,b]), we have that
() () — B(g)(x)| = | / Rt F(8)) — bt g(t))dt] <
[ nte. @)~ het.ate |dt</ KI£(t) — g(t)ldt <
/ Kd(f,g)dt = K(z — a)d(f.g) < rd(f, g).

Thus, ® is a contraction mapping in the metric d. Since (C(]a,b]),d) is
a complete metric space, by the contraction mapping principle, there exists
a unique f € C([a,b]), such that ®(f) = f. Earlier, we saw that an f was
a solution to the IVP if and only if ®(f) = f. Thus, the solution not only
exists but it is unique. O

The contraction mapping principle not only gives us the existence and
uniqueness of solutions to the IVP, but it also gives us a method for approx-
imating solutions and very nice bounds on the error of the approximation.

The above theorem is far from the most useful, because the conditions on
h(z,y) are too restrictive for most applications. For example, h(z,y) = 23y?
doesn’t satisfy our hypothesis. For this reason you will seldom see it in a
textbook. But it is does have the advantage of being the simplest to prove
and we believe that it illustrates the key guiding principles of the proofs of
more complicated results.

Due 11/11/11:

Problem 4.9. Consider the IVP on the interval [0,7/2] given by 3 dy =

Sméxy), y(0) = 1. Prowve that the corresponding map ® is a contraction map-

ping with r = q—;(zf you get a better bound, that is good!). Let f denote
the unique solution to this IVP and let fn11 = ®(f,) denote the sequence
that one obtains starting with f1 equal to the constant function 1. Give an
estimate on d(f, fn).
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Chapter 5

Riemann and
Riemann-Stieltjes
Integration

In this chapter we develop the theory of the Riemann integral, which is
the type of integration used in your calculus courses and we also introduce
Riemann-Stieltjes integration which is widely used in probability, statistics
and financial mathematics.

Given a closed interval [a,b] by a partition of [a,b] we mean a set
P ={zo.x1,,..c;Tpn_1,Tpn} With a = 29 < 21 < ... < &, = b. The norm or
width of the partition is

IP|| = max{w; — ;1 : 1 <i < n}.

Given two partitions P; and Py we say that Po is a refinement of P; or
P, refines P; provided that as sets P; C Po. Note that if Py refines P,
then || < [Py

Given a bounded function f : [a,b] — R and a partition P = {zo, ..., xn}
of [a,b] for i =1, ...,n, we set

M; =sup{f(z) : zi1 < x <}

and
m; = inf{f(z): x;—1 <x <z}

The upper Riemann sum of f given the partition P is the real number,
n
U(f,P) = Z M’L(J;’L - xi*l)v
i=1

63
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and the lower Riemann sum of fis
L(f,P)=>_ mi(zi — zi1).
i=1

Note that if we hadn’t assumed that f is a bounded function then some
of the numbers M; or m; would have been infinite. This is the one reason
that we can only define Riemann integrals for bounded functions.

By a general Riemann sum of f given P, we mean a sum of the form

> @) (@i — mia),
=1

where  is any choice of points satisfying, z;—1 < 2} < x;, for i = 1,...,n.
Since m; < f(z) < M;, the upper and lower Riemann give an upper and
lower bound for general Riemann sums, i.e.,

L(f,P) <Y (@) (@i — wim1) <U(f,P).
=1

In fact, since we can choose the points z; so that f(z}) is arbitrarily close
to M;, we see that U(f,P) is actually the supremum of all general Riemann
sums of f given P. Similarly, by choosing the points 2z so that f(z}) is
arbitrarily close to m;, we see that L(f,P) is the infimum of all general
Riemann sums.

Thus, if we want all general Riemann sums of a function to be “close”
to a value that we wish to think of as the “integral of {7, then it will be
enough to study the “extreme” cases of the upper and lower sums.

Proposition 5.1. Let f : [a,b] — R be a bounded function and let Py and
Py be partitions of a,b] with P2 a refinement of P1. Then

L(f7pl) < L(f77)2) < U<f77)2) < U(f,P1>

Proof. We have already observed that for any partition, L(f,P) < U(f,P).
So we only need to consider the other two inequalities.

It is enough to prove these inequalities in the case that P is obtained
from P; by adding just one extra point. Because if we do this then Py can
be obtained from P; by successively adding a point at a time and in each
case the inequalities “move” in the right direction.

So let us set Py = {xo, ..., x, } so that for some j, Po = {zq,...., x;_1,Z, xj, ...

where z;_1 < 2 < x;.
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We start with the case of the upper sums. Note that most of the terms
in the sum for U(f,P1) and U(f, P2) will be equal, except that the one term
M;j(x; — xj—1) in the sum for U(f,P1) will be replaced by two terms in the
sum for U(f,P2). These two new terms are M (% — z;j—1) + M} (z; — %),
where

M; = sup{f(z):zj_1 <x <z} and M} =sup{f(z): & <z < z;}.

Since [z;-1,%] C [zj-1,2;] and [, 2;] C [zj-1, 2], we have that M} <
Mj and M} < M;. Hence, the two terms appearing in U(f, P2), satisfy
Mj(& — xj1) + Mj (z; — &) < M;(& — xj1) + Mj(2; — ) = Mj(2; — xj-1),

which is the one term appearing in U(f,P1). Thus, U(f, P2) < U(f,P1).
The proof for the lower sums is similar, except that since we are dealing
with infima, we will have that

m; = inf{f(x): z;1 <2 <2} >myand m] = inf{f(z): & <z < x5} > my.
]
Definition 5.2. Let f : [a,b] — R be a bounded function. Then the upper

Riemann integral of f is the number

—b
/ f(z)dx = nf{U(f,P) : P a partition of [a,b]}.

The lower Riemann integral of f is the number

b
/ f(z)dz = sup{L(f,P) : P a partition of [a,b]}.

We say that f is Riemann integrable when these two numbers are equal
and in this case we define the Riemann integral of f to be

/ab f(@)dz = /Zf(x)dm _ /if(x)dx.

To help cement these definitions, let us consider the function, f : [a,b] —
R defined by

o) = {1 z rational

0 «x irrational,
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then for any partition P we will have that M; = 1 and m; = 0 for every 1.
Hence, U(f,P) = (b —a) and L(f,P) = 0. Thus,

/ f(x)dx = b—a and / f(z)dz = 0.
In particular, f is not Riemann integrable.

The following helps to explain the terms “upper” and “lower”.

Proposition 5.3. Let f : [a,b] — R be a bounded function and let Py and
Py be any two partitions of [a,b]. Then L(f,P1) < U(f,P2) and iZf(:c)dm <

Jud ().

Proof. Let Ps be the partition of [a,b] that as a set is P3 = P; U Pa. Then
P3 is a refinement of P; and of Ps. So by the above result,

Now we have that
b
/ f(z)dz = sup{L(f,P1) : P1 is a partition of [a,b]} < U(f,P2),
and so

—b
/bf(af)da: <inf{U(f,P2) : P2 is a partition of [a,b]} = / f(z)dx.

O]

The following gives an important means of determining if a function is
Riemann integrable.

Theorem 5.4. Let f : [a,b] — R be a bounded function. Then f is Riemann
integrable if and only if for every € > 0 there exists a partition P such that

Proof. Assuming that the latter condition is met, for any € > 0 and P as
above, we have

b —b
L@MS/fwMS/meSU@m,
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which implies that

. X
OS/f(x)dx—/f(a;)deU(f,P)—L(f,P)<e.

Since € > 0 was arbitrary, the lower and upper Riemann integrals must be
equal.

Conversely, assume that f is Riemann integrable and that € > 0 is given.
Since the upper integral is an infimum, we may choose a partition P; so that

—b —
/ f(z)dz <U(f,P1) </ f(z)dz + €/2.

Similarly, we may choose a partition Po so that

/Zf(x)d:c )2 < L(f,Py) < /Zf(m)dx.
Let P3 — P1 U Py, then
U(S,Ps) — LU, Ps) < U(f, Py) — L(f, Pa) <
(/zf(x)d:c ve2 - ([ Zf(w)dx )=

since the upper and lower integrals are equal. Thus, we have found a parti-
tion satisfying our criteria. O

Definition 5.5. We say that a bounded function f : |a,b] — R satisfies
the Riemann integrability criterion provided that for every e > 0, there
exists a partition P, such that U(f,P) — L(f,P) < e.

Thus, the above theorem says that a bounded function is Riemann inte-
grable if and only if it satisfies the Riemann integrability criterion.

Theorem 5.6. Let f : [a,b] — R be a continuous function. Then f is
Riemann integrable.

Proof. Since f is continuous and [a, b] is compact, we have that f is bounded
and f is uniformly continuous. We will prove that f meets the Riemann
integrability criterion.

Given any € > 0, since f is uniformly continuous, there is a 6 > 0, so
that whenever |z —y| < § then |f(z) — f(y)| < €¢/(b—a). Now let P = {a =
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x0, ...,&n, = b} be any partition of [a,b] with |P|| < J. Then for each i, we
have that z;_; < z,y < z; implies that |f(z) — f(y)| < ¢/(b — a). Since f
is continuous, we also have that there are points z; and y; in [z;_1, ;] with
M; = f(z;) and m; = f(y;). Hence, 0 < M; — m; < ¢/(b — a). This implies
that

n

0<U(f,P)=L(f.P) =Y _(M—my)(zi—zi—1) < Y _[e/(b—a)|(zi—zi1) = €.
=1

i=1
Thus, the Riemann integrability criterion is met by f. O

For the following problem, we consider the interval [0, 1] and let P, =
{0,1/n,...,(n—1)/n,1} denote the partition on [0, 1] into n subintervals each

of length 1/n. Thus, ||P,|| = 1/n. We will also use the summation formula,
. ~ n(n+1)
2i="5
7j=1

Problem 5.7. Let f(x) = x. Compute U(f,Py) and L(f,Py). Use these
formulas and the Riemann integrability criterion to prove that f is Riemann
integrable on [0, 1] and to prove that fol xdx =1/2.

Problem 5.8. Let a < ¢ < d < b and let f : [a,b] — R be the function
defined by

0 a<z<
flx)=X1 ec<a<d.
0 <z<b

Prove that f is Riemann integrable on |a,b] and that fab f(x)dx = (d — ¢).

5.1 The Riemann-Stieltjes Integral

The Riemann-Stieltjes integral is a slight generalization of the Riemann
integral. The new ingredient in Riemann-Stieltjes integration is a function,

a:la,b] — R

that is increasing, i.e., z < y implies that a(z) < a(y). It is best to think of
« as a function that measures a new “length” of subintervals by setting the
length of a subinterval [x;_1,z;] equal to a(z;) — a(z;—1). One case where
this concept arises is if we imagine that we have a piece of wire of varying
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density stretched from a to b and a(z;) — a(x;—1) represents the weight of
the section of wire from z;_1 to z;.
Given a bounded function f : [a,b] — R the Riemann-Stieltjes integral

is denoted ,
| sda,

and it is designed to also define a “ signed area” under the graph of f but

now if we want the area of a rectangle to be the length of the base times the
height, then a rectangle from z;_1 to x; of height h should have area

h(a(z;) — a(zi-1)).

Thus, given a bounded function f an increasing function «, a partition
P ={a=xg,...., . p, = b}, the numbers M; = sup{f(z) : ;-1 <z < x;} and
m; = inf{f(z) : ;o1 < x < x;}, we are led to define the upper Riemann-
Stieltjes sum as

U(f,P,a) =Y Mi(a(w:) — a(wi1))
=1

and the lower Riemann-Stieltjes sum as
L(f,P,a) = Zmz(a(xl) —a(zi-1)).
i=1
The upper Riemann-Stieltjes integral of f with respect to « is
then defined to be
—b
/ fdoa =inf{U(f,P,«) : P is a partition of [a,b]}.

Similarly, the lower Riemann-Stieltjes integral of f with respect to
« is defined to be

b
/ fdo = sup{L(f,P,«a) : P is a partition of [a, b]}.

/Zfda -/ ' fda

o)

When
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then we say that f is Riemann-Stieltjes integrable with respect to «

and we let )
/ fda
a
denote this common value.

We repeat the key facts about Riemann-Stieltjes integration below. Since
the proofs are almost identical to the corresponding proofs in the case of
Riemann integration, we omit the details.

Proposition 5.9. Let f : [a,b] — R be a bounded function, let « : [a,b] — R
be an increasing function and let P and Py be partitions of [a,b] with Py a
refinement of P1. Then

L(f, 771,04) < L(f, PQ,Q) < U(f, 7)2,04) < U(f, 771,(1).

Proposition 5.10. Let f : [a,b] — R be a bounded function, let o : [a,b] —
R be increasing and let Py and P2 be any two partitions of [a,b]. Then

L(f,P1,a) <U(f,Pa,cx) and f;f(x)doz < Tif(:v)da.

Theorem 5.11. Let f : [a,b] — R be a bounded function and let « : [a,b] —
R be increasing. Then f is Riemann-Stieltjes integrable with respect to o if
and only if for every e > 0 there exists a partition P such that U(f,P,a) —

L(f,P,a) <e.

Definition 5.12. Given an increasing function « : [a,b] — R, we say that a
bounded function f : [a,b] — R satisfies the Riemann-Stieltjes integra-
bility criterion with respect to « provided that for every € > 0, there
exists a partition P, such that U(f,P,a) — L(f,P,«a) < e.

Thus, the above theorem says that a bounded function is Riemann-
Stieltjes integrable with respect to « if and only if it satisfies the Riemann-
Stieltjes integrability criterion with respect to a.

Theorem 5.13. Let f : [a,b] — R be a continuous function and let o :
[a,b] — R be an increasing function. Then f is Riemann-Stieltjes integrable
with respect to a.

One of the main motivations for Riemann-Stieltjes integration comes
from the concept of a cumlative distribution function of a random variable.
To understand the Riemann-Stieltjes integral, one need not understand any
probability theory, but we introduce these ideas from probability here, via an
example, in order to motivate the desire for the Riemann-Stieltjes integral.
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For a probability space, suppose that we consider the flip of a “biased”
coin, so tht the probability of heads(H) is p and the probability of tails(T)
is 1 —p with 0 < p < 1. When p = 1/2, we think of the coin as a “fair” coin.
A random wvariable would then be a function that assigned a real number
to each of these possible outcomes. For example, we could define a random
variable X by setting X (H) =1, X(T) = 3. If we let Prob(X = ) denote
the probability that X is equal to the real number x, then we would have
Prob(X =1) = p and Prob(X = 3) = 1 — p. The cumulative distribution
function of X, is the function Prob(X < z). So in our case,

0 z<1
Prob(X <z)=<p 1<z<3.
1 3<z

So our cumulative distribution function has two “jump” discontinuities, the
first of size p ocurring at 1 and the second of size 1 — p occurring at 3.
More generally, if one has a probability space, a random variable X,
and we let a(x) = Prob(X < z), then a will be an increasing function,
i.e., one for which we can consider Riemann-Stieltjes integrals. Much work
in probability and its applications, e.g., financial math, is concerned with
computing these Riemann-Stieltjes integrals for various functions f in the
case that « is the cumulative distribution function of a random variable.
Returning to our example, if for any ¢ we let

Jc(x):{o r<c

1 ch,

then we can also write Prob(X < x) = pJi(x) + (1 — p)Js(z).

These simple “jump” functions are useful for expressing the cumulative
distributions of many random variables. For example, if we consider one roll
of a “fair” die, so that each side has probability 1/6 of facing up and we let
X be the random variable that simply gives the number that is facing up,
then

Prob(X <) =1/6[Ji(x) + Jo(z) + J3(x) + Ja(x) + J5(z) + Js(2)].

For this reason we want to take a careful look at what Riemann-Stieltjes
integration is when a(xz) = hJ.(z), for some real number ¢ and h > 0.

Definition 5.14. Let f : [a,b] — R and let a < ¢ < b. If there is a number
L so that for every e > 0, there exists 6 > 0, so that when ¢ — 9§ < = < c,
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we have |f(z) — L| < €, then we say that L is the limit from the left of
f at c. We write lim,_,.— f(z) = L and say that f is continuous from
the left at c¢ provided that lim, .- f(z) = f(c). When a < ¢ < b, then
the limit from the right of f at ¢ is defined similarly and is denoted
lim, .+ f(x). We say that f is continuous from the right at ¢ provided

that lim, .+ f(x) = f(c).

Theorem 5.15. Let a < ¢ < b, let h > 0, let a(x) = hJ.(x), and let
f :]a,b] — R be a bounded function. Then f is Riemann-Stieltjes integrable
with respect to « if and only if f is continuous from the left at c. In this
case,

/abfda = hf(c).

Proof. First we assume that f is continuous from the left at ¢ and prove
that f satisfies the Riemann-Stieltjes integrability criterion. So let € > 0,
be given. Since lim,_,.- f(x) = f(c¢), there is 6 > 0, so that c—§ < z < ¢
implies that |f(z) — f(c)] < 55-

Now consider the partition, P = {a = z9,x1 = ¢ — /2,23 = ¢, x4 = b}.
Then we have that

4
U(f,P,a) = L(f,Pya) = > (Mi —mi)(a(z:) — a(wi1) = (My — ma)h,

=1

since a(z;) —a(xi—1) = 0 when i # 2. Now for z; = ¢—§/2 <z < ¢ = x9, we
have that |f(x) — f(c)| < 55, so that f(c) — 57 < f(z) < f(c) + 55 Hence,
f(e) = 55 <ma < My < f(c) + 55, which implies that 0 < My —mgy < 245
Thus, U(f,P,a) — L(f,P,a) < (Ma — ma)h < % < ¢, and we have shown
that the Riemann-Stieltjes integrability criterion is met.

Also, note that these inequalities show that

€

2h

€

b
(€)= gp)h < mib = L(f,P.a) < [ fda SU(P.0) < (F(0) + 5,
which shows that \f(c)h—fab fda| < § < e. Soit follows that fab fda = f(c)h.
Now we must prove that if f satisfies the Riemann-Stieltjes integrability
criterion, then f is continuous from the left at ¢, i.e., lim, .- f(z) = f(c).
To this end fix € > 0 and pick a partition P so that U(f, P,«a) —
L(f,P,a) < he. Let Py be the partition that we obtain from P by including
the point c. Since P5 is a refinement of P, we will have that

L(f,P,CK) < L(f,’PQ,O&) < U(f,PQ,CV) < U(f,P,OZ),
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and hence, U(f, P2,a) — L(f,P2,a) < U(f,P,a) — L(f,P,a) < he. Now
our partition has the form Py = {a = 20 < ... < zj_1 <2 =c < ... <
xn = b}, for some j. Since a(x;) — a(xi—1) = 0 for all i # j, we have that
(Mj —mj)h = U(f, P2, ) — L(f,P2,0) < he and M; —m; < e. Thus, for
zj_1 <z < ¢, we have that m; < f(c¢) < M; and m; < f(xz) < Mj, so that
(@)= J(O] < M —m; < .

Thus, if we let § = ¢ —xj_1, then for z;_1 = c— 06 < x < ¢, we have that
|f(z) — f(c)| < e. Since € > 0 was arbitrary, lim, .- f(z) = f(c). O

In probability, two events are called independent if the probability of
both occurring is the product of the probabilities of each occurring. For ex-
ample, suppose that we flip a biased coin with Prob(H) = p, Prob(T) = 1—p
twice, so that the possible outcomes are {HH, HT,TH,TT}. If we assume
that the flips are independent then the outcomes would have probabilities,

Prob(HH) = Prob(H)Prob(H) = p?,
Prob(HT) = Prob(TH) = Prob(H)Prob(T) = p(1 — p),
Prob(TT) = Prob(T)Prob(T) = (1 — p)2.

Problem 5.16. Suppose that we flip our biased coin twice, assume that
the flips are independent and let our random wvariable be the sum of our
earlier random wvariable, so that X(HH) = X(H)+ X(H) = 2, X(HT) =
X(TH) =143,X(TT) =3+ 3. Find the cumulative distribution function,
a(t) = Prob(X <t).

Problem 5.17. Suppose that we flip a fair coin and roll a fair die and
asume that these events are independent, so that each possible outcome has
probbility (1/2)(1/6) = 1/12. Let X be the random variable that adds +1 to
the number on the die when a H is flipped and +3 to the number on the die
when a T is flipped. Find the cumulative distribution function of X.

Problem 5.18. Let « : [a,b] — R be an increasing function and let f :
[a,b] — R be a bounded function. If m = inf{f(x) : a < x < b} and
M = sup{f(z) : a < z < b}, then m(a(b) — a(a)) < f;fda < TZfdoc <
M(a(b) — afa)).

Problem 5.19. Write out the proof of Theorem 5.13. You may use the
earlier stated results in your proof without proving them.
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5.2 Properties of the Riemann-Stieltjes Integral

Before trying to compute many integrals, it will be helpful to have proven
some basic properties of these integrals.

Theorem 5.20. Let « : [a,b] — R be an increasing function, let f,g
[a,b] — R be bounded functions that are Riemann-Stieltjes integrable with
respect to a and let ¢ € R be a constant. Then:

1. cf is Riemann-Stieltjes integrable with respect to o and

/abcfda:c/abfda,

2. f+ g is Riemann-Stieltjes integrable with respect to o and
b b b
/ (f+g)da = fda+/ gda,
a a a

3. fg is Riemann-Stieltjes integrable with respect to a.

Proof. To prove 1), first consider the case that ¢ > 0. Then we have that
for any partition, L(cf,P,a) = cL(f,P,a) and U(cf,P,a) = cU(f, P, ).
Thus,

b
/ cfda = sup{L(cf,P,a)} =

o)

sup{cL(f, P, a) / fda = c/ fda =
/ fdo=inf{cU(f,P,a} =

—b
t{U(cf,P.a)} = [ fdo,

which shows that the upper and lower integrals are equal for cf, so that cf
is Riemann-Stieltjes integrable with respect to o and shows that they are
both equal to cfab fda. Thus, 1) is proven in the case that ¢ > 0.

When ¢ < 0, recall that for any bounded set S of real numbers, sup{cs :
s € S} =cinf{s: s € S} and inf{cs : s € S} = csup{s : s € S}. Thus,
for any interval, sup{cf(z) : zi—1 < x < z;} = cinf{f(z) : ;1 <z < x;}
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and inf{cf(z) : x;—1 < x < z;} = esup{f(x) : zj—1 <z < z;}. From this it
follows that L(cf,P,a) = cU(f,P,a) and U(cf,P,a) = cL(f, P, a).
Thus,

b
/ cfda =sup{L(cf,P,a)} =

< _a

sup{cU(f,P,a)} = cinf{U(f, P, )} =

c/ifda:c/abfda:c/bfda:

esup{L(f,P,a)} = inf{cL(f, P,a)} =
—b
Wt {U(cf, P, a)} = / fda,

and again we have that cf is Riemann-Stieltjes integrable with respect to «
and the equality of the integrals.
Now we prove 2). Note that for any interval, we have that

sup{f(2)+g(x) : zi1 <@ <z} <sup{f(2) : 71 < @ < zp+sup{g(z) : vio1 <z < 2}

from which it follows that for any partition, U(f + ¢, P,a) < U(f,P,a) +
U(g,P,«). Similarly,

inf{f(x)+g(x): xio1 <z <z} >inf{f(r) : ;o1 <z < z;}+inf{g(z) : 2,1 <z < x;}
and it follows that L(f + g, P,a) > L(f,P,a) + L(g, P, ).

—b
Given any € > 0, choose partitions Py, P so that fafda <U(f,P1,0) <
—b —b —b
[ fdate/2and [ gdo < U(g, P2 ) < [ gda+e/2.1f we let P3 = PLUP;

denote their common refinement, then

—b
/ (f + g)da < U(f + g, Py,a) < U(f, Pa,0) + Ulg, Pa ) <

a

U(f7 PI,OZ) + U(g77327 Oé) <
—b

/Zfdoz + /agda +e.
. . -
/a(f+g)da < /afda + /agda.

since € > 0 was arbitrary, we have that



T6CHAPTER 5. RIEMANN AND RIEMANN-STIELTJES INTEGRATION

A similar calculation shows that

Since the upper bound and lower bound are both equal to f; fda+ [ ab gda
we have that these inequalities must be equalities and 2) follows.

Before proving 3) we first make a number of observations to reduce the
work. First suppose that we only prove that if a function h is Riemann-
Stieltjes integrable with respect to o, then h? is Riemann-Stieltjes integrable.
Then, since f and g are both integrable, by part 2), f + g is integrable and
hence we would have (f + ¢)? = f2 +2fg + g%, f? and ¢? are all integrable.
Applying 1) and 2) again, we would have that (f 4+ ¢g)? — f? — g% = 2fg
is integrable and hence by 1), fg is integrable. Thus, it will be enough to
prove that h integrable implies that h? is integrable.

Next, we claim that to show that squares of integrable functions are
integrable, it will be enough to show that squares of non-negative integrable
are integrable. To see this, given any h that is integrable, we know that
h is bounded, so there is some constant ¢ > 0 so that h + ¢ > 0. Since
constants are continuous functions and continuous functions are integrable,
h+ c is integrable. Thus, if we know that squares of non-negative integrable
functions are integrable, then we will have that (h + c)? = h? + 2¢ch + 2 is
integrable. But 2ch+c? is integrable by 1) and 2), so h? = (h+c)? —2ch —c?
is integrable.

Thus, it remains to show that if h > 0 is Riemann-Stieltjes integrable
with respect to «, then h? is also Riemann-Stieltjes integrable with respect
to a. To this end we show that h? satisfies the Riemann-Stieltjes integrability
criterion. So let € > 0, be given and let K = sup{h(z) : a < x <b}. If h =0,
then the result is clearly true, so we may assume that h # 0 and so K > 0.

Since h is Riemann-Stieltjes integrable, it satisfies the criterion and hence
there exists a partition P, so that U(h,P,a) — L(h,P,a) < €/2K. Let
P ={a = xg,...,xn, = b}, let M; = sup{h(z) : ;1 < x < z;} and let
m; = inf{h(x) : 7;_1 < x < z;}. Since h(z) > 0, we have that sup{h(z)? :
rio1 <z <3} = M? and inf{h(z)? : ;-1 < 2 < 2;} = m?. Thus, we have
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that

U(h?,P,a) — L(h?, Poa) =Y (M} —mi)(a(i) — owi1)) =
=1

D (Mi=mg) (Mitmi) (i) —a(zi-1)) < 2Ky (Mi—mi)(a(zi)—ali-1)) =
P i=1

2K(U(h,P,a) — L(h,P,a)) <€

and we have shown that h? satisfies the Riemann-Stieltjes integrability cri-
terion with respect to a. O

Proposition 5.21. Let ay, a9 : [a,b] — R be increasing functions, let ¢ > 0
be a constant and let f : [a,b] — R be a bounded function. Then

/bfd(ca1+a2) :c/bfda1 +/bfda2

—b —b

/Zfd(cal +ag) = c/afdozl + /afdag.

Proof. First note that for any partition P = {a = zy, ..., x, = b}, we have
that

and

U(f, P,caq + Ozg) = Z Mi[(cal (.Z'z) + ag(xi)) — (COzl (xi_1> + ag(l‘i_l))} =

cU(f,P,a1) +U(f,P,az).

Thus,

—b
/ fd(cag + ag) = inf{cU(f,P,c1) + U(f,P,a2)} >

inf{cU(f,P,a1)} +inf{U(f,P,a2)} =
b —=b

c/afdal 4 / fdas,

On the other hand, given any € > 0, there is a partition P; so that

—b
U(f,P1,0é1)</ fda1+€/2c
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and a partition P, so that

b

U(f,Pz,az)</ fdag + €/2.

a

Let P3 = Py U Py, then

—b
/ fd(can + az) < U(f, P3,car + ag) =

CU(f, Ps, al) + U(f, Ps, az) <
cU(f, P1,00) + U(f, Pa,a2) <

—b —b
c[/ fday +€/2c] + [/ fdas +€/2].

Since € > 0 was arbitrary, we have that

/Zfd(cal + ag) < c/zfdozl + /Zfdag

and these two inequalties for the upper Riemann-Stieltjes, prove equality
of these integrals. The proof for the lower Riemann-Stieltjes integrals is
similar. O

Proposition 5.22. Let aj, a9 : [a,b] — R be increasing, let ¢ > 0 and let
f i [a,b] — R be a bounded function. If f is Riemann-Stieltjes integrable
with respect to a1 and ao, then f is Riemann-Stieltjes integrable with respect
to ca + ao and

/ab fd(cas + az) = c/ab fdaq + /ab fdas.

Proof. The previous result shows that the upper and lower Riemann-Stieltjes
of f with respect to cay + a2 are equal and are given by the above formula.
O

Theorem 5.23. Let a < ¢; < ... < ¢y < b, let hy > 0,4 = 1,...,n and
let o« = hide, + - hpde,. If f: [a,b] — R is a bounded function that is
continuous from the left at each c;,i = 1,...,n, then f is Riemann-Stieltjes
integrable with respect to o and

b
/ fda = hlf(cl) + - hnf(cn)
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Proof. Apply Theorem 5.15 together with the above result. O

Problem 5.24. Leta < 1 and 3 < b and let a be the cumulative distribution

function for the random wvariable on page 69 for one flip of a biased coin.
Compute p = f: tda(t), and f;(t — p)?da(t).

This two values are known as the “mean” and “variance” of the random
variable. The square root of the variance is called the “standard deviation”.

Problem 5.25. Let a < 2 and 6 < b. Compute the mean and variance of
the random variable of Problem 5.16.

Problem 5.26. Let a < 2 and 8 < b. Compute the mean and variance of
the random variable of Problem 5.17.

0 <0

1 0<zr <1
Problem 5.27. Let o : [—1,3] — R be defined by a(x) = =7 .

142 1<x<?2

7 2<zr<3

Compute fi’l tda(t).

5.3 The Fundamental Theorem of Calculus

Before proceeding it will be useful to have a few more facts about the
Riemann-Stieltjes integral.

Theorem 5.28 (Mean Value theorem for Integrals). Let a : [a,b] — R be
an increasing function and let f : [a,b] — R be a continuous function. Then
there exists ¢,a < ¢ < b such that

b
/ fda = £(e)(alb) — a(c)).

Proof. When «a(b) — a(a) = 0, then both sides of the equation are 0 and any
point ¢ will suffice. So assume that «(b) — a(a) # 0.
By Problem 5.18,

b
d
m< oty
~ a(b) —ala) ~
where m = f(x¢) and M = f(x1) are the minimum and maximum of f on
[a,b]. Thus, by the intermediate value theorem, there is a point ¢ between

xo and x1 such that f(c) is equal to this fraction. O
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Proposition 5.29. Let a < c < d <b, let a : [a,b] — R be an increasing
function and let f : [a,b] — R be a bounded function that is Riemann-
Stieltjes integrable with respect to o on [a,b], then f is Riemann-Stieltjes
integrable with respect to a on [, d).

Proof. Given e > 0 there is a partition P of [a, b] with U(f, P, a)—L(f, P,a) <
€. Let Py = P U {c,d}, then P is a refinement of P and so U(f,P1,a) —
L(f,P1,a) <U(f,P,a)— L(f,P,a) < e. Now if we only consider the points
in P; that lie in [¢, d] then that will be a partition of ¢, d] and the terms in the
above sum corresponding to those subintervals will be even smaller. Thus,
we obtain a partition of [c,d] that satisfies the condition in the Riemann-
Stieltjes integrability criterion. O

In the case that a(z) = x the following theorem reduces to the classic
fundamental theorem of calculus.

Theorem 5.30 (Fundamental Theorem of Calculus). Let « : [a,b] — R be
an increasing function that is diﬁerentiable on (a,b) and let f : [a,b] — R
be continuous. If F(x f f(t) , then F' is differentiable on (a,b) and

Fl(z) = f(z)d (z).

Proof. Let a < x < x + h < b, then by the mean value theorem, there is
c,x <c<x+ h so that

(:U—I—h f(c)(oz(x+h) — a(x)
h/ h ’

By choosing h sufficiently small, |f(c) — f(x)| and alzth)=a(@) _ /(3| can
h
be made arbitrarily small. The case of A < 0 is similar. O

Corollary 5.31. Let a : [a,b] — R be an increasing, continuous function
that is differentiable on (a,b) and let f : [a,b] — R be continuous. If F :
[a,b] — R is a continuous function that is differentiable on (a,b) and F'(z) =

f(x)d! (z), then fab fda = F(b) — F(a).

Proof. Let G(z) = [ fda+ F(a), then for a < x < b, we have that G'(z) =
F'(x) and G( ) F(a). Hence, G(z) = F(z) for a < x < b. Since |G(b) —
G(z)| = |f£fda\ < K(a(b) — a(x)), where K = sup{|f(z)| : a < z <
b}, we see that G(b) = lim, - G(z) = lim,_,- F(z) = F(b), since F is
continuous. Therefore, F'(b) = G(b) = f; fda + F(a) and the formula
follows. O
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0< 2
Problem 5.32. Let o : [0,2] — R be defined by a(z) = {956 - z <2 and
xr =
let f(x) = x™. Calculate f02 fda. Show that if we let F' be continuous on

0,2] with F'(x) = f(x)d/(z) for 0 < x < 2, then F(2) — F(0) # f02 fda.
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Chapter 6

Solutions to Problems

1.12. Since d(z,z) = 1 # 0 not a metric.

1.13. Since d(+1,—1) = |(+1)? — (=1)?| = 0 not a metric.

1.14. To see that d(x,y) = |z — y| + |z — 9?| is a metric: 1) holds since
d(z,y) > 0.

2) holds since if z = y then d(z,y) = 0 and if d(z,y) = 0 then |z —y| =0
sor =y.

Clearly, d(x,y) = d(y, x)

For 4) let z,y,2 € R, then d(z,y) = |(x — 2) + (z — y)| + |(z? — 2?) +
(22— ) < o — 2] + 2 — gl + |22 — 22| |22 — 2| = d(z, ) + d(z, ).

1.15. The first three are straightforward, only do 4) the triangle inequal-
ity. Let x = (a1,...,an),y = (b1,...,by), 2 = (c1,...,cy) be three points in
R"™, then

d(z,y) = [(a1 —c1) + (1 = b1)| + -+ [(an — en) + (en — bn)| <
lar —ci|+c1 —bi| 4+ -+ |an — cn| + Jen — by| = d(x, 2) + d(2z, )

1.16. Again, I'll only do the triangle inequality. Let x = (a1,...,an),y =
(b1,...,bn),z = (c1,...,¢pn) be three points in R"™, then there is some inte-
ger j,1 < j <n where the max occurs, so that do(x,y) = |a; — b;|. Hence,
deo(z,y) = [(aj — ¢j) + (¢ = bj)| < |aj — ¢j| + [¢j — bj| But, |a; — ¢j| <
max{|a; — c1|,...,|an — |} = dxo(z,2), since it is one of the terms oc-
curring in the maximum. Similarly, |¢; — bj| < doo(2,y). Combining these
inequalities, yields doo (2, Yy) < doo(, 2) + doo(2,Y).

1.33. Let p = (aj,a2) € O, then a; + as > 0. Set r = (a1 + az)/2.
We claim that B(p;r) C O, which will prove that O is open. To see the
claim, if ¢ = (b1,b2) € B(p;r), then (a1 — b1)? + (a2 — b2)? < 72. Hence,
each term satisfies, (a; — b;)?> < r? and so |a; — b;] < 7. This implies that

83



84 CHAPTER 6. SOLUTIONS TO PROBLEMS

a1 —71 <by <ay+rand ag—r < by < as +r. Adding together the lefthand
side inequalities, yields a1 + ag — 2r < by + bo, but a1 + as — 2r = 0, so
0 < by + be which implies that ¢ € O. Thus, B(p;r) C O.

1.34 Given p = (aq,a2) € O, let r = a1 > 0. Claim that B(p;r) C O. To
see the claim, let ¢ = (b1, b2) € B(p;7), then a1 —b1| < /(a1 — b1)% + (ag — b2)? <
r, and so, 0 = a1 —r < by < a1 +r, and we have b; > 0. This proves that
g € O and so B(p;r) C O.

1.35. Let p = (a1,a2), let B(p;r) denote a disk of radius r centered at
p in the Euclidean metric which is an actual disk, and let By (p;r) denote
the ball of radius r centered at p in the d., metric, which is actually the
square {(b1,b2) : a1 — 7 < by < a; +r,ax —r < by < az + r}. Now check
that Boo(p; %) C B(p;r). This can be seen by geometry or verifying the

inequalities.

Now to prove that D is open in the do, metric, let p € D. If we let
r =1—4d(0,p), then ¢ € B(p;r) implies that d(0,q) < d(0,p) + d(p,q) <
d(0,p) + r = 1. Hence, ¢ € D and we’ve shown that B(p;r) C D. Thus,
Boo(p; 75) € B(pir) € D.

1.36. Let g € O. Set r = min{g(t) : 0 < ¢t < 1}. By the theorems
about continuous functions from Math 3333, we know that there is a point
0,0 < tp <1, so that r = g(tp). Hence, r > 0. We claim that B(g;r) C O.
To see this let f € B(g;r), then |g(t) — f(t)| < r for every ¢, and hence
0=g(tg) —r < g(t) —r < f(t). This shows that 0 < f(t) for every t and so,
f € O. Thus, B(g;r) C O.

1.42. Since d and p are uniformly equivalent there are constants, A, B so
that p(z,y) < Ad(z,y) and d(z,y) < Bp(z,y). Since p and v are uniformly
equivalent there are constants C, D so that v(z,y) < Cp(x,y) and p(x,y) <
Dy(z,y).

Hence, v(z,y) < Cp(z,y) < CAd(z,y) and d(z,y) < Bp(xz,y) < BDv(z,y).
Thus, d and ~ are uniformly equivalent with constants CA and BD.

1.43. Let d denote the Euclidean metric. We will prove that d and
dy are uniformly equivalent and that d and d., are uniformly equivalent.
Then by 1.42 it will follow that d; and ds are uniformly equivalent. Let
x = (ay,...,a,) and y = (b1, ..., b,) be arbitrary points in R".

Note that

di(w,y)? = Y lai = bil - laj — bl = Y laj — b = d(z,y)*,
j=1

i=1 j=1
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so that d(z,y) < di(z,y). On the other hand,

di(z,y) =lar —b1| -1+ +lan —by| - 1 <
Viar =012+ fan —baPVI2 4 412 = Vad(x, )

using the Schwarz inequality and the fact that there are n 1’s inside the
square root.

Thus, d and d; are uniformly equivalent.

Now we prove that d and d, are uniformly equivalent. For each j we
have that |a; — b;| < doo(,y) because it is the maximum difference. Hence,

d(z,y)* = Sy = bl < Ndoo(z,y)”
j=1
and so d(x,y) < /nds(x,y). On the other hand for a given 7,
laj — b;[* < Z |ai — bi* = d(z,y)?,
i=1

which shows that for each j, |a; — b;| < d(x,y). Hence, the maximum such
term, which is duo(x,y) is also less than d(z,y), i.e., doo(x,y) < d(z,y).
1.54. A slick proof.

B ((1,1);1) = {(a1,a2) : a1 — 1] < 1,ag — 1| < 1}
={(a1,a2):0<a; <2,0<ay <2}

is a closed set in the do, metric. Similarly,
Bo_o((lv?’)ﬂ 1) = {(al,ag) :0 S al S 2,2 S a9 S 4}

is a closed set in the d., metric. Since the union of two closed sets is still a
closed set,

Bo_o((la 1); 1) U Bo_o((la?’)a 1) = (a1>a2) :0<a1£2,0<ax < 4}

is closed in the d,, metric.

Since dy and the Euclidean metric are uniformly equivalent, this set is
also closed in the Euclidean metric.

1.65. Suppose that lim, p, = p. Then given ¢ > 0 there is N so that
n > N implies that d(p, p,) < €. So for this same value of N, |d(p,p,) —0| =
d(p,pn) < €. Thus, lim,, d(p, p,) = 0.
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Conversely, assume that lim,, d(p,p,) = 0. Given € > 0 there is N so
that n > N implies that |d(p,p,) — 0] < e. Hence for n > N, d(p,pn) =
|d(p,pn) — 0] <e.

1.66. We know that the set C = {x € R : z > 0} is closed. Hence if
Zn > 0 and lim, z, = z, then € C by Theorem 1.61 and so x > 0.(This
was also proved in Math 3333 and you can just use this”fact” from there.)

Now let p, = (a1pn,a2,) € S. and let lim, p, = p = (a1,a2). Then
by Theorem 1.57, lim, a1, = a; and lim,as, = as. Since p, € S we
know that 0 < as, and 0 < a1, — az,. Hence, ag = lim,, az,, > 0. Also
ay — az = lim, ar,, —asy, > 0. Thus, 0 <az <aj andsop € S.

We have shown that the limit of every sequence in S is also in S. Hence,
S is closed by Theorem 1.61.

1.67. (0,1} is bounded but not closed, {z : 0 < z} is closed but not
bounded and p, = (—1)"(1 — 1/n) is bounded but not convergent.

1.86. If p € S then by Theorem 1.78, B(p;1/n) N S is non-empty, so
pick a point p,, in this intersection. Then {p,} C S and for any ¢ > 0, if we
set N = 1/e then for n > N, we have that d(p,p,) < 1/n < 1/N = e. This
proves that lim, p, = p.

Conversely, if {p,} C S and lim, p,, = p, then for any r > 0, there is a
N so that n > N implies that d(p,p,) < r and hence p,, € B(p;r)NS. Thus,
by Theorem 1.78, p € S.

1.87. We apply Corollary 1.79 twice. p € S iff p € S and p € S¢ iff
there exists {p,} C S with lim, p, = p and there exists {g,} C S¢ with
limy, gn, = p.

1.88. Let C = {(x1,72) : 22 + 23 < 1}. Since C = B~((0,0);1) we ahve
that C is closed and S C C. Hence, S C C since it is contained in every
closed set containing S. Let r,, = (1 —1/n) if p € C, then p, = r,p € S and
lim, 7,p = p, by Theorem 1.69.2. Hence, by Corollary 1.79, p € S. Thus,
C C S and the two sets are equal.

Look at S¢ = {(x1,z2) : 2 + 23 > 1}. This is a closed set since its
complement is open. Thus, S¢ = S°.

Now 98 = SNSc=CNS={(x1,22) : 23 + 23 = 1}.

1.90. Let p be a cluster point of S. Since there are infinitely many points
we can pick a point p; € B(p; 1)NS, p1 # p. Now let r1 = min{1/2,d(p,p1)},
again since there are infinitely many points in B(p;r1) NS we can pick a
point pe € B(p;r1)NS, pa # p. Since d(p, p2) < d(p, p1) we have that ps # p;.
Now set ro = min{1/3, d(p, p2)}, pick a point p3 € B(p;r2) NS, ps # p. Since
d(p,ps) < d(p,pi),i = 1,2, we get that ps # p;,i = 1,2. Continuing this way
we get a sequence of distinct points {p,} C S, with d(p,p,) < 1/n. Hence,
lim,, d(p, pn) = 0, and so lim,, p, = p.
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1.91. Since every set is open and closed, int(S) = S and S = S. But
then S = SN Sc=S5nNS°=0Q.

1.102. Since d and p are uniformly equivalent there are constants, A, B
so that p(x,y) < Ad(z,y) and d(z,y) < Bp(z,y).

Assume that (X, d) is complete and let {p,} be a Cauchy sequence in
(X, p). Given € > 0, there exists N so that for n,m > N, we have p(pp, pm) <
5- This implies that d(p,, pm) < Bp(pn,pm) < €. Hence, {p,} is Cauchy in
(X,d). Since (X,d) is complete there is a point p, so that lim, p, = p, in
the d-metric. By Proposition 1.58, {p,} also converges to p in the p metric.
Thus, (X, p) is complete.

The converse implication follows by reversing the roles of d and p.

1.121. Fix any point pg € X. The balls { B(po; n) }nen are an open cover
of K so there is a finite subset of them that covers K, say K C B(pg;ni) U
<+ U B(po;nm). Let r = max{ni,...,ny}, then each B(po;n;) € B(po;r)
and so K C B(pp;r). But this is one of our equivalent definitions of what
bounded means,

1.122. Let K = KjU---UK,. If {Uy}aca is an open cover of K, then it
is also an open cover of each K;. Since K; is compact, there is a finite subset
of the index set, F; C A, such that K; C Uyep,Uy. Now let F' = F1U---UF,,
which is still a finite set and notice that K C UyepU,.

3.13. To see that f(z) = 2% is continuous at xg, given ¢ > 0, let
0 = min{1, m} then for |z — zg| < J, we have

3

| —x8| =z —:nOHxQ 4 xx0 +x[2)\

< | — o (Jol + 1) + (Jol + L)|o| + [20[2) < 3(3lzol” + 3leo] + 1) < e.

Since f is continuous at every xq, f is continuous.

3.14. For ¢ = 1, we will show that there is no J, that is for every
positive § we show that there is x,y with |z — y| < J, but |f(x) — f(y)| > 1.
To this end let « = 1/2/0 and let y = x + §/2. Then |z — y| = §/2 < §, but
f(y) = f@)| =1y = 2®| = |y — ally? +yz + 2% > (§/2)(2*) =1 > e.

3.15. Given € > 0, let § = gz5;. Then whenever z,y € [~M,+M]
and |r — y| < 4, we have that |f(z) — f(y)| = |z — y||2® + 2y + ¥?| <
|z — y|(M? + M? + M?) < 3M? =e.

3.16. Given ¢ let 0 = . Then whenever, d(p,q) < J, we have that
p(f(p); f(q)) < Kd(p,q) < Kd=e.

3.17. Assume that f is continuous at pg, then given € > 0, there exists
d > 0 so that d(p,po) < ¢ implies that p(f(p), f(po)) < €. If p € Ba(po;d),
then d(p,po) < 9 hence p(f(p), f(po)) < €, but this implies that f(p) €
B,(f(po); €). Thus, we have the set inclusion, f(Bg(po;d)) € B,(f(po);e).
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Conversely, given € > 0, let 4 > 0 be the number that gives the set in-
clusion, then d(p, pg) < ¢ implies that p(f(p), f(po)) < €. So f is continuous
at pg.

3.26. We do two cases, xg = 0 and x¢ # 0. To see that g is continuous at
0, given € > 0, let § = €2. Then when |z —0| < d, we have that |g(x) —g(0)| =
VI <V =e

To see that g is continuous at xo # 0, given € > 0, set § = €,/xg. Then

when |z — x¢| < J, we have that |g(z) — g(z0)| = |z — /To| = \/I%%% <
)

Jag = €
3.27. g is uniformly continuous on [0, +0c). Given € > 0, let § = €2.
Now let |y — x| < 0. Without loss of generality, we may assume that y is the
larger of the two numbers.
Case 1: y < €. In this case, |,/ — V| < /§ < Vel =e.

Case 2: y > €2. In this case VY — Vx| = \/‘gf\c/li < % < g = .

3.34. Assume that f is continuous at pg. Then given € > 0, we have that
there exists 0 > 0, so that d(po,p) < d, we have p(f(po), f(p)) < €. For this
arbitrary e this ¢ satisfies the conditions needed to show that lim,_.,, f(p) =
f(po).

Conversely, assume that lim, ., f(p) = f(po). Then given € > 0, we
have a § > 0, so that when d(po,p) < ¢ and p # po, then p(f(p), f(po)) < e.
Since when p = po, p(f(p), f(po)) = 0, we have that d(pg,p) < J implies
that p(f(po), f(p)) < €. This shows that the e-6 definition of continuity is
met at pg.

3.35. Using Lemma 3.32, we have that f is continuous iff f is continuous
at pg for every pg iff f is continuous at pg for every pg a cluster point.
Applying Theorem 3.31, we have f is continuous at py for every cluster
point pg iff for every cluster point pg, lim,_,, f(p) = f(po).

3.36. First assume lim,_.,, f(p) = qo, and lim,, p, = po, is a sequence
with p, # po. Given € > 0, there is § > 0, so that d(pg,p) < d and p #
po, then p(f(p),qo) < e. Now since lim, p, = py, we may pick N so that
n > N, implies that d(po,p,) < d. Since p, # py, we have that for n > N,
p(f(pn), q0) <e.

Conversely, assume that lim, .,, f(p) # go. Then there is an € > 0, for
which we can find no §. Taking 6 = 1/n, means that we have a point p,, # po,
d(po,pn) < 1/n and p(f(pn),qo0) > €. This sequence satisfies, lim,, p, = po,
Pn # po and limy, f(pn) # qo.

4.3 To show that f([1,2]) C [1,2], do an absolute max-min problem.
Look at f/(z) = 1/2 — 1/2%> = 0 when 2 = /2. Calculating, f(v/2) =
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V2, f(1) = 3/2,f(2) = 3/2. Thus abs max is 3/2 < 2 and abs min is
V2> 1. Thus, f([1,2]) € [v2,3/2] € [1,2].

For 1 < z < 2, we see that f’(z) is increasing, hence, —1/2 = f/(1) <
f'(x) < f(2) = 1/4. Thus, for 1 <z < 2, we have that | f'(x)| < 1/2. Hence
by the mean value theorem, |f(x2) — f(z1)] = |f'(¢)||x2 — 21| < 1/2|22 — 21|
and f is a contraction mapping on the set [1,2] with r = 1/2.

So f has a unique fixed point, since f(v/2) = /2 that is the fixed
point. Using x1 = 3/2 we have that zo = 17/12. Hence, |v2 — x,| <

To— n—1 n—
= 11—|(11//22) = B/

4.5. For f(x) = 22 -5, we have g(z) = z — 3322;5 = Z+ 2. We have that
g(v/5) = v/5. Again we do abs max-min on [2,3]. We find that ¢'(x) = 0,
only when 2 = v/5 and g(v/5) = v/5. Endpoints, ¢(2) = 9/4,¢(3) = 7/3. So
abs max is 7/3 and abs min is v/5. Hence, g([2,3]) C [v/5,7/3] C [2,3].

Since, ¢'(z) = 1/2 — % we see that ¢’ is an increasing function with
g'(x) <1/2. Also, ¢'(2) = —1/8, so we have that |¢'(z)| < 1/2 for 2 < x < 3.
This is where I got the 1/2 from that appears in the solution.

However, if you are more careful and as in the other problem do the
max-min of ¢’ over [2, 3] you will find an improved estimate: for 2 < z < 3,
we have —1/8 < ¢'(z) < 2/9. Hence, |¢'(x)] <2/9 < 1/2.

Thus, ¢ is a contraction mapping on [2, 3] with unique fixed point, V5.
Using z1 = 2, we find that o = 9/4. We may use either r = 2/9(for a better

estimate) or r = 1/2 to get that |v/5 — z,| < 22—z @)™ 12(2/9)" 1

1-2/9
or using r = 1/2, that [v/5 — z,| < % = (1/2)™.
4.6. Here after simplifying, g(x) = %:EZ‘;@) and ¢'(x) = %

We first need to find an interval [a, b] with g([a,b]) C [a,b]. Then to show g
a contraction on that interval, using the MV'T, it will be enough to find a
bound on ¢’ that is less that some r < 1.

Know that g(xg) = xo when cos(xg) = x¢. On the interval [0, 7/2] we
see that ¢/(t) <0 for 0 <t <z and ¢'(t) > 0 when g <t < 7/2.

So for any interval of the form [a,b] with 0 < a < zp < b < 7/2 we
will have that the minimum of g is g(z¢) = x¢ and the maximum will be at
the endpoints and so will be L = max{g(a), g(b)}. Thus, we will have that
g([a,b]) C [xo, L] C [a,b] as long as we have L < b.

If we try @ = 0,b = 7/2, then L = max{g(0), g(7/2)} = max{1,7/4} =
1 <'b. So this interval works and ¢([0, 7/2]) C [zo, 1].

If we want to take a smaller interval, which is always better, since the
upper bound is 1, we could take b = 1 and ¢([0, 1]) C [z, 1].

Because ¢'(0) = 1, to get a contraction mapping, we want to take a >
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0, but some value that we can guarantee is still smaller than xg. A little
guesstimation shows that z( is around 3/4, so to put it in the middle of our
interval try a = 1/2. Our formulas for g and ¢’ involve cosines and sines,
can’t compute these very accurately at 1/2, but we can at 7/6 which is
roughly 1/2!!

So I picked an interval, [a,b] = [7/6,1]. This is really my “scrap work”.
Now to prove things for this interval. First, we know that x — cos(zx) is
increasing on [0,7/2] at 7/6, /6 — cos(w/6) = w/6 — /3/2 < 0. This
implies that /6 < x¢. Also on this interval |x —cos(x)| < 1, hence, |¢'(z)| <
% which is decreasing on [7/6, 1]. Therefore, |¢'(z)| < % -

V3/2 2
(1+1/2)% ™ 33"

Therefore, g : [71/6,1] — [7/6,1] is a contraction mapping with r =
32%. This value is about .385. In the earlier section when we tried to find
the solution to cos(xy) = ¢, directly using only the contraction mapping
theorem and iterating the function cos(z)(instead of g(x))we had that r =
sin(1) which is about .842. Thus, this Newton’s method of finding x(, should
converge a whole lot faster.

4.9. For this problem or map ® : C([0,7/2]) — C([0,7/2]) is given by

(f)(x) = /Ox Sm(gf(t))dt + 1.
Apply MVT,
e 31) — B, v2) = (1/5) () — sim(a)] = 25Ny, —

for some ¢ with zy; < ¢ < aya, we get that |h(z,y1) — h(z,y2)| < £y —
xys| = %|y1 — 1y2|. Because 0 < & < /2, we get So K = w/10 and applying
2
the theorem r = K(7/2 —0) = ;. )
Thus, by our theorem @ is a contraction mapping with r = 5.
If we start with fi(z) = 1, i.e., the constant function, then

6 — cos(x)

f2(x) = @(f1)(x) = /Ox(1/5)sin(t )dt+1= -

We have that d(f1, f2) = sup{|67%s(x) —1]:0<z<7/2} = (1/5).
Thus, if f denotes the solution of our IVP, then

d(f1, fo) (= /20) ! 4 <7T2>"_1
1—72/20 “920_x2\20 .

d(f, fn) <



91

5.7. Since the function z is increasing the maximum value occurs at
the right hand endpoint and the minimum value occurs at the right hand
endpoint. For the partition P, this means that M; = Z and m; = %

Thus,

n .
B il_in(n—i—l)_n—i—l 1
U(f’Pn)_jZlnn_n2 2 o 2
and
n . n—1
j—11 1 1(n—1)n n-—-1 1
LEP) =2 Sy =@ 2= = 3
j=1 §=0

This shows that

Hence the integral exists and fol xdr = %

5.8. Consider the partition P = {a,c,c+€,d—e€,d, b}. For this partition
we have that M1 =mq1 =0, My =1,mg =0,M3s =m3 =1, My = 1,my =
0, M5 = ms = 0. Thus, we have that U(f,P) = Mi(c—a) + Ma(c+e—c)+
Ms((d—e)—(c+e€))+My(d—(d—e€))+Ms5(b—d) = e+d—c—2¢+€e = d—c, and
L(f,P) =mi(c—a)+ma(e) +mz(d—c—2¢e)+ma(e) + ms(b—d) = d—c—2e.
This shows that

b )
d—c—26§/fdac§/fdac§d—c.

Since € was arbitrary, fab fdx = fab fdx = d—c. Thus, f is Riemann integrable
and the integral is d — c.
5.16. We have that

T <2
2
P 2<zx<4
a(r) = ) = p*Ja(x) + 2p(1 — p)Ja(z) + (1 — p)*Js()
2p—p° 4<z<6

1 6 <ux.
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5.17.We have that

(0 T <2

112 2<z<3
2/12 3<z<4
4/12 4<z<5
alz) =¢6/12 5<x<6
8/12 6<xz<T
10/12 7<z <S8
11/12 8<z <9
1 9<«x

or 1/12[Ja(x) + J3(x) + Js(x) + Jo(x)] + 2/12[Js(x) + J5(x) + Js(x) + Jz(2)].
5.18. Let your partition be P = {a, b}, then L(f, P,a) = m(a(b)—a(a))
and U(f,P,a) = M(a(b) — a(a)). Since we always have that L(f,P,a) <

[Pfda < [Pfda < U(f,P, ), the result follows.
~ 5.19. When «(b) = a(a), then for any function L(f, P, o) = U(f, P, a) =
0 for every partition and so any f is Riemann-Stieltjes integrable. So we
assume that a(b) > a(a). Given ¢, since f is uniformly continuous there
is a § > 0, so that when |z — y| < 4, then |f(z) — f(y)| < el —a(@)"
Now choose any partition P = {a = xy, ..., x, = b} with the property that
|zj—2;_1] < 0. Then we will have that M; — f(z;) < @) —atay and flzy)—
m; < m. From this it follows that M; —m; < W. Hence,
U(f, Poa)=L(f, P,a) = 37 (Mj—my)(alz;)—alzj-1) < X7 smmraay (@) -
a(zj-1)) = %.

Thus, we have shown that f satisfies the Riemann-Stieltjes integrability

condition and so by Theorem 5.11, f is Riemann-Stieltjes integrable.

5.24. We have that a(z) = pJi(x) + (1 — p)Js(x), so for continuous
f(z), we have that f; fda = pf(1)+ (1 — )f(3) Thus for f(z) == f =
pl+ (1 —-p)3=3—2p=yp,and for f(z)= ffda— (1—p)?+
(1-p)3—p)? =4p — 4p*.

5.25. We have that a(z) = p*Ja(z) + 2p(1 — p)Ja(z) + 91 — p)?Js(z).
Hence, p = p?(2) + 2p(1 — p)(4) + (1 — p)?(6) = 6 — 4p and the variance is
P*(4 —4p)? +2p(1 — p)(2 — 4p)? + (1 — p)*(4p)* = 8p — 8p*.

5.26. We have a(x) = 1/12Js(x) +1/12J3(x) +2/12J4(x) +2/12J5(x) +
2/12J5(x) + 2/12J7(x) + 1/12Js(x) + 1/12Jo(x).

Hence, pu = 2/12+3/12+8/12+10/12+12/12 + 14/12 +8/12+ 9/12 =
66/12 = 11/2.
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The variance is 1/12(2 — 11/2)2 + 1/12(3 — 11/2)? +2/12(4 — 11/2)% +
2/12(5—11/2)%24+2/12(6—11/2)22/12(7—11/2)2+1/12(8 —11/2)%2+1/12(9—
11/2)? = 47/12.

5.27. Note that o jumps by 1 at 0 by 1 at 1 and by 4 at 2, so we write
a(z) = Jo(z) + Ji(z) + 4J2(x) + B(z), and see that

0 z <1
Bl)y=qz—-1 1<zx<2.
1 2<zx

Note that this § has no jumps and is continuous. Combining 5.22 and
5.23 we see that ffl fda = f(0)+ f(1) +4f(2) + f—21 fdB. For any par-
tition, since (1) — B(—1) = 0 and (B(3) — B(2) = 0, we see that the
sums along the partition only get contributions for points in the parti-
tion between 1 and 2. Hence, ff’l fag = f12 fdB. Now for any partition
P ={1=xg,...,x, = 2} we have that S(x;) — B(z;—1) = (z; —x;—1). Thus,
we have that U(f,P,3) =U(f,P),L(f,P,3) = L(f,P). Thus, the integral
df3 is the ordinary dx integral. So ff fag = ff fdx. Applying all of this to
the case f(x) = z, yields

3 2
/ fda:0+1+4-2+/ xdx = 21/2.
-1 1



